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, His Excellency Alofi' Lord 
Erodritk, Baroi^df Middle ten, 
oneof the Lord^Juftices, and 
Lord High -Chancellor of 
the Kingdom oi Ireland. 

M^ it fleafe Tear Exceffemj,' ^ 

TH E following X""i[? might juftlj^ be 
intitled Co your Patronage, were it e^ual 
to the Eiitent of the Science treatea of, 
which exceeds all others inCertainty alid " 
Ctearnefs, and, by a Natural and Regul^ Method, 
conduces m^Qh; (o the .(^ening fii^ enlarging of ^ 
Che-Mind. ' ' 1 

3ut, thrf it can't pretend to any fuCh F 
yei, as it may, in fqme Meafure, advance 
a part of Learning, 1 take the Liberty 
uiiderYour Froteaion.My Lord, who 
ly Proofs of a clear Underftanding, 
Judgment, and a vail Genius capable of 
liending and perfecting the moft abftrufe 
A s 



Dedication. , 

As thefe Qualities made you eminent tayouv 
iProfefliooyfo your Integrity gain'd you fuch an Uni* 
verfal Efteem, that, with the general Approbatioif 
of the People, you were foon called into leverat 
Great Statiops, and at length deferyediy ad\ran< 
oed to the highe^ Dignities in that Kingdom, 
the Publicfc Welfare whereof you have conftantly 
promoted in all the Employments and Offices 
^hich you ha^e fq honoi]{raqly fille4 > ^nd ih^ 
V09 may loQg mt the great Oriilaihent thereof 
IS the hearty Wifli 0^ . . 
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■ H E Name J^eiira, tti. fPalUs, acquaint^ 
U5, is derired ftotn ibe firft Word of Mi 
giahfi fl^almikjil'dls, which Words in the 
ArahickTotigat, Ggnific the Art oi Heftiiu- 
' n and CuMforiftin, Ot the Art of Rtfeti^ 
n and JEjuMtitn. It u a Science by 
wbicli the moft difficult and abftnife Qu»^ 
Aiont, ill Atitbmttick, and Geomttrj, are Re- 
folved and Demmfirated ; that il, v. equally interferes wiib 
tbetn both, and therefore it is promilhiOulIy Nam'd, being fome- 
times caJl'd Sftcitus ArithmtH§ki ai \>f Viita, Harriat, Dr. fVaHii 
&c. and fometi^ Madtm Gentutty, as by Dr^ Hall^. 

Thii great Art may be Defined, or father defcribed to be ad 
Atutljtiett way of DfinetifiratiM ; where, aOimnng the Quantity, 
or Quantities unknown, as if it, or ihey Were knoArn, we pro- 
ceed bv Confequences, in Comparing Ic or them, and known, ot 
^iven Qgantkic* amoDS tbemfeires, untill the nnknown Qjian'* 
iny foiight, 01 ai leaft fome Power ot Fgwers tbereof, be found 
B . -. - - sqaa|. 
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equal to feme known Qtiaiimk», and fo ic UtShtOt tmj be, of 
Conleqaeace made knowfw • 



di«MiMrflkMMfaMM«i 



Mh 



mta^tmmmt 



ttmmiiK^am 



chap: I. 

Cmtrnmg the ^tt^tUt tf jfiotittg imn ^tUOttttie^ i. 

«nd iCtacing mit Jbtq^, &e, 

SeB^i. ipfotattbik 

,nrU^ Quantity fought is called the' Root^ wbkti being urn 
*** known, cannot be really ezpiera'd ; boc may be defign'd by 
any Symbol, or Chara&er at PIei(iire« I ctmmonly (with moft 
others) ufe Vowels for unknowns and G>nfonamsfor known or gi- 
ven Quantities. But Oa Cartmnd his Bolki9Krs,aod moft Foreign 
Writers, ufe the laft lUtters of the Alpblbef^ j:, jp, i( for unknown 
Quantities ^ and tte Mt Letters^ ^, I, #, tSc^ for known ones. 
The advantage of thus expreflinglcnown Qiiantities is, that tbo 
Mnmbers witttthcir feveral Operations, which in Vulgar Aritb- 
metick would be loft or fwaliowed up, in AlgtiraiG ArufimeticK 
are fo ordered and ma*agedv Z9^thwi picferved DiftinA and in 
y«n» ^ and at. laiL to produce a Canon or Rule Jor Refolving, 
not only the pardcular Queft^on proposd, buc in generaT^ any 
other of the like Nature.' ^ " 

Belides tfaefe Letters^ there are cenain Signs ufed, which ar9^ 
mfoitows. -.- . ^ , 



*•> 



•A 
i, • r 






-s 



r 



jIn Bocpfanatign of the Signs t$fid k ji^pho^ 

% 

^Mors) or added- lo^ 
^ Lefs, oc Sub Jiraded from^ ' . . 
Mhhi{!iiecLb9i^ or Mukiplyiiq;^. ^ ,,■ 
g; L Divided by, or DivHiirg. 
Ve i CTomkiimlly' Divided by^ 
(/or I Bqualto. 

1 Gottttbual Gtromettfcal Pftipftrtion^ 



f 



> 



^ 1 



Disjun<Sl Geometrical ProponioiXi 



v«Cot](tiiiufli^ Arhtaiedcal^^ ProgrefiottC 



I>Uj&dl 



i 



Chab. I. 



•« 



. \ 



^7 orcr 

A or -3 

■ ••■ ; :' 

Ml 

Therefore 
I* + ^ 

M •• i::^ •• .i 

i 7 ^ or I IT !^ 
> A c or * -3 c 



Eolation ^i^ cmaiuiae^; 3 

"^ f pis jun<9t Arithmetical Progrcffion; ' 
I Cr^ier ^2u^i 

I'teft^iwn. 
_ cThc IMcrtnct 4>f iwd .Qpantiticf, 
*S < <i«^;ien \\s not (known .which cf tbei^ 
^1 Q$ the Qf(;ater. * 

Evolaciooi or Extradiiig of Ro^tr. ^ 
JrratioaaGity,^ or the Sigaoi z Sufd^fibDc; 



m * 1 . 



fh More c^ or c added to h; 
h Lcfs c, or ^ SabftradWd from K 
b Miikiplye^ by c, or h Mulupiying.c: 

b Divided by Ot or ^ Dividing K 

h Equal to !?• 

As 4 is to h, fo is £ to c» fo is i^ to i^ 
At 4 11 to ^y foisirtoi.' 
},S \ *» *f <^» ^fi Ji^vc equal Differences; 



I 






^ 



AT tf 






f "^e Diftrence of 4 and t, is equal to 
\thatofi?attd A 

^ Is Greaicer Ihan (^ . 

i Is Lel^ than c, 

CThe DiSercBoe betweeo^^ and c, when 
< it is not known which, of them is the 
CGceater. 

i Is to beinvolved, or raifed rp (ome PowefC 

■ ■ » 

f t Is to be gvoimi, or footer JRoot ip bf 
. i Exf ra^ed oik. of it.. 



* ' S 4 

. ^••^^L*^*^'A *' v*» ^c- Signify the ^ire-Radtof 4 
V^ Cub^-Rooc of \, the Biquadrat-Roor of k, i^^^irelf ed^l^ ^if, 

8 * ■ ' """'I^^. 






4 dotation of tfittantititui; Book r. 

^efiJei the foregoing SignSt {which art commonly us* d) Imafyufi 
pf others^ which dre not Comm^ft mi m ^sfeiovn. 

1^ 1 f rSomcQtiancicy indefiaiccly Lcfs cbta^i is to 
?^ ^libcaddcdwfc 

.*', - i<S J rSomc Qutntity indefinitely tdf tbin ^, if 
- rfelltobeSAbftraiaedfrom*.: 

^ I I r Either -e or 0-, when notnyteiial ^Ucfa of 

There arf other Signs which are ta ie us*d in ebe Qeemetri(i$l Virf 
tf Algebra, and which I vfill ex f lain in Bool^ U. 

AH Quantities concerned in any Que^ion or Problem m^y ftant} 
in atry Order at pleafure^ vis^. The moft convenient for Opera- 
tion; as4-|*^ — ^» may ftaod thu9) ^ — d-jriff or thus* a — 
d-j-t, or thus, — rf + 4 4- *, &c; tijcfe ftiU beinj the fam^ ; 
tho* differently plac'd. ' \ * ' 

That Quantity which hath no Sign before it (ias generally the 
leading Qj^antity faatli not) ii always un(jerftood to have the'Siga 
-f- before it, as 4 is -j- 4, ori — J is -f- * — rf, &c. For the 
Sign 4- is An affirmative Sign, and therefore all leading, or Po- 
iitive Quantities are underftood to have it, as Well aS they that 
are to be addi^d- . . 

But the Sign — being a negativeSign, or Sgo of Defed,. there is 
a neceflity of prefiiting it to that Quantity to which it belongs, 
whcrecver the Quantity ftands. 

When any Quanaty is taken more than once, you mnft nrefix 
its Number to ir» as %a flands for three times a, and yb naiids 
for feven times h ^c. 

All Numbers thus prefizt to any Quantities, are caird G>^« 
cients, or Fellow- Fa(&ors ; becaufe they Multiply the Quantity ^ 
and if any Quantity be without a Coefficient, it is always luppo- 
fed or underftood to have an Unit prefizt to it ^ as 4 is i 4, ot 
tc^kkbc, &c: 

AH Quantities that are exprefs*d in Numbers only, (as in Volgat 
Arithmetick) are called abfolute Numbers. 

Thofc Quantities that are reprefented by fingic Letters, as 4, 
h c, di &c. Or by Cpveral Letters that are immediately join'd' 
together, 2salf, cd^ or 7M C^f* ^1% caljl*d Simple, 'dr finglp 
whale Quantities. 

But when different Quantities reprefented by difiercnt or un- 
like Utters arq coone^ed together by t^e Si^ris -|- or ---1 as i^ 
.^ ^ . _, ^ ^ ^^ „ . , ... ^^^ 

» • if 



■I 

J 



4 



<;h9p: I JBotation of €iaftntiti(0. s 

.-{-*, or4— .*, orah-^dCf or4 + 4<i. They arc calPd Cojn* 
^und whole Quantities. 

Aqd when Q«aniicies are exprefi*d, or [ft down like Valgar 

Fradionf , thus 4 or t±J, or li±if , fjlc. They m O?- 

h b c — f 

led Fra&ional or broken Quantities. 

Liice Quantities are th6?e which are exprefs*d by t^ tacne 

Letters under the fame Power : as ^ and ^,44 and 4 49 edh and 

Unlike Quantities are fuch as are enrcfiTd by diflerenc Lee* 
fjtn, or by the (adae Letters under dif eren^ Powers, as 4 and ^1 
e dftn^ c d, i» and bf &.c^ 

Se^.2. Of €radn0 the Jbttpfi ufed in bringing 

4ftuanttmja( to ap iE^tiatiiut^ 

« 

The Method of tracing the Seeps ufed in bringing theQiian-' 
tides concerned in any Qaeftion to an ^Equation, is bsft nerfDrm'd 
by Regiftring the feveral Operations with Figmres and digns p!a^ 
ced in the M»rgentof the Wor^ according as the feveral Opera« 
dons require ; peinp very ufefpl in long and tedious Operations. 
* For Inftance, if ic be required to fet down and Regifter the 
^umof the two C^anttties a and b, the Work WUl ftand 

Thus, %i0 Firft fet down the propoiVl Quantities 4 and 

t b b, over againft the Figures i and i, in the 

" j^ , , foiall Column ("which are caird Steps) and 

I -fr ai 3 4 -f- » a»ainft ^^ |jjj,g ^jjjij jjep) fet down the Sum, 



v/j{. a -^^b; then againft the third Step, fet down i 4- a, in the 
Margin ; which denotes- that the Qjiantities againft the. firft and 
fepond Steps are added together, and that thole in the third Step 
ijre their 5um. 

Toiiluftrate this in Numbci:s, fuppofe 4 = 9, and &=:6, then 

ftwiUbe ' . . .» f«^ 

Jhus, 



I ^2 



I 

1 



4=9 



a-\' b ziz ^ + 6t=z l\ 



Agajp. if i wee required to fet down tl^e Diftrence of th? 
fame cwo Qa.ntitics, TJicn it wiU jpe 

Thus, I [ tf : - 9 
l\b:^6 



iTtfMWMl 



^«^>^WI«»> 



^U-^^rrr 9 — d; = 5 



et 



Or if it wcrp reqokfd {ofec down their Produ(%i then it will b^ 



Thu$. Ii 



4= 9 



^^T^' 



' INate, Letlcfs $m, pr jioio 4 iipmedi^tcly toge^b^r, (lijpe a 
Word) figr^ifiie the fi^Sta^^, or Produ^ of cbofe Qp^p^ici^, 
they Rejprefenr ; as in the laft Example, wherein 4bz::^^^}9i^ 

|. If e^4 Cjt^aotities &e ^dded to equal QjiAntities, 4io, 
Sums of thofe Quantities lyiii be equal, 
As ififbc.= ^, aftdtf = J, ihen4-f-fwiHbes=:i^ + i, or 

%^ \i e^al Qu^tities be taken frpo;! eqml Chvindties^ l\m 
Qfl^niities rematfiinj^ will be f qqal j lb Jf 4 be :^Tt «fl4 ^ :=^ rf» 
tliBd 4 -r- f, wijl be ig;? A *^ i/, or 4 ~ </ :3:/p ^ c, by the fccpnd 

t, If jffqn^l Qwintitjl<5i be M<^^pM by fqp4 Qg^pmirs/ the 

Produdf wiU h9 equ^L $Q if 4 be = i^ and ^ =; ^1 ;hen a ft' 
wiU be — i^ J, otaaz=bo^ by the third Axiom. 

4. If equal Quantities be Divided by equal Qgantiiici, cbeie 
Quotients will be equal* 

£x4W9fUf If ^ be::= ^1 pki^:s:4, tljen -^ (or 4 -frc) will b« 

e 

^ 4 £ 

— ^ (Qtb ^di) Of ^=:— , by the foortl^ ^4»Vw; 

5. Thofe Qaanticies that are equal to one and the fame (hJn^ 
^e eqj^l to one another. As for Jnftancei if ^ ^ ;=z j, ^nq 

' j^ ;± J, then 4 will be :z: &» by the fi*^ "" ^ ' 
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C H A r. f f- 

ADdition in Algebra may ise cafilf laeani*^, by obferVtng thd 
foHo^Ag p^ftidilar I^Ap/ er cifes. 
f(file t . When S impl e and like Qmmidies! haTing }ike ^gos 
are to be added, . . '^ 1 

Add the Comcicxits, or pfefixt' Numbers togetber, and^^ to 
their Sum adjoin the Letters cotnbaoA to eachi ot in eitfeir of tbe 
faU Quanttties. Laftly, td this Sum pr<ifix the cdXMiMQUSigQ» 
woi^ Jx)tfU: havti the Sum required . 

N,A. Ex. fignifieiS Bxdmfle2 



T Bx* i. 



i + 2 



3 



lb 



Bx» &. 






— 14 



■ flllh«MI IMM it 



I'll' "" ^ ' " I* 



I -f- * + 3 + 4 



I 

% 
i 

4 



382 4foiJ 

-f- 21 4^ 

-f-» J4 9*4tcrf 

2406 4 W 



Ex. 6. 

— 92<> 

— » ^ t7 

— 5^</ 



i r 4i> <t M . i i 



<*mmtttm.^ 



— 1840 



> T ■< 



T&« l(e4/2» d/ #^yi Addition is evidifu/^cm tbelVofl^^ftmmm 
ArhhmeHck,^ farftifprfe b to rtfrefeut i Cfov^n^ to whioh if i add 
I Cr mni ' the Sum wm fe- ^Crownst wik^r^ 4i^#frEx. i. * 

Of if xpefuppofi — a foreprefent 0helV4fit, or Debt of one CrexAtt 
to wbicb if another PVant^ or Debt ef i Gromt bo added, tbt Sim 
nuift needs be the fVant or Debt of % Crcwn^ d$ in %%. 2. Andfe 
fer all the reft. 

I^e 2. When Simple and like Qii|nriri^g h aying unlike Signs 
are to be added, I T' 

Add ail the AlSjmative ones into ^IFSdB^ ^inflHQ the Negftive 
tasiktea^ anucher, (by the §rft i^/r) then pre^ the DiikiftnUM 



8 



mimn 



Chap If. 



die Coeffidents of tbefe two Sums, with the Sign' of the GreatefV 
10 the Letters common to each of the laki Q^^tks/ ud yoiA*ll 
lUve the Sum required. 



II £x. 7> I Ex,i. 






l^i 



— a^ 



-f- t 4 I -1x4 



Ex. 9. 

-f. Ac 



= obCf Of 



+ 7 4^^ 

— 14/ri 



1 

i 



l+i + 3+4 



4 
5 



Ex.'ii. 



-f- 9 A c J^^ V_ r- , ^ f J, 



f i— I lAci/xl 



- 4icjxr~-'^^'^^ 



Mart I 



— i be d :i 



t^^^t 



'. Th<^ Reafon of this "S^U is this, , 

« f ^// Qffstpfities having negative Signs are in Nature direRly cmtrsrf 
to fitch as have Affirmative Signs ; . and therefore will always defire^ 
0noanotber» ThuSf if a Man have i 500 I. in Ca/ht and run im' 
Debt 500 1 ; that is, if to his Cajh he add — - 5,00 L {vthich is tba 
frofer wax to exfrefs a t>ebt) there will reinain iut 1000 L for th^ 
i>elt or — 500 1, willdeftrojf 5do 1 of the €a/h. So alfo if a Man owe 
looL and' hsm netbing totay it^ then ho bath — lodl. dr is 166 L' 
warfe thanNoithini; and if any one give him 100 I, or add-^ 100 L 
fQ his — 100 L the Sum will be nothing ; but notwithfianding- tha 
the Man {tho* worth Nothing) will be too L better than ho wa$ 
before. 
Hftk 3* When unlike C^anticies are to bcaddedt 
Sec them all d^wn wuhouc altering cbtif Signs ; and henc€ 
will arife Compo^nd Q^mities t for unlike Qyanciuei eannocbe 
ocherwife added buc i^yifaeir Signs* 
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111 III II I Ml I II > ""^^ 
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4-4^* 
^^S^bd 



M^M. 
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^u!e 4. When compound Qiiairichies arc givjbmfabe added, find 
the bums bf ibe like Q^^ncities, by the firft add "^^cond ^ks, and 
tl^o add 'thcfe.^ums and the unlike Qjiarititlesjogethcr, bj 
lbs third idt^t aod you'll hav4 4: W Sum roquitoi^ ^ 



i+*-fr3 + 4 



I 
5 






ta-v. 



WW" 



T?^. 



ITiUl 






I T* 



•) -- 



/ ' 



CHAR IIL - 

titti of whole ^!t^iitk$. 



-.;. 



SljfbftraAion of whole Qu^nupea is peirform'd by one i:enerai 
Kulc. = * ' ' 

Change all the Signs of the &ibfti:ab^Kd ; >/:;. of thoTe C^sfnti* 
tics wbidi are to be Subftra^ed, or fuf [K|fef tfMn io be chiittgUI 
atxtt acM aft the Calamities togelhef, jls before in Addition, and 
khbif Sttii Will te the Retniiiiider or pidWenoe inquired. 

Thai to Mdd ~ is thifdmktUn^ AJt9-SltbJtr4B -f;, hai been ff^*d 
in AddiHm ; but this nnqral Huie of S^hjlri^tm pifpofes tfoMrtu 
SuhfirdEl — is all one, Us^o %d3 -^y'vfiUch Ssfppcjirioh mj he tfm 
explained an(l froi>% , t / /*'*". 

If 4 Man^ ov^es 10 1 mhlhin be ii Ivort^theh its Subfianciti 
w^;t^..w^ ItAi ktenMi-iti JtdStim} kjt rfpytfin$c4 4;r^~ ro%' 
^nd if ^0t9^i9ig psfftb4t. 19 L'M him, nt^wMfi} M fine, takp\ 
ix^ay the Debt of 16 L or SubJhraS — lo L ;if / deH ifim its ^mudb 
Service as if he added lo 1. , to bis Cajh, 

i — 6b * 



h 



? - 



-T-iSbg . 



I 



^abc.. — jacd 
Sate-rtfjacd 



mmt 



^ H4bc .. 



ylc — 2W-{^4 
-^tc — gbd 
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Of whole fluiatititittf. 
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I £jc. 10. 
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%a — 4^ 

— ^4 -^ 4^* 
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£x. II. 
a -j;- %o — 97c 

My + ^ 

— '25— 97^ — ^ 



I .A 



Bx. I2« 
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7^ — 4^^b^ i^J — ^u' 
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lUU + c — i/ 



matndert as in $he 'lafi Example, msy he thus frovd* 

Remainder =rr 



Suppofcs 



Thf n by the Na*- r 
nut of Sttbftradioiu c 

j-f- a 

By SubftiturifigC 
l^ c -f-.^ for 4 in the< 
latter pan of Step 4. L 
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2 



k — 4 = r 



r^ — 4 + 4 = (by wbat bas beett 
^faid in Addkionj: b is (by AxUm i.) 
»C=r-f4 



TbfTrMtb rf altOursiiom in SnhftraSitn^ where my dduhi a^ 
fiftt ; nu:) In fref^d hy ndding the Sutfirahend $• $he' R$mmnder, 4» 
m 'Cemmm Anthmitiekc 
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I — t' 



*+al4 



f +s^ 

— 24! 

4-7< . 

54 I 



o !> — 9fer 
4- jt I —644 

— 3* ] _9^^^i« 
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Hfmaindtt^' 
freof, ' 



<?^8AjEV 



"«♦♦ • •*«»■ 



'«. * • • • 



Ciiap. fV. 




II 



«(M«iBMiMMP<MM« 



niNli 



m^mm^^mmmmmamm 



CHAP. IV. 
ti^ltipiicotim^ whole <& 



JUI VltiplkAti^ pf mboie fljumfitits admits of Tbr^ Ci^Ces. 

IVl t4/i u If two limpteQaanuticSi wbctbA like or uijite, 

i)ttc having iik^ Signs, wc.iQ.be Multiplied togciKer. 

Krft, Maki^y the Gocfficienti ioe into anoOier^ and thep to the 
Pradu^ tpbtfx the Letters pf; toth Q^witities ; 40- Aall this new . 
Quanck)L (die. Sign + bcingtuwkrflood u prefiirtefore it) be the 
trne Produ<^.s. - • '-' 

;Ex.%. t £x. 4 1 ,Ex. s* 
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IX» jl-' 



: it. 



■ i rt 



(:«i 
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nlii I . 



»'C 



4icU^. 



41 40^ 



£;ir«6« 
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1 1— 7^4 /^^r 
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C4/p X. When the Qiaatmes e6 b6 MnltipKed'lire Sknj^e aittd 
liave unlike Signs. . . -^ . '•';!.'/ 

Join them and the ProdiK^ eHheir Coeffioenta coget^r, as 
heme^ But prefix the Sign — before them. , , , 
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£x. 8. 
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^7 9 16 f fed 
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That in Algebraiek, Multiplication lik^ Signi muft give a Pofiti^i 
^ Affirmative troduS, and unlike Signs a Negatiiri ene^ nia/tt ihm 
frond. ^- . - 

L Since MultifUcatim is only adding pne PaFforlar fhe 'hhikifli", 
cand) to it felf^ as often asfhere are Vnits in the ^tbfr let the Myl*, 
tiflicator ) ; thertfcre + Multiplying -f- mufi produce r|-. Siifce tbe^ 



y 



r^ 




1,. Of wM«(|^iM|i|ltie0. 

adding the neg4tivk VaScir to it [elf ^ as ^ten as there areXMits in 

le Negative ; andfo the ProduB muft have a negative Sign* 

UL Negative QjiantitiH^ MuhijJ^n^ io0tM cne$^ mujl give a • 
negative FroduH ; becaufe in this Cafe^ tia Multiflicattnr^ having a 
negative Siffi^ Wirtu en the hMtfticmii^kl $mjhr$ftieiit^i which 
therefore mufi be SubfiraSed^ or made Negative (by chinking its 
Sign) as often as there are negative Vnies in the hbM^fir* 

tV, 9^egatives MMptjing Nega^vet^ muft freduce' an jflffirma* 
^ivfy or fofithe^ Bredtm I heavfo Kbdeiftieatiof by a Negative' 
^'antftj^ kingoidfaSi4ififaefyteoe'ebangingtbiSigl^0p-9be Mai- 
tf^ieand as ifsen^as there aire itegjative XJnks irk tbk MttkiflUatei' ; ^ 
akdjinee Snbftv'abing ~ is she Jame as adding -^^ (as was fbewed 
in SubftraStion) the defeR of the Multitlieassd is by this nieasu fiakfn 
awayy as$4^co9^quenfl9tlfeFroduStwiUveAff^ . 

Cafe 3« If |he ^4^Itl^lyer apd Muldp&and, or either ol cbeis, 
]be Cbinpoun^ Quthcities ; iheo every Tenxi' of the Mqltiplyef 
sBuft be Nbiliipl)|gd lorn all the Tdmi of the Nblnplic4ndl^ Aftd 
the Siun of cHore^j^anicisltrP^O(b|(^ 
As in conmmj^itbfnetickf 
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Examflest 



fXa 13 
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3+4 



»4 + *-</ 

aa^ab-^ ad 



r •» 



< % 4 • 
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5U44-Q ^4d — bb-{-bd 



114/"+ 15*/ 



1x34 h 

jlX— f/|4 
B+4 



3W — ^Sjd 



%iab-^ I ^ad — ^ifb^ »5/* 



tmm^^^ 



•K 






3 aaa —baa 
3 +4 1 3 



4 + 



hu 






1X4 




mmji^Mim 
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2 



3+4 



ill 



4 -f- f 

a — e 



••Jt$ 



* i j, I A i M '» 'y ' > 



/A * # * • ft 



./ 



If + h bc^MuliipJicd^by -..c I fay the ^rodudk =/.. is - 

"^ •'*• ^ 

, > • • \ 

\ Demnftr/ifiqn. 

fapp0fefi|^=:r.c;f-4 ; ' ; 

J tx ^ i^i — rlr JS^ -r- tf 4" *^J^ by t|fe Naairc 9f JW«/^/-- 
that is ; Wzsj^-f-iii >. ' j^Matim^ 

J_*«f 6[W — — ib+i4 

3 r=: ^ i 7 1^ -f-*4 = - *c 4^,f 4 i that Is/r =-. iir. ^E.D. 

tlif/ 4 Negative Muttiptyfd h' ^ NtZ^lVf R?^^*>7i fr^uees #. 
Pefifive met may be fravd thus. 
j^^AhQUmvJytA kl-c'^l fax the Produtft / is =_ 

I}e9m9ftr4ti¥h 

a — i=2c 

— «4-«{^*«. ^ X -r- ^ = — f ; ihy the above Demon'-, 
— " C4 -f- f = "- w jC ftraheni 

4:3;;=i-f.«? 

•^ W :::: — «i •** cc 



./uppofe 

IX— c 
that is 

1 + *^ 

S + ct 
1-6 



I 
% 

3 

4 

5 

6 

17 



r— C4 -4- ci"=: — cc 
jprrrc*. f^ £• ft 



Note, that fometimes Prc^ttdl ;are exprefs'd only by rfaq 
QpMOCtea CO be Mukiplyod wiifa the S^o X between tbm, thus 
the Produift of a an d b„ \%ax kt and the Pri^nft of ^ -^ •*> *«! 
« — ;{Us4 +*X^ — ;{, and the trodiid of 4-f* x, 

Tjot 



14- Of Whole tftuanttftf^* MPartf. 

that Axhis-zuhxa^ may be thusprovd. 

fjtt a cwfiji of any mmbn of Vnits.as -^r 

i,iti,\,\^\tfSc.andbbe equal to any '• '• '» ^» ^' ?• Jjf- ^- ^ 

ptbermimberofXJnits^astyi.ui.&c. '' ^ '• ** '' ''.S»* ^''- 

Now if you fuppi^e the number of Vttits^ '• '♦ y ^ i. i, ^f. -^ a 

iquivalentto tf, wriV^fii w^r m^ |i«- (i ^ ^ 4' (> />' :^" "^ 

o^i^f r, m often as there are Vnits inb^ ^ p ^ ^ «^ c^ 

(aeyoufet in this Schema to the RiFht n TMf If H H 

Hand) theinSumwin^e(fy the qeji. !i. |J, iJL li. H^'i, 
nition of Multiplication) 7=1 a xb, 

ii^wtf if you fhppofe the number of Vhits o- 
qual to b written me VDvr the other^as often as 
there are %J/tits in tf, (as you fee in this Scheme 
to ^he Left Hand) their Sstm* wiU Jfc =:=:% 
b. ^ a. But the number <f Vnits in the 
4)nt Scheme^ miift be equal to the number of' 
Vnits in the other ; alt ho* a and b were . 
equ^i to any two 'Sumbors you pUafe^ as is 
manifgjij by viewing each Scheme. And 
confequtntly th^ ^fm of the one^ or a X h, 
ii-ziZ'totheSum^ of 4b9 otber^ irbxa^ . ... , 

See this Bropofition otherwise J>emohfirated in the lirh^ropofi^ 

tiott of the 7th hook^ of Euclid. J- V / 
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CHAP. V. 
S^ibifiMi 6i whole 



DIviJkn in fpecies is the converfe^ <r direB cmtrory fa that of 
'^ MultiplicatioTf^ and cmfcquently perfomfd by cenvet^ Opera" 
tiens {as in common j(rithmeticl{,) ' ^ •» . 

Tbe general Rule of Diviiion is ih», 






f Place the Divifgr under the Divideadi .mth a Line f)etween 
them (as in Vulear Aricbmetick.) 

Or place tbtsSign -^ between the Dividend ,and Divifor^ aiui 
let the former be to the Left- Han4 of it. , 

T^us a being Divided by b^ will give -7-, or 4 -r b, for z 

b 

^Qgociene. Aiid ibcg , -f- dg, Divided by 6^ -^ 394, if = 






Ghajr. V. 



S)iM(m. 



»5 



. Bim if any Qi^tuy be fouad to be a common Malciplycr in 
hoxh the Dividend and Divifor ; ^ce cfaac Qganiicy, which 
fcciC^ Mohiplyed by i$»at cqmmon Mniitiplyer^ will produce ibe 
EMvidend. over chac Quaotiry which, being Muldplyed by cbe 
^id common Maltiplyeff« wiU' produce the Divifor^ with a lim 
between them> 

, Bxdmfks* . 

(^ 1 Vj; I 

avd n^cd I 



; 



(3) 



l\. T 



ft 



*h 



•I -Y eJB 
a -^ ed 



•ti^ 



iW^-^^sd] i 



i^% 



ill 



,N9/f 9 Vfhen the Qjtantities in the Divifir and Dividend dredld^ 
fime^ Mnd have tbejame Signs^ the Qgorientmllh an Vniter i« 





-, - ■ BjtamfUt. 


8. 


*^*=t 


9' 


4'+* 


i«. 





K.B. In Divifim pf whole QjiantUics me thinj^ nmfi he e»efeStf 
vifirvedi vii. That like Sigm give -f-, and unltks Signj give — , 
which holds here as well 4/ in Multiflicatiem ; as may he frmed thut^ 
' Ever f Dividend heing a FroduH made hy Multiplying the Quotient 
ikto iheOiv^er^ the Sig^ of each FaQor muft hefuch^ as according i« 
^e formet ^ules ih l^ukiflication, can frodace the Dividend i 
^hif-efare^ if the Dividend ve Pbfitive, the Dtvifif and Quotient msij§ 
have like Signs^ that is^ if tbe-Divifor he Negative t the Qgoiient mujt 
Bifo tooy And of eonfequence a. fofitive lUvj^end^. divided hy a niga* 
9ive0iv^or^, gives a negative ^(fiotient ^ and // the Dividend & 



J *\ ^r 



teen bei&Wiftrated in MulfipKtdfion) and c^cqutntl^ M nigoHw^ 
Dividend^ divided by 4 fojittve Divijiry fitfej 4 nyattvi Qjioiient } 
hU a mgativf DMdmd^ SiiAd>tf M ticgfuiwf Woifi^^ Jfii^Jr an 
4^tmatit0 or f4fiiivif!ludfiMiB, .: . '.- . t. ' 

Iff EKviflbfi tffcomfotmd Quantities; dhie Ttnan att w«H et 
dklp'iVickfttl us Dt<tifor, ttluft be p(ae*d M QkJler$ at^dia^ to tU 
DMei^iftns of (6t»e Ltftte? in bbth <if ikai^ ibat i» t^ Uiy< ^dM 
firft» fecond, third, (He Terms of each muft be ttey M^ktf 
have the firft, I'econd, chifd, tSe, <greateft power of the faid^ 
tetter f-cfpedlivelv. . , ^ . 

Then you muft place fuch a 0£anttty in tbc^ Qjkottenr, as . 
being MulcfpIiecT by the ^rft Term of the Divifor (1M( Produce 
the firft Term o£ tbe. Dividend^^ which i^ntity Mi^ciply into 
the whole Divifor^ then Subftra& th^ ProduA from tbe^rel{^<^ive^^ 
Terms of the Dividend ; ahd td the RMnain^dr adjdyn^ W^tj) chefi: 
proper Signs, as many more of ihe next following Terms of the 
Dividend, asisrequifite, and ca|l this Suiiti .youc newlDlvidend. 
Then find another Term of the(^ilm^<tKh if fc%MUtti^lyed, 
by the firft Term of your Divifor, will produccthefiirft Term of' 
your new Dividend, which Term/ wSen 't(5uhd, Jtace fa your 
Quotient^ then Multipiy and Subftradl as afbrefaid ^ and Co pro- 

, Thus, If 4MA -f- '^aae -f- i^*^ -f- f«f» be AiVeo labc |!)ivjkled b| 
M-^-^ei 1 place them in this manner aaa -f- '^aae -j^ ^set 'f'cei 

then I feek fuch a Quantity as being Muliiplyed by a Cthe firft 
Term of the Divifor) will produce aaa, (the firft Term of 
the Dividend) and find it to be 44 ;. and therefore I place 
aa in the Quotient, then 1 Makrply 4^ by s^e^ and the 
Product aaa -f- aae^ I Subftra<5t trotn *4i4 ^ ^aae^ (the ref- 
pedive Terms of the Dividend) and the Remainder is lase^ to ' 
which I adjoin the next Term of thel)Mdend» «&{• -{* ^aee^ and 
the Sum %aae J^ ^aee is my new Dividend. Again, I feek a 
Quantity, vvhich being Muitiplyed by 4. (the firft Tartai of 
the DivifoV) will ptbintciaae, ^e firft Ttrftiof the liyv^rOi- 
tidend) aftd fitidf it to be 4* i4c, WMch -^- X4e, I ^laCCf Ih ihe' 
Qhotleot, then t MttltSplv It bf (ot itf)fo)^ >t^e, and . thfc ftC^ 
iu& ^Ttai -f-Uee, I SubftfaA from i4di ;4- ^9, and. the Ke* 
mender i^ aee^ to wKidi 1 adjoiii the n^tj:\aQd laft Teirib oith^ 
Dividend, vis"^ -{* eee^.kni. the Su^ 44(r' 4- «ce is dy neW I)ivi« 
a^nd. , . ' 
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Chai».V. 
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IKlifion 



».^ 



ftnuft from my laft foregoing Dmdend, 
notbiog. See tile following Operacioo. 



the RemJitnder is 



xXaa 

4 + 3^*^ 
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. ' Sfiotienf 
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8 — 9. ?o. 



444 -f- 44* 



o"-f- 144^ 
I44f + 34*ff 

a»4« 4^ a4ee 



A 



Q -f- aef 
4ee -4- «^e 
4itf -f" ^^' 



«^-» 



yM 



Or Dtvifion of Qjuintities may be better performed that* 
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Eic. ii^ ' ' 

64444— -96 (2444-^4444"i4-f^I<$ 
64a44r!^it4k^ ./. 



mm 



• 4-11444 

-f-1 1444 — ^44 



O +i444 



.'. 4«4— 9« 



Sttppofe it was required to divide 404 -^ i^uie -{- jki -^ lidd 
-}- 4^c + Jlrf</, by 4 + 1/. 

. It 444 be niade the firft Term of the Dividehfl^ -f- 4c4m 
-^ d44f -|-4</64 -^ )id4j -f- idd, maft be the fecomd, third, and 
fourth Terms of it r^pedkively ; and 4, -f- d^ the firft and fecond 
Temis.of the Diviibr refpediveiy j^ add then the Divifion ^ill 

ftand tbtt^./' 

' . »' . 



& 



^4'«9 



iS Of wbak AttSntitiCt. , Fkit I. 

'+0 '"t'^pt+ *« C"+«"+^ 



1^-= 



ififtf --f- J44 



,0 -f- ^caa 4- 4crf4 



*i ) ■ ■■< 



o Jtm dJU'-jrddd 
dda+Jdd 



N. B. The foregoing Dividend may be writ in the following 
manner. 



aaa 



i^aa-^^i^a^^ddi 



jL JPJyy^^ ^ {& ftfep!?^" f ^^ ^ fiaioncLJci m as^f n they j>f 
ine tbird are United, by adding in each Term the Faccon of the 
Letter (4}, in reipeft. ^f wUch the T&rm$ of the DiVidefid Were 
placed. ' 

But if ddJ be ttiade the 6xh Term of the Dividendi then the 
Diviiion w^ Hand thus, 

d^a\ dJJ +^4dd ±** di^'^Z id± - 

ddd J^ add 



MM 



•4- -^as J + 4C44 
•4^^C4 ** *-f- 444 

44 J+4aac 

4f 4 ^ -f" ^^^ 



i«i 



A^itti 



{«zf*)- -«$'"-'■ 



i^ ll« M il ■ t i^. , M 

O + C4 — ci 
C4 — c4 










Cha^ 



DtMoni 



If 



If the IMvifor be not an Aliquot part of the Dividend, the 
Qp^^Jlptyayi in fott^eafw, be coriiiinaca igan vii^Ue Scric;^, 
But if^ afcer you hav.e placd as many Terms in the Quotient at 
you think proper, you hayf a n^tnd to. have the exa(& Quotieott 
place the laft Remainder as a Numerator over your Divifor, 
whlduFtft^on aonev co ih» before; £»im4 QiKxie^c, with itt pro? 
petSigo^-er — , 



>i * 



Examples] 




I + X 4-.xjif + XXX J^ &c. Sine Fine. 

-\-x — xx ^'J-v3£. * ^ ■'■ ". - ' • - ' 















-«'^-lrT 44^ ^ *:;;:;;r 't^''- i . <;. » *a/ ■ l 




.m^LXi Oju.^ l^foyfxj 
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■ »4^j?3/ • 
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P ART II. ' 

Of fra^onai or jB^oi^ett ;^^nt(t:teil<; 

' ' ' wt% 



»- ' \ 



Ft(a8i(mal Qwmtttiei are exprefs'd or fee down like Vulgar 
FraSimt, in cQmmon Aritbtneticfc. ' . 



Thus 



{x- 



5^ — 44 the Numeratorsl 



/^'^jb ' '^ Deno9nijfators. 



How cbey came to be iq, fpay be, feen by the general Rule in 
the beginning of Divifion. '. / - . _ . 

Thefe Fractional Quantitia areinanag'd in Algebra, as Broken 
Numbers in Aritbmend^. 
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C H A P. II. 

iSeiittttton of fcafttonal #uaittttlejf«- 

ffc?. I. To reduce f rattionjB^ baviog^iffbrent jBDeno^ 
minatojiet, to jptaccioitjes of the J^me Value^ that 

ihall have a common PenomiMtO^^ 

1|U|UIcipIy all the Denominators continually by each other, 
"^^ (1. e. Multiply the ^^rR Denbinihator T>y the fecond, and 
that ProdtiiSb by the third, and fo- on) and referve their ProduA 
for a new and common Detiominator ; then Multiply ahy of 
the Numerators by all the Denominators but its own, continu- 
ally, and the laft Produd put for a Numerator over the faid 
common Denominator; fo this FraQion is equal to tbat^ whofe 
Nut^tf^cfty^fep MultifiieJ Jmo alljbi\l>en(minat(frs^ tut its ovm, 

ctmitnually. /Do fo with the r^ft pf (bs Numeraitors, and you^il 
have your dcfirCf ^ . ,. ~v . ' "i T 7 ""v" '^" 



.^rf 



cfcipHr, ■■■ vm^m: '. u 



If 

7 > 



1 — 



Secondly, 4}<czizaci therefore -7-- is = ■^. 

' PC 



\ 



Examples. 
I. Let it be required to bring -p and — to one Deaooiinatioiu 
Firft, ^ X c == fc , is the common Denominaton 

T 
mtlly, *x rf=W5 therefore ii is = —. 

* PC c 

Coniequ^Uy -7— antf -^' ate thb two ft adions required 

PC . ^ kc > . - 

». Let — -^ _-•, and ^ . ■ ' .., . be^U broMgbt to a comimi|i 
^ fa ' c ^^ 4 

Denominator. 

Firft, e x fJx c~ rf = efdc ^^ tfji^ is the common Denomt* 
nates*. 

Secondly, cdfy^fj ^ c^d z=:^ccddf—^dddffi abxeXc^i 

:==,iiec — akcds i»nd a ^dxexfd:xi aefd 4- ddrf, :are the 
Numerators, 

TJitrefore ^rrS^W, ;±LZjt£- **'' >^ 

And -•'-— --il~-- , ire the Fradlions rcqiMred/ ' .' , 

' { ifdc ^"^cfdd ^ . . ^^ 

3i , If ^— tt: ^^<^ 7 — ^^bc brought to one Deaomiinttioii, 

peAively. '^^ - ■ ■" '' ' ■' • "^ ^- '■•::' y 

ScB. 2. To reduce a whole i^ttaht^ into an JEqmrfh 
lent fwttion o^a given jDe»piiim4^ 

MtStijpi^ the wh61e Quamity ' by the gtvcft Denominators 
. uwiei: : which Pr«iii^ pla^ the faid Beiieminator with a Line" 
between them, and \q^ will have the Fradion tcquiccd, . 



Bxdn9f!ksi 



\A 



u Let jfc be required t^ bring A-^h inco a Fra<f)ionp whofa 
Denominator (hall be J — 4, 



% J 4>f * 



V^ ■ ^ ' . "^"T t < • ^ the Fra^on reqiwed. . " . 



%% Of iTtactional €itt|jntitie0^ ivirc a 

2. b being reduced to a Fradiorij whofe Denonunacor will 
DC f — r IS = -i • 

No/f, vibm ir£o/tf Sjf ami tics are to be fet doxm fraSicpt-ntffe.^ 

Mfcriht M$ Vnitfar the DenmuHMtati thus ab is = , and 00 

t . 

* 

X^mma to Scii, %. > 

• « 

How to find the greateft common Ptbifoi (or comn^on 
A^adRVe) oivmi given Whole 4Siuailtitjejf* 



• • 



PtYi^ t^ Greater given Qpamity. by tba Left, and if ani 
thing remains, Divide your Divifor thereby, and if any thing vet 
reinain«,"^Divide your ]aftE>iviror thereby; and thus proceed till 
nothing remains (as in Vulgar FraRiem\ if the firft Term of each 
Remainder be a Sub-MuTtjpIe of the firft Term of (be WM 
foregoing Divifor: But here Note^ chat^very Remainder ^t^hofe 
firft Term is hot a Sub*MuItipIe of the firft Term bf the next 
foregoing Divifor, muft be Divided by fuch of its Sub*M|iltiples 
as is Prime to that Divifor, and wi(I.gife the firft T^m of the 
Quotient a Sub* Multiple of the firft Term of that Divifor f by 
which Quotient that Divifor tpuft be Divided, aad if tber^ be a . 
Reiiiainder, the faid Quotient will be ^ your next Dividend to ' 
l)e EKvided by this Remainder, or (?c. And the ^ bft Divifor is 
the greateft common one required. 

Suppofe the Greater of the two |iven 

^ Note, this ^Mfii^n Q"*"«rie* ^^ t)e = i, and the U^ 

is not neceffary nor Jtfh- -*«! foppofe c to be * Divided by t Sub. ^ 

fer, if the firft Term of Multiple thereof — / Prime to*, and 
€ be, A &i4b^JMMh^h of giving the firft Term of the Qgotteni 
the'pft Term of I c^^ SttbMaltiple of the firft Term of b 

(where Note^ that fmll be =: I, if the firjl Term of e be a Sub^ 
lAubiple of the firft Term of b) ; then foppofc A to be Divided by 

4-,. and the Rcn^aipd^r ;;:;;;/.: Again^ fi^pp^c r co. be Divided 
/ 

by a Sub Multiple tl^ffcaf =^^ ?riose to yi and givkig tke^firfb 

» r t • ■ ■ ^ ' Tetta 



Chap II. ADlUCtfOH* x} 

« 

Term of tke Qf^otlent — a Sttb-Mnlciple of the fii;^ Term of 

• ' g 

. i. ; then fuppofe -j to be Divided by -^ , attd the Remaitiiikr 
s: 4. ^ .Again, Ifipp6f^ j to be Ditioed by a Sab-MuId{Je thereof 
==1^ Prime »-*-, tnd "gtviog tbt irft f Mto of tte Qa^okilc 

^ a S&b-Mnltiple of the firft Temsof ^ t ^tid tiii?n — beifi| 

o o 

Divided by --, fappbfe cbe Remaindferjsr p« I Oty -^ is :=: d^ 
greateft . common pivifor requircdi 

■s 

I 

.•Meafwes4 w/g ih?refa«r., 'fJff'^^ . -,, 

^ •'McJlfures -5 '-. /: But B«iti>/feucl.EL 
» I 

-7 Meafufbs«; therefore -r 'Meafures "ri— /+« = 
» , . > . / ' , , 

--r i and confequcntly c Agabj ^ 'Meafures h^n 
^hei-efore ^ )4c»iurG$ k r^ r : But 4 • Meafiir c$ i^, 
and confeqaently r ; therefore 4 ^ Meafurles i — r 



• ••• 



4-r=:^. Whende'tis certain that ^ is a commoii 

Meafure to^ or of k and ^ 

Now in orde(:j^|>jroT&that4tisthcQrei€cft, klai^ 

pe s the grMteft commoii Meafure <if i and v. Tfa«tt 

/ bdDgPnme to*^^ aiMl w Mwferiiig I ; /wiH chere^ 

. -- c - y - £^j^ 



M Of ftadion^i MattHtf(«. 

. , {QtCi be * Prime to ai> ,• and f and 
>, J J. 7. Euci. El. ■ ^ • Mfcafuring ir ,- ,,; /• will 
r, a emfequtncffrtm tbt *Meai|ire c, Qi i^ wiU Meafoce « « 

^€ ini ^1. 7 Eiicl^ El. c ' ' ' . T 

Bat "^ * Mealures^^ -i^ ^,; there- 
f^inp w will Mei^are ^ -^ r, and ' confequfiiidy l — 



> --. r xs r. Again^ beiog^Hme to --, atid i^Mtfafuriflg 

» . J - 

jr{ X will therefore be ^Priitie' to 71^, and '^ and i^ 

Meafuring rj g w will « Meafufe r, or 71/ will Mca- 

fare - : But — Meafore? T.--<J iherefore »» will Mea- 
i i f 

fare 7 — 1; and'confequehthr^ ^ ^ ^ , =± /- 

Again, i being "Pdmerto ^^ tod«i^MearurihgX; 
i will therefore be * Prime tooi^ i and A and v; Meafuriiig 
sibw will *Meaf are / ; vhu. vf will Mcafure t. ; confe* 



^ 

quently ai^ cannot exceed -- j therefore they are e- 

ijoal. 

I^inally, it Is evident, that the like Demonftratio^ni 
ivith.this may be applied to any other Namber of 
Quantities. ^E.D. 

SeS. ;. To abbreviate or bring a JTcattiOtml <0ltatts> 
tttp into its toweft jDowniilUttton* • 



» t 



■- Ofvide the Numerator and DenomlnatDr feverally by time 
Rfateft joomoion Divifor, and the refpednre Cbot>^^ P^<='4 
Fadign^wife, istheFnAumreoinnd. . 



• •# 



Bx0mflf0 



CInp.lf. . RrtUCttOll. »f 



ExamjfUi. 



aac 



d 



u Let it be required to reduce -r— - co its leaft TermsJ 

,4Mi being Divided by c Cwhicb c is the greeted; common tAvV 
for of aac and Jc)^ givts aa for a newNrnnerttor ; and dc toeing 
Divided by c, ^ve$ ^ for a new Denominiltor : confequeotly; 

is the Pra<ftion required. 

' • • . ■ . 

!• Itt like paiiner « + -g— is found tabex:^-^ ao 

in filth fingk FjraSions ms thefe^ the enmmm Divifors {if there hi 
My) areeafilj diffoverd h infpe^ion only. But in comfotmd Fn^^ 
^iam ii muft {for the inofi Part) he fcttnd hy our Lemma thtiSf • 

a. Let it be required to reduce ^^ T . ■ / X — to- its loweft 

jLei'ins* 

Firft I Divide the greatet of thf two ctvcn Quantities, vij^i 
That which has the Created power of a in t, (in refped of wbicli 
Letter the Terms were placed) by the Lefi thus^ 

Ma-^tha-^'hh) a^ — hha {a — ih 

<» -f- ihaa -f- hha 

M^thaa — oJfha 

— ihaa — /^bha -»J- i4* , 

Kow iince the firft Term of the Divifor has a greater Powet 
of aiti it than the firft Term of ibba 4- ih 3 this tfaerefort is a 
Remainder: But the firft Term thereof, vii[. ibha is not a Sub* 
Multiple of aa, the firft Term of the faid Divifor ; wherefore 
I Divide the (aid Remainder by ibh a Sub* Multiple thereof » 
prime to the faid Divifor, and giving the firft Term of the QjK>b 
tient a Sttb*MultipIe of the firft Term of the aforefaid Divifor ; 
thus 

ihh) aW-r + iiV (4 + * 

0,bhM 




N 



H And 



.. / 



2^ Of f cscHoititl £^uantui(0^ Pm n^ 

And the Quotient is 4 -f- {» ^ by nvhicb I Divide the faid Dir 
vifor ; thus 

4^» •4-.. pd 



| | ' ' ' 



■^N*' 



J- . - 



^ + ^ 



And the Remainder is o 

<> . . . • . 

^^hencc a +'i C5 the grckteft cotiimdii Mctftire tc^i<«4, by 
which the given FTadioa will be rednc'd to its loweft Tetrtnt ^ 

4 +>} aa -{- 2*4 -f- W (4 -f- * ^&« new fiumtx^m. 






»4 + ^ 

.0 

4-f-t) 4§ — W4 {44 — ha th9 ntvf Vemmintfml 

k^ + <>44 ; . ; 

_i44— ifcr 



•*-"^ 



^ 



Confcquently ■ *"^ , is the ftadion required. 
. ' 44 — w 



X 



4 —ft* 



. 4, In Jite manner ^^j— ^^^ 

Xerois thus, 

X* — h^) a:' — . it' W {.V 
je» — X ** 



fcmreft 



»«■«• 



^xHb x*—xxbt 






xxU x^ — xhb I 

— b 



Hence xx^hh\& the greateft cemmon Divifor of jr^ — I* 

and x^ ^ x^ b\ by which f'"^^^' will be reduced to ?^^i^ 

x\ ^ x^ bb xi 

bythisSffi. - 

5. Let it be fcauircd to reduce ~'*:* ^^^T^*^ - to in 

fcweftTenn& 
Firft I Divide -^ jrx +c* +* — ^ by «c — ;fcx + I, th«| 

» " ■ ■ ■■■ ■■' ■' III! 

And the Rcttaindcr is '^^XT^ 



But the firft Term of thijRemaindcr ; w?. "** ^ X^^tkOXd&vk- 

Multiple of the firft Term of the foregoing Dififor ; to wit 
of XX i wherefore I Divide the laid Remainder by its Sub^Mul- 

multiple J^ ^* which is Prime to the fiid Divifor, and will give the 

firft term of the Quotient a Svb Multiple of the ficft Tetm ef 
tne faid Divifor ^ thus. 



**m 



-9» 



o 



^ 



e » and 



«A» 



18 Of ircacfiottal ftttantltlc0i , Paa n. 

And tbe Qaotienc is *|- x — i^ by vrhicb I Divide tlie afore* 
laid Divilor thus, / . 



X — i) XX ^^ a* + I C* — « 

XX -^ X 






■ !" ■ " ' W 



.. And the j^eo^ainder is a 

Wherefore x -«- i is the greateft commofi Divifor fought, b]|^ 
which tbe giveif VtzAlon mil be r^duc'd to ~ by this 

ff by proceeding in (be foregoing Manner, you find the gr^ai^ 
eft common Divifor CO be i ; then the Fradion is in iu leaft 
Terms already. ^ 

Note, SmU Fr43wml Qfum^hiet grt udi^i po tbfir U^fi Termi 
1^ Dividing tbe Numeratot and Dsn&minator JiViTdllyf by tbi gnat* 
eft common h/Jeafur§ia^jh€ir fiver dil^ttikirs; thus 

2Z Pr^, — -TT,-^^ w reducd to > , 1 " ^ vyDtvs^ 

ding the given Nfimerator and Denominator fever ally ly 7 J, tbt 
great eft common Divifor of their fever al Members. 



«) 



' SiB. 4*- To reduce a Compound jftacCXOttj to a 
^mple oiie of the fame Valud. 

Multiply the Numerators by each Other contin\iaIly for ? new 
Kumeracbr, and the Denominators continually for a new Deno- 
minator^ fo this new Fradion is that required. ** ' 

UxamfUs. ' ' • 

. I . Let it be required to reduce »j- of — 0^-7 ^ * Simple 

Fradion of the fame Value. ^ - : — 

Firft, ?x I X4=:3/i, i he new Numerator:- 
Secondly bxcxd:=z bed, the new Dcnogiinaror. 

Confcquently -^ is the new Fradion required. 

bed , :. - 

I L 

1. Let it be rct^uiad to reduce "T - of — r— ^ of — of -i- 

/^ c -[- fl p r 

|o a Single Fradion of the fame Value. 



Chap. IK 



BeDttction; 



%9 



M +/>)< I X I X j=r 4; + hff ibc new Nunwratbr, 
/x c 4-'rf xfX^'^ fifr rh /<(?»•» tbe^i^ w Denominator^, 
Confeqacntly /'y *^ ^ is the Simple Fradion required* 



'PiiiP H 



CHAP. III. and IV. 



attimt ot ipra^toml .^^iim^ 



w 



^Hai hath hem Jcmg tji the ^Uf in the next foregoing Chup^ 
tetj is chiefy to jit and prepare FraBions ef different 
penumtnatim$ for kddition^ er SuhfiraSien^ as eceeficp reauires ; «/;(• 
' I. If the Fradtion^ giv^n cobe added, or Subftraded; beCbi£ 
pound ones, they mutt be reduc'd to Simple or Pure Fradions (bj 
Se&m\. of the next forgoing Cbap.^ . 

2. If they have not a Common Denomitutor, they muft be 
reduced to Fradions of the faiiie Value, %hit wiU ha^e |i Gm* 
pfion Denomiiiacor (by S<r^.-i..Chap. 1.) ~ ' \ ^ 

Tbacbetpg dqpe^ 4J^itit^ wad^bfin^Sim a^e thus |»et!form*d. 

Addot SuhflraH iheir h^umerators, asoccaGon requires; and uf^* 
^er their $um or Difierencei fubCcribe the Con:unon Oehoniinacor. 



Examples in Addition. 



I 4- 2 



i 



4 + i 

aa 

d 






at — a 

TnPf 



d-j-c 



4 — b /^ d 

a + ^-d 






■■ »i I 'm 



d -^a 

I ■ 11 I II .rMMMM 

2 4 



Suppofe it was required to add i + -» +/—• ^3 *nd i.^- — ini;o 

. , 4 / ' p ' 

oneSnro* '...,' 
Firft the Frafiional .Parts are ^ ^d^+ -^ • - 

Secopdly, dXfXf—Jp\ the commwDcnojpinaty. 

*^ ' Thirdly, 



io Of ftftCtlplUll iUttntitie^; ' Pan It 

RmnUy, — f X </ y > = ^ j^ 

• . ^ .' ; . " ' .. off 

ef—jfi-^cJ ^yj^a^j^ Chap. H J UtheStunofthcFradiontl 

fmi tSMiftqiMWtly the Stnn tcgr^w* fc f + /4-x •*• 

rfkgkih, tec It be reqdred.to idd -L of ~ to /T"^ * 
Firft, I x4—d. 
$ec;90dly, * X / = */ ; therefore ^ of -r- fe <b)r S^fi. 4. 

jQin. IL) = — r~ > Cmregaetitly * . . "~ i is the Spm reguirei 

Exmfks in StAfirOtim, 






i-i 



ib—i 



a* 



^ 



2a — i > 



rf+4 



— * + J 



4i.jb 



<i-j- 4 



«••■»' 



iw^ 



J . ^ Jim e 

Let it be required to tajce 4 + — from . T" V 

f • ' -5- •* ^ 

prft, « + — «(bySfS.». Chap. II.) —^^—' 
Secondly, t^and^^^^i^ are ( by SfS. i. Chap. II.) 

.der required. • , 

Again, L« it be re<piired to take -?- of — of — frotn^' 

84 



^ of X of - is (by SfS. 4. Chap. II) = £, 
1 4 « 



A.^ 



* ciiap. ni. iv: a^Mon a^AuiSfacfibii ;« 



And — IS nr r— 
4 8« 



. \ 



< » 



Therefore ^^ ;= |~ is the RlBaaj^Q4er Ibnglir. 

• . * *' 

Note, The ttmvnfdl wumm tf Ai4um,4fid Stikfh48h» tftlur 
TVhoU, or BrgautHifantiHet, it h + ink — reffeaivery. '" - • 



^fmmmm 



. t ivu 



t ■ 

•J 

r » 




CH A P. V. 



pirft prepare mix*d (;^tincs (if there bf any to be Muldpfy^ 
'^ ed) by reducing them to Fra£);iohs of the fame DetxMnioau 
cjon. (by Sea. I. Chap.Ii) And whole Qiumiaes i^y fobOxi- 
bmg an Upit under each of them : then 

w » 
• I « . 

Multiply the Numerators together for^a ncsir Numerator^ and 
^heDcnomioators together fpr a new ' ' 
«?w Fradkion is the ProduiJk i^oit^ 



Hil*'»i>:»' 



i^tim dw 



IXX 



I 

% 






f 



^hd 



cf 



34 — %b. 

d 

\%aa — %ah — Abb 

-— — .. < ^ . ,■ 

%dd^ dc 



t io . / 



. \ 



Suppofc it was required to Muldply %$ + — — a^ by 3* + 4r. 
Thefe prepared for the Work «s above direftcd, wUI ftand thus, 
Usc-^b — %^e 



I Vl 



6^4c -t" 3^^ — 75^g "f" <4gg -f* 4^ -^ lootfg 



£>i,i^ 




3» Of fnnlHmal i^mntify$i Pare \i , 

N«B. Ah; FrsBiam is Muhiffyed by iu l>emomiMtw^ lyicafting 
Thus -^y4 = *; for Ax-i = ^=*. ' 

4 4 14 

Again, Let it be required x6 Multiply ^ of ^^^ by/. ' 

~ • • • j . . c , .# •J" c " t 

ftft, ^ X r= R X /^ ^4/ +W/ ; the /VKim)-i»r^ ^^j ^^ ^^ 

Sec €X^-f-cXX3x:c^ 4- .cc^rfic O^imiiiiii. j 
Pfodudl required. •• ^ '• 



>Hrt 






<i HA P. Vl/ 

• - ' 

£)ttiilion of f rattiomil 4SuQnttti^jf* 

^He Fradional Quanticies being prepar'd as diredled in the la^ 
-^ Chapter, then 

Multit^y the Numerator of the Dividend* by the Denottilnatof : 
oFthe Divifor, for a new Numerator; and Multiply the Deno- 
■unator of the Dividend by the Nunoeracor of the Divifor, for a 
newr Denominator ; fo this ciew Fradioo» is the Quotient requi- 

. Bxamftis. 
Ut~ht Divided by — the Work may ftand . 

Thusi^^ ^ r^ =r4- (by Sea. 3. Chap. 11.) 
e J qf \dbcf f ^^ - "^ 



Or thus 
Or thus 



I-rl 



^mmmmm/mimmfm 



*id 



4J 



dbJc 



d 
/ 



abed ^£ 
abcf / 






ff' I 



Chap. yi. Of icactiotial Ctnantitir?. 

aaa — hhb 



33 









I 



de — S 



4 + t 






*» a 



• '. ' ,f ,. , + 



Suppofe it were tequired to divide mm ^ "^TTT ^ ^^ ^« 
llielt\>rk (when preparM albeforedkedeiS; wiQ*fttnd tfaaf 

1 ^ "* ^'4r^ ^ : > MM 4- 5*^. 'sj' 4** 



A' ,444 

And 4—4 



44 



* 



.•• » 







b]nS«a:^,Cbap.I|^ 



... %tieii FradSiofrs are of one Denominaci6n, Czft off the Det|6i»' 
inUiaton, and divide <me Nnoiemdr bf the other. ^^ 

titti, If — were to be divided by -^icwiUbe^)4»^ 



For 



QgoMntreqaired 



* > 



) 






Ag^ifl fof^re ic Was rehired to Divide 






r(^ 



e-T-d . 



e^d 



I 



H 



' By Caftiiig dfc^d from Utb, it will ftaiid tHoi 



i4.-f- 14^ + W) <*i — abb f 
^y Sfd. 3* Chapj II) 



44 + »**-f-^*~« -f.^ 



PARi 




• « 



34 . Part in. 



^ « 




P A R-T iir. 



- i . M 



^ i • •• mi 



3tnt)Olati(otu 



^ 



V ia t i^ 



J t • P » ( • . V 






K . -.1. C-^H A'P*- •• .» ,' • 

SlMutibh of tD^oIe <f^ahtttlejt "^ 

ll^tSAi^r^ii 19 tht 'Raifing or 1hrdJucin| of ^^nrett, fr&m^ My 
"^ propos'd Rooc ; and is ^rformM in'au refpects like Muldpli- 
^IPf. 5 (sve oolf in this f idv^Iuplicatioii admib of any 4iife 
f aaors, buc Involttuoo ftlll El^ios rke fane 

I 



ranc 



1 ©•! * 



aa I +44 I Squ4V9% or fecQffd Power, 



> ©■ 4 1 4* <^^^^ I -f-«^*^ I Biquadrdt, or ^th Pow er. 
X-^ ^ 5 bwi^Sl I »-^4i«ii44, j ittrfili4f»,%fh fower, 5cc. , -. 



• < 



'Note, Tbe Figures placd in tbe Margent^ after «be Sig^(<l9. ) 
of Involution ; ftew to xvhat height tbe Rooc is InvSlml i and 
are called Indiceiof the Power; and are; .ufually placed oyer tbe 
Involved (iJlaAttries, \ti ordbf ' to dohtrad the Wo»k, cfpfedally 
I^QD ibc PovTf IS are any thing high. 

" ' >izr)f *^ t^a^:=:aaa4d 

^. \4*rr44 A. 1 J4^=:444V»44 

TtoS-^ ^,=444 ^"'^•) 4» i'=44444W WW 

^^1(^^ Qnantities have Coeflioji|nts, the Coeffidents muft be In-^ 
ytlVed along with tbe Qjaanticies, As in theie. 

Thus 



Chap. r. 

ThufliY 14 

'0*3 l^t B444 
I&4J4 ^. I €4444 
5 ©•51 51 '^taaaaa 



ot whole 0tmntiti(^ 

il^hbhccc . 



3^ 



-3^4 • 
— 17444 .. 



Involtttion of Compound Qjaanoiti^s i^ peffcAiti^ jn the fame 
manner, due regard bein^ had to their Si^s and CodBctents. 

Am k>t foft^nce, Suplpofe 4 -rf- ^ w^e guvea to be Mpltiplycd to 
«he jth Power* 



Thus 



I 



4 f ^ CM^ a Binmiul Riot. 
I4+* 



I X 4 1 44+4i& 



I X 



•^•"^l 



+aB+lB 



1 4- ^ or I e- 1 4|444-»4i(-t-^^ x^ S^MTf ola+B 

4+^ 



- } 



4xi 
5 +tf,Oci©' 3 



7X4 
7X 



J 



* + 9» on ©"4 



IPX 

10 



XP 



•«; I 



$ 



4aa'^»ia4B -^ 4^^ 



9 

to 

II 
II 



7 4444-844i4r34if i-}-^^^ the<?«i£^ of 4+^, 

8 44-f-3;4'/4l^»i5«4- 4i» 



♦-^4i*^-iH4^^»-f44*'-i-i* KhefiffMi 

4-f-i (Qf4 



4^4.44^^4-d4*i*+44»^'4^ 4** 

.4^;? t-44'i5»^.64*5'4-4<»^^+^* 



SurfiMot 5ih Powiof 4-4* J required. ^c; . 



Ag^MH Xft 4.-^i a tdfiJksl If^t bt given » iac Involved* 
rxj 



2 44 — 4 J 



■ ' N ♦ 



■^ i 






»- 



?3 



.^,^' 



k 



J« 



4X4 
4X-i 

I ®-3 



6j _- 4«*4.14*«— A» 




7 



7 X 4 »^« «4^34'^ -t J4'**— db^ 



l®-4 



10X4 

to X — i 



X ©- 5 



9 

10 

II 

u 

n 



4>_,34»i4. j4^'— A« ihe CuAtf of 4—* 



(t^^^4^b -|-64**»— 44i«+i* the 4^* Pmerot 

^ b . ' ' 






■9-.^. 



•-^ 



«* — 54<^+i 04'/''— i04'£'-f-54^* — bi the s<A 

Pbwr p£ d-^b^ &c. 



By comparing thcfc two Example^ together, ydu may ipakc 
the following Obfervations. * 

f • Thac the Powers raif d ffom a Rf Gdua) Root« (w?. the Dif- 
ference of the two Q^amitics)are tbe'fanie with their hke Powers 
x^Wd from a Binomial B^oot, (or the Sum of two Quaoticies^ faye 
only' in their Sighs, vt\. the Btoomial Powers have xbe Sigtt' -f* 
to every Term ; but tbe Reiidual Powers have the Signs -f- and 
— interchangeably to every other Term. 

2. The indices of the rowers of the Leading Qa^ntity (m) 
continually decreafe in ArithiDetical PrQgreflibh ; vir. in the 
Square it is 4% 4! ; in the Cufat 4% ^, a^ $ v^ the SiquadAt 
^V, 4», a% a* ; &c. 

"^« The Ipdices of the Other Qjsamity ?, do continually increafe 
in Arithmetical ProgreiSon, vi7(. in tbe Square it is B^^ $* ; in the 
Cube h, b\ b^ ; in the'Biqiladrat^, b% bf, bu &d. 
: '^ 4. Tbe firft and laft Terms, are 4klways purefawect of tbe fin- 
• fl^^ Q^iantities^ aiid are both of defame height. 

5. .The Sum ojf tbe Indices of any two Letters joined together* 
in nhe mtermediate X^tji^ mx% ^ways equal to dicltviesr^tbc 
bij»heft Power, vi^. of the firft or laft Term. 

Tbefe Obfervations being duly confider*d» ii; will be eafy to 
conceive, how the Terms of any proposed Power, rais*d from a 
Binomial or Refidual Root, muft ft^nd without ch^irt^nc/^, ^t: 
Numeral Figures, or Q>cfficientS; • 

; For Inftance, fuppofe it were required to raiie the Binomial 
Root 4 Hh^> CO the Ttif Vififrcf ; then the ^cttnsipi that Power 
will ftand without their IMfh in this Order^ , 

And 



! 



'/ 'I 



I 




> r. .> 



.)L Of whole fliuatrtitiejf. $f 

Avd becaufe the VneU f noc only of any fiiigte Lett:er, ^i ilUfi 
of every fingle Power, hovir high foever it Be, is an Uojc or ;i 
(which neither Multiplies norlnvides} and all tlie Powers of any 
"Binomial ot Refidtial Root are naturally rSofed 1>y J4^c{^iiig itf 
the Precedent Power iq^to its original Root, which is Jone by on- 
ly joining eadh Letter in the Robt to the Ptecedent Power with 
its Vnciay and th^n removing the fiid' Power, when it b fb 
|oin1i to the fecond Letter, one place forwards ^ther td the Left, 
09 Right Hand)* it nmft needs follow* 

That the VncU of the Second Term (ia any fuch Po^er) wiH 
alwa|i be the Sum of fo many Units Added together more on^ 
as there hath been Multijplicactoos of the firft Root ; which will 
'always be determined by the Inde^ of the firft Term in the 
Power. ' ; 

And becaufe the VneU of all the intermedikte Terms are onljr 
removed along with thctr Letters," ic alfo follows ; that ii f.Wf 
are Added together, their rtffpedtive Sums will produce the tn(e 
Vncite of the intermediate Terms in the new raifed Power. Aa 
doth plainfy appear froi^ tbefoUowiitg Numbeis fo removed with* 
out their Letters ; vfhHk boch fte ws and Demonftrates an eafio 
way of producingtlfe^t^iiciVof any ordinary Power (w^.ol one 
pot very high) raifed it;Qifi either a; Bioomialy or Refidual Root* 

Tlww 
Add J" ' • ' • The Vncio! of the firft Roott 
• i • I • 1 ..I 

AjjT i.i.i The t/if c/<r of the Sgu^e. 

Ajj f I i 3 V ?.. I The Vwciie of the Cube. 

^^* I t • 3 . 3 . I 

♦———1^ 1 — II 1 .1 1 11 ■ I ■ 1 1 ■ 

Add I I . 4 . 6 . 4 • I The l/ffMof the 4tb Power, 
t^ ° % X . 4 • 6 . 4 « I 



I, i> I...II. ■■ ■■■ ■ .I.— » 



A ji 1' I . 5 •!© .16 .5 . I Vnelaot the 5rh Power. 
1 X • < .to .to . c . I 



Add 4^ s • 6 .15 .9'«> 'IS • ^ • X / Vit«»<e of the 6th Power. 

? I • 9 .11 .15 *»35 -^i - ^ •' I ][^i> of thi^ydi Power. 

And fo on in this manner ad infitAtum: . 



^ . jttSwtotion; Part mi. 

^.Now if ihcfe Numbers ie' prcfixt to the aforcfaid Letters, all 
the Ttm» wiU do ciknpteated with tketr f^fpe&ive XJhcmi^ and 
WaH^thtOi -; . 

. jtn^bl^tlic bufipofc of ^4i5g tbefe Z^»ci«r, may be reric<cr'd 
tfet|nffre«4ily for P4:a(9i^e» u; wilTbe coaveaicnjc to confider' what 
^Mcfinc Progrcflio^ the tftifU of cacb Term do make fi^OfQ tl^e 
aforcfaid Additions. Thus '' \ ' ' ' ' , " • 









siu 




F 14 II m - 

VnclS9fthtCHln. 

The t;«citf of the firft Terms, is only ^ Seriis pf Ufiii^ whofc 
Sum is every where ^t'Vncia of the fecond Term; 

The Vncia of the fecond Term, is a Scries of Numbers in A- 
ritbmetick Progrrffion ; whpfc Su«i is cver^ vvherc l)^zVnct<e of 
the next fuperio* Power in the third J^tva, and may be loutod 
% Theoremrg. Chap. I. Part VIU. * 

That is in the feventh Power it will be .T ■ ■ ='^it ' the 



2- 



tWrtVif thetWrdTcnn," r t 

' The reft of the VncU are ia Conapoiinded Series, wJ|oie rcu 
pe^iKe^pms may be obtained from thet>iic/* of rlieir precedent 
Terms. • "•/ ^ -%'.«' 



• ** 5 ♦ ^ "^ . 

from hence may be deduced this general I(fite. - 



I{ttli 



Oii^!.* Of whbkimKrtfeiw; 3^ 

If the Ind»^f -tbe.firft J^etter of any Term be Makiply^ in« 
to its own Vhciiii and that Produft be aivided by Ibl Nnmbe^lbf 
Terms to chat plac^ the Qjiotient will be (he Vnf$^ Q^the next 
fucceeding Term f6rWard. -.';:, - . .-. .,^::> 

That isr by the help of thofe Indices that belong do the feverai 
Powers of the fifft ^f leading Leutf oriy^ (as a) xbe Qroe .^teMt 
of every Term nwy.be cafily found. ^ , _ 

•^■' . ' /'"-/• • Bxamm. ^ ^f - ';.>.4.^. 

i^ei itbe reqoir^ 10 Mbpkat ail tbe t^nriis/iof tJbe^fimfifi4^ 

4*a^ +*^ I4ri* their ^pibpcr tnfM. .i " :: nf . ..- . 

t. T>^e Index of n^ (tbe fofr Temi).co Wit ^ wUl be ibt MwJA 
df thefecondTttttii TfitW47 4-74fAw • • „!: K>* 

a. Then half the ftcohd Tttitis Indole .jiito itH -l^pldgi 

Vii. ^-^ = 3rt,' will be the third Terms VncU. 
Tlitis ^^ + 7^i t4-zi4;A' will be the three fitft Tcrnp, . . 
3: AjgMn^^-^iisrg^ is the t^iN^ive^f ;tbe fbmrtlf Tttm^ ;r > 

. Thfeil ir wifl be 4^ 4^ 1^^ + 2i|*i* ^ Jsi^K ' ^ ' - 

4. Alfo UJiJ: — 3 5 will be VncU of the fifth Term; 

Then it will be 4? + 74'^ 4- ai4^^ 4* 3[S«^'^''+' ^l'*'**' * ♦ 

5. Agaih ^^ ^ r± 41 is the XMiiidfKjf the fiieth.MfVin. ' . , 

6. Alfo ilili -^ r IS the Vhcj^ of the fei^ertth 1>rl». ^ '^ 

7. And 14-i =;: lis the Vnci^oi the eighth Term. '. • * • • 
* ' Wherefore all the Terms, when compleited, ttand ' . 'J^ 

+ 74^* 4- -t^ . . : :j -. ^ • . * * i f '.'\ -U 

In like tnanner, if it be required to compleat 'all the Tei'itis bf- 
a* 4- a^B -f- a^b* 4. 41^1 4. 4«^4 4^ ^rf $ 4- ^<» ( whi^ft are the* 
Terms of the fixth Power of 4 •+ ^, without their XJncU) it may 
be iioile thus,* ^ - 

•jiyr^iis'ifaet^jy^^h^^ijind^of**^ "" , ***^' ^*'^* • 
• .a#^ ^1-^2= niW Vnch of the third t^rto; - " *» ' ' 4 



• i 



r 






i' 



^jfyl iULi. r= lo is the l/ncvV of the fourdi Term. 

I •••»'. 5 . * 

I 4i£^, ' IIU z 1 j ii the t;Mcii of the ^fchTeiti^: 

5iiAp. 2i2Li ;== 6 11 the t^M of cliTe £[xcb Tenzu' 
• J. 

^ ;6«(^. Bi$:i s I is die Utui* of the feventh Term, 
tnerefbre all the Terms when Compleated; ttittd tbiif« 

, ^ow here it may be further obferved, that the Untia do oa« 
ly incftafe u'ndl the ladkes of the two Letters become equal, pr 
cbAsge Places. ;. and the reft of the Vnci^ wUi retuoi, or cfe«; 
cveafe m the fame Order. That is, wherever the Indices of the . 
tfneit are alike, there the Vnci£ will be alike. .^ . - 

And tbetefeffe one needs \o find the Vtiei^ (as befor^ out cd , 
kill the Numbof of T^rms in any Power« 

€ordll4rfi 

If fff be equal to any U;hoIe Number ; theft rhe feteral Teilmi 
of the air^ Povtremf 4 4** willbei=4»-fri«4»- < * + wX 



Aay 3f 4f 5i (So, Simple Quantities conneded by the SgoU^ 
i4«,-^i may be involved in like manner With 
the * foregoHig. Bilt here ought rather to be In- * ^at is by 
volred to any required Power, by the fame MuhiplicMtiin. 
Power of a. Binomial, in order to know the 
Nature and Compofitioo of Powers^ and thence the manner of 
Evolnng them. Thus 

Supfofe it were required to lovolve g^h — 1^ to the third 
iPower, 

l^e third Power of the Binomial ^ ^^ i^ is 4! + 3 "^^4* ^f^'' 
•f- *% which is your Canon for Involving. 

Their gr=z* (i.e. ifi.a) 

And therefore;' =: 4' T^'— /»• 




«v> 



•Chap.'I. . Of >ivHofe €lUSnttt{«. 41 

r'+Vg?t+35» +*'.==-' r " Hcte * (i. c. 2 J. *5 

— BK? — 6^*f - 3**'. = B^ff .> = g -I- Ir. And arf. t 

<•• ■ La *• \^ 

— HI n: p* • » ♦ ' 



■»! I < 111 ■■II ■ 



, — ^ij^ — 6bi 2 — ^hbi . Is tbeXlube of g-^h- 

~\~ V* ~\~ 3^'* -~ '» wrtiich was required. 



, £ HA P. II. 
S|n))dutioh of l^tim&er^. 

A Ny abfolute Number being £rft rcduc'dintQus fev^er^l Mem- 
'"■ bers (wliich arcT' the ftveral Significant Fixtures in the given 
abfolute Number with their due Number of Cyphers after each 
of them, ^nd before fuch of them as are Decimals, along wich 
the Poftjt or Dccittial Char^Acr^ may be Involved to any 
required. Power, by the help of the fame Power of a Binooiial ^ 
fas in the fQtegotng ^xamfle in Specie, which Ihews aod 
'd^monftrates'^he manner of doing it) always obfcrving to bzgia 
with the greateft Members of the faid Number. 






I 
I 



t? jiet itbc feqnired to find the Square of ^709. ■ 

i;;The Squa&itf of'thfe Binomiai 4-f-^> i* 44'+ l<i -f*-Wi 
wU^bas your Canpn fqr JnvolviDfi 

^xluo^^ Sopo + 706 ^9 ^ 

5000 = 4 {u c. ifl. a) 
' 700 n=z b {Icifiih) 



** m 



(5000 X 5000 ^zr)" 1^000600 zzz aa 
(%X 3000 X 700 •=) 7000000^3=: lak 
. .j(f 00^ *Tafi zr) J .490000 t= tb 



JL^ X Slop X 9*±r) ici6oo =.24^.. S = 5iP0. And ^i^. 

'^ I • 3i592$j&i the Sfluare tcquireif, 

*G What 



4* 



3nt)olutlon 



P^rt Hf; 



z. What is the Cube of 4S3 } 

The Cube of the Binomial if *f- 1, ts am -f- 3«#li ^f" 3^ 
^ Mi CiBOii. ' . 

463 :!:;: 400 + 60 -f. 3^ ^ 

Ofiratioml 

400 3= 4 ' 

60.= «- 

.1 If - - ' I 

^4000000 :=;: add 

iSSoopoo 3= 34'i 

43x0000 = 34^* 

!tr^ooo !2? •• 



97336000 

I f 04400 

124^0 

27 






i» 



^9152847 the Cnbe of 463 AnfwerJ 






Sc 



' The S(]uare Cube» C^^. of any Number ivitb^y^eis a^ ^ 
to the place of Unirs iodufive, will have cwice thrice, iSc^ reC- 
pedtvely the faid Number of Cypiiers after ic ; wherefi)re in in- 
^^jt^gf o^ Evblviftg Nuk&berg^ the following liable will bt 
iffifting. 



Vh r—u 



S^mmn. 



1 
1 



" ■■■ j -*- 
StkPgmtr.l I 




d»^ 



J? 

}4l 



S 



it 



44«{_4Mr ^ 



3. Wbatii theSquareof i • ai? 

t .11 is = I i + • a + ; oif 



«c. 



I = Md 

• 4 =: liri 

• 04-= tb 

1.44 rr: 44 

• o x^—2dt 

• o 00 1:=: W 

t • 4 ^ 4 Jt Attfw«^* 



•f Here ^ .. 

a« 



Vnd £ 



• a. 



T Hefe # gfi I • -i 
laftdl^ 



• or 



STdB* 



/ 



■ 

chap/n. Of jsttmbrr?; 4) 

$. Take one Example of a mixt Involutioq of Nttmbcfl> d» 
Convcrle of which is called the Nuiperal Excgcfis. 
Uy 7Z1 iiifc what is the Valijc of 7* +yi 
Suppofc #-["*=/• * 
Then 4' + ia^b + 34** +' *« =7». . 

therefore 4' + 34** -f 34*' + *' 1 1? th^ Canon for InfoK 
+ -• + * J ving, 

An4 IM ;=?: 100 4- 10 -f- 1, 

leorzr/f 



1 000000 = 


«r 


• 100 =r 


a 


600000 = 


ia'b 


*o-^ 


i 


120000 = 


34^» 


8000 r=: 


i' 



3 = * And * = J. 

3240 z^ 34i» 
27 •= *» 



^ ii»i 



18609 90— 7?-^ j^ Anfwer. 

I • 

Note, f*4/ Wfo^ JMim ^ mt make ufe cf the firegotng Cyphers- 
hut, if they are not IVrittm, tbltymufl hem^fiood as PPVitten. ' 
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CHAP. IIIj 
Sintwltitiqn of f rairtoiij^, 

•THe Huk for InVrfving Pra«JkionaI Qiwntkia or Numbers, it 

Involve rhe Numerator im:6'it felf for a new Numerator and 
the Deoominator into it felf for a new Denominator ; each fo of- 
ten as the Power requires. 

;. ' " G a Thu 



44. antJoUiHon of irr«Uon0. ^artw. 



Thus 



J&i 



1 I lad I a — c . - 

Ik |. 9^ I t' + tM -f dd 

aa ' 4W' { .aa— lac -{• cc' ... 



If a; be equal to ^^ — — - then x' — gx will be equal to 

£' "f- ^f 'A -1-, mh' -t- iSi^ — ff — £k > 



again i ^~ 

I I 463 1 570? 



a6i4- 



i®-3 3 



114369 |3iS9*68i 

'__ I 3'443t 

99151847 1 186071615819 

If ;i; be equal to 

Then ix' -{- 3* will be equal to 



JOOJOCO 



PART 



Chap. L 



4^ 



» A 



PAR T IV. 

■ * • •• ' " . 



C H A R. r. 
€t)oluttDn of whole 4^nmtitit0^ 

"P Vokttoti is the: Excctd^ng cf Roots from any ' given Power ; 
•*-* that in it is the coqverfc Work to tiiai of Involmion ; and in 
fingle Qa^^o^itic^ i^ iieafyi if the given Power have fuch a Root 
as is required, which ix^^y be thus known, , 

If ihegiv^ Power haw oo Ndmbers.prefixc to it, ^and its In- 
dex can DC Divided by the Number Denominating'^ t}ie Rooc 
r^r^y'^e Quotient waM>e the Ihdek (tfthe^Root fought. 

Thus, If the Cube Root pf aa/^aa^ vi:^» 4^ were required 
(tbeNumber that Denominates theCube-Rootis^^then 3) 6 {% * 
that u'^ 4^ —a* the Root required. . And foch Operations aie 
ufually fct dawn. . : , . . 



Tbtis 

I iaii 
3'uiil 






t 

4 



I ■ 4'^' •■J 4«i>'c» 



.4'\ I a'b* ■■■\: 4**V 

J 1 ■ ■ ■ 'I I J 11 11 —W^— — — — M^ 

,4 I ab I 4 /» c 



Note, Tfo Figures flacd' in the Margin after the Sign (m) of 
Evolution^ denote the l^ufnUr denominating the Upot to he ExtrL 
SeJ. 

If the given Powers have Coefficients (i>i:(. Numbers prefixed 
^>S8bi:^^f? you mpft-^^afa; their refpedive/R^ ^ . 



to 
Thus 



1 1 8i 4^ I J196 a^h* , I ' 2073^ a4^c* 
^ ^ • 9 ^* I 36 a4^ • \ ; 144 a'h^c\ 



I 1 ^ ' I - ■■ r - - I -^ , 

I '6aati | . 12 4* c 






Btic 



4^ Cbolutiott Part nr. 

Bat if the Root required cannot be truly Eztndied out of both 
the CoelScieDU and Indices of the given Power, then it i$ a Suit^ 
and muft h|ive the Sign of the Root required prefixt to it (or its 
Index over it.) See Part V, . 



Thus 
itmi 
1013 



I 



\ 



% 



«* I 674da I %i6b*di 






'V«« I V67444 I 6bd 



Evolution of G>mpound Quantitiei tnaj be perfonu'd by the 
following 

Hv&u 

YvA Involve any BiaomiaU aa m -f^;^ 10 focb a Vower ait die 
B^ to be Extraded requires ^ that if, to the fecond Power, if 
It be the Square Root ; 10 the third Pbwer^ if it be the Cabe*Rooi i 
&c. that is to be Extr^&ed. And the Power tbns prodnc'd, It 
your Canon for Evolving, wbkh is to be us'd in the ft^ilowing 
KIbmneri vis;* 

Firft find the Root of the firft or grtatefr Term of the gl?eft 
Coiopound Quantity, and call it ar, then SobftraA the ^id 
Term frooa the iaid Conapoutid Qiiantiry ; the Remainder call yout 
HMvenJ; and the Value of the CocAeienc e(y in the (econd Term, 
of your Canon, call your Diviyor. By thb Divide the Jtf/oif^MM/, 
and the firft Term of the Quotient is :=z y. But here Nnre, that 
in the continuance of the Operation, you may make more tt the 
firft Terms of the Quotient =s j^; Then find the Sum of the Wur 
lues of all the Terms of your Canon but the fiift ^ andcall it your 
Ablativumy which SubftraA from your ^f^tmnd; and call the 
Remainder, if there be any, your fecond i(ef§hend. The Smo of 
the Values of the next foregoing x and ;p thus fouhd, callx, fi.c. 
your next x); and proceed with this Value of ^9 inordft to find 
that of the nexr^ as before is taught ; and to on. 

r. Suppofe it was required to ExtraA the Square-Roor pf 
^. — ^»^+9»* 



ij?. X + ; X JT +/ = XX + xjgp -f:j74 is ypur Cjiion for 

Extrading the Square- Root .----, 

t tiffi 






€a»B. L Of whole fSitmntitu: ^ 

zdh. The Sqiuit-Rooc of aa, (the firft Teem of ^he^vco Cbm- 
Jjouod Quantity) is ^ |: amd dertfort 4 = ^ {u e. ifi.^A ; and 
4! := X* which ukeo from the faid Compound^£amicy,]eiVts 

j^%x^~^^ ^^ * Rcfohtnd, ThetSodBdentt 6f > tBTthc fe: 

cond Term of the Canon« » zx, and its Vahie %4 it mur DMfir ; 
bjr which die Reftflvend beiag Divided, die iSrfib Term of the 

Q$o&M B!7^^-^whorefofe*i«r 

AhUtivum, i^rtttdi drfeen ftbrn jhc faidSrfohrcnd, leaves o: c 
i^uently 4 T ^^ik the Ro0t fod^t. 

■ , 'I •• • • 



4 i:^- ■ • JV^ 

+ XX 



Divifir 14 = s* 



■*i«»MaMM« 



AHativum^ - ^ 

o ii^miaiBdepi ^ _ 

Or the fanae Root may be ExtmAed trail eaficf, bm nM 
tfidions manner : Ami j ^ 



^^_64«+9«w + i«--<Sii*»f*xr r^^3ii^«Rflotf 

^j;Z^f ^ 9n^ ^1 4X — 6nx + xx t(efihtnd'. 
Ptmjar i4 =2x 



4^ • •• 

^ -J-9»i»= jy 



€!)Oltttion 

Heie>=:c<— . 311. 



Part IV. 



— d'Sff ^ ^nn Ahlativum, 

o -J- 'i4X — 6nx '^ XX ' RefolvcnJ. 



9 

Divifm' ta — 6n tr^ tx 



**9m 



It '. r 



Herex (i«c. %^x) 
%ax — 6nx—ixy ^Jr ^ T ?'*' ^^^ 



o : fymninden 






But if the given Quanrity harh not fuch a Root a$ is re< 
iben the Evolution may be'concinued to an endlefs Series. 

2. Let it be itquired to Extract the Square*Root of rr ±xxy 
tcry near. 

'Si 

Operaiion* 
rr:=zxx (Fine^ 

mmm ■ . I » 

*! t 






.^.< 



4r 






4.^ 



^^/ohendm 



tfhifor %r ± 



i 
r 



= 2*. Herejifrr: r±*"^-- 



.^f/ 



r-p + —4- = %xj. Hcre> = --—- 

« 



-•pi 



■iii«-if» 



3f 



«^/i Of ^le^^fiuantWff. % 






8r* 6i^ 






■hwH^WMM 






%S/wMi •— Jil + -i*. i-^. 



^^ima^mmm^^* 






row if by this Divifor. yw Dividr (be tiett foregoltig lUrot* 
I. ypuTI find - -^ ± -ZiL -. -iii:;^ + JBjL 



Now 

vcnd> -^.^«,^ . 

ia8r^ 15#r* i^x^r**- "^ 10481 

for the Vahicof the ntixj^ which aided tdr± J^l: -r- -iil 

i -t^i the Vailaeof'cfae next fwmfi^t^^ k nearsfe cfao 

&xaate*&oo€ ^ H ± <^ ' i 

. * 'I 

N. B. Tie Sign ± ih^ci j^ar — ; gad tb$ Stpi 7 ^i^mtL ^ 
«^ +• ' . J 




ay fre that ^le^^^^ of tl& SatkaticRooc of a K* 
nomial or J^efiduaf, ^rfrsri, i; |x J^*^^r i X tjZLL ^ 

^-?^-r^£&i ?hat.% ptttBnt.« ==;Jodcx Jif ,the &M^ 

or = I, the Vneia of the Square Roorof a Binomial or ReGdual 

'' " ^ « — t -«-■ — r^' ' "r:^^ — i nlL t 

arc z= Xt i»i I* X * ' ' ' » ' ' I nx* *" ' *"• ■ X «*— li^— », n x «• -t-i^ 

3. Let it be required to Extrafl thi Cube-Kdbt of r* ± ^\ ve- 
ry licar, 

■ I r - ■«■«'■■■• » ■'■'■"I * _ J " t_ ^ 

H O/irix^ 



\ 



48 

— 6an r=: 14^ 



Here > 13= ^-^ 3». 



<Parif!V. 



—1 64fi -)• 9»fi Ahlativtimn 



i*-«>*i 



o -^'24jc — 6wAr +\af;i: " RefolvenJ. 



* • • 



Divijor ^a — 6n t=r ijp 



Oil: <• 



,. .^ 



%ax — 6nx •= ixy 



Hereof (iVtf, *<^Ji:) 



.. zax,'^6nxA-f^x^ , AhUtivum. 

o , fynwinden "' 

But if the given Qnanrity hath not fuch a Root as is re 
then the Evolution may be'cominued to an endlefs Series. 

X. Let it be required tp Exttadb the €quare*Root of rr 
very near. 

OperaPtim,. 

fr± KK C'±^ - -fr f -^--^» ^^; Sine 
rr:=xx ~ (FiW*. 




XXy 



t ^Hiv, %r r=. %x~ 






'^^. 



*«="^ Here; = J3! 






7;^^ 



I(efolvendm 



^y«r zr + -i- = 2x Here * = r i-^ 



Jtb. 



« 






i«to 



■t>« 



:-*^ 






ir4 64r* 






NMfMlA 







Ml 

It 



j^filvei^ ZL-H! + -5!lj 1 



64r* ~ <4r* U'tfr' 



1»1»w<— ^*^— i^ i f ^|ll 






Now 

trend 



ow if by this Divifor, you Oividr rfte tietc foregoing R^fol'* 

<*>r dte Vahicof the ne* ;, ^hidb aided tcrr± Ji4: — -fiL. 
i -^f the Vahie; of* the next fbcfgoinf ^, ^ ncAr. =fe thg 

Het« yw Ihay^ that yie,f;W# ef tfiS^ SqcUire-Riooc of a Bi* 
nomial or JK.efi£ttat ^reim, i^, i)f X-Z2J.;- f x ^~'^ X 

^ ■ j - . ■».{&y **t.W»^ pyu»nt«==;iodcxjtf. the Square- Ro^^ 
or == i, the t;/ifli> of the Square Rootitf a Binomial or Rcfidual 

• ^ fi ~ t -fl"' — t'r^r-^ — l" ' ' ft -iL f 

are := Xy i»i »x " < ■ * i tix**' ' ^■' ■ X •*—•«**, n X «• -t-iT 

X '9 ~ "" X -** — , 0^^» Jnit^nitum-'- 

?• • ^4 .^ ' ' - . s .'.'■" ' 

3. Let it be required to Extraft tht Cube-Root of r^ ± ^\ ve- 

r y.yiear . ..^.^..^^^^^ ^ 

H 0/«r4^ 



..^ 



vS> .- ..: .^*P«.' > *'^5.iv- 









!■«••■ 



- o ± X} R^efolvend. ** 



?" 









X7 r* - _ 



,« 






y^ 17 



» N 







or 



iir* Sir" >jjaiaybe=i;:i--^^^ 



V. 



7X9'^ 



IS 



e 8ir 



• I 



K 



• 



•■MWMMMV •MM.wOTW ^— —,,,«■ , ^0,g^mmtmm 






' . ^ r ar* .- «r' ' .. »7'' ' " '■ 

lv^>'* ~ i w*iJ f ifc^— lilt I i<t l <i t ,» i. „ ,, "' i t I w .n k i ^M. r h I II i ' .iiitiii* ■i M < « i«i ■■ 

, fn tills iaftbivifcr jt'is =c r + «J^^ ^ By which Di- 

vifcr, if you Divide it* refpedlive Rtfolvtnd, you'll have 
. ± -^ L££l ± dill JFofthc Value of 'tfic mtxj: 



jr.v.^w» *V xi 






f 
1 



> 



CBap; t. * or ffhoiemmntltiti. S'tr 

: And' «llf rtffSre rhe 'Cu%e RfeM lif ^> + jf i$ near ra r ±- 

i Hme you may fee rii«,tbei&Bo* of the Cdl}e.R«oN>f a,B«loi/ 

miaj or J8>fidual are i, il 4 x -f-^, -J- x.^i:^:=-i>!* ~*,e?c; 

/« itifminnH J that is, put^g^ » = Index of tfle CobtsRsot sr f:) 
dKViiWrfirfiheGttbeRbotof abinomUl or ReSdual, trt=:i. 

»_-3 • ; •■ -•* •' ^ . • v. • '".:i 

>< '■ " " : » (&. Sim Fine. / . ^ ^ ^v 

A 

* • » A • -. . 

: , ;' 'Scholium. ' ■. • ■ ■ 'v' 

In like mannitr you may find that patfing « i=r J. the t'W.f of th^ 
Biquadm-Root of a Bioooiiai at Rcfidual. are = ^j'if,fi x v~ 'y 

" X 2^ X*^i n xZJZI x2JZ± X llHl,^. *, infinir-: 

turn. And fo on for fupcrkmr .Roots ; #icncc, and frqin what 
has bcenfaid m Part llh Chap/t we have good Rcafon to 
believe tlutUniverlallf the V««W of any Binomial or Re^dual^ 

•■■'■* ^ K. - .: . a • . a . 3 •" 

T ^ ~t^ — r~ ^" — r^'^" ^^- 'B^*^ ^<°»f * farther Confir- 
toatton.ofthiSj;«I refer you^^ioEart XV. Chap; i. , \ 



m*t 



m¥9*m4fm 



C H A P. ir. a|ij4Ur. 
€Mutim and mixt ^euolution of 35um»triJ» 

Note, H^at I call mix* Ewlutim, is 'the Mtihcd •/ Extras 
(tit^ the Hoots of *dfeaf4A^<tti(mt. 

When you arc to Extra<ft any imtnixi Root j «/;?; thd Square- 
^oot, Cube-Root i (Sc. of a given Number ; Involve.any Bino- 

H * , tnial 



5* . . :tWlltt«» P^IF. 

mtal JT Hf^ «l^o Vff^^f accor4uw ^ d|K Nuq^f ptWNttifUliifi| 
the Root CO be Ezcra(^d ; and the ?owcr tk^$ prpdUtVl is yoar 
Canon for Evolving. , But when you are to £ztraA any of the 
Roots of an adfe<5led Equation, fuppofe the Binpnnial x^jf-::;^ 
the Root you feek ; then inftead of the faid Root (or unknown 
Letter j and ics Powers in the Aquation, fobftitute their refpe^ftive 
Vstuosr tujC M'^paod the refpcdlve :Fo^ri thetcDf. And th^ 
Slim of che;Terais ^erein eithcr^x o^ y occurs, i^ the Aqaatioa 
lhushad» is youfCarion for Evplvin^ cheabfolute NttQ:d>er in this 
(oj-ia ibf pfopf»'^)J^^^uaIio6- 
, . Having t^ f raoD 4 ^ Canoq for Evolving, she Opecotioii is ici 
be performed inibe following Manner, vij(* 

"lyf • fii^d ttieftik or greateft Member {vij(. theitrftSigntficant 
Figure, with its due nunaber of Cyphers) of the Root fought; 
M call it X ; then having found theVatoe of the firft Teffii, or 
of the Sum of the firft Terms of your Canon, i. e. of alt rhofe 
Tenhs wherein x and its Powers only occur, Subftrad it from the 
libfolute Number ; the Remainder call your {(efchend. And the 
Viltie of the Coefidenr, or of the Sum of the CoefliciNMa of 7 
in the lecond Term or Terms of your Canon, call your Diwfir^ 
Now by Dividing the faid ^folvcnd by this DMfvt^ the Value of 
7^ or tb^ %d. Member of the faid Root is in fome Cafes found,bat not 
SDtU) whtttfore in th£ beginning of your Operation, younmfr 
take care that ;r be rr the greateft Member, and that the. Sum of 
fhft Values of all theTeAis of your Canon wherein jr occun^ vcacf 
not exceed the faid Refolvend. Having thus found the Value of jr, 
as alio the Sttm of the Values of aU the Terms of your Canon, 
wherein > oe£ors i plioethe former along with the br{i«e fouad 
Value of X in the Roor, and call the latter your AbUuivum ; which 
Subftra^lt fromi thi fdid IbfohenJ; .and, if there be a Remainder^ 
call it ycto next He/ilvettS. The Sum or the Values of the nex( 
foregoing) X and /tcall Xf (Lm. a a^. x nearer the crutli). And 
|Nt)ceed with this Value of x, in order to find that of the next^ 
p9-99MiW9"vwgfli« * -flmw^inM |iiui.Lui en* Tnc jjiMauviim xsKrpr 

from its Refolvend leaves o ; or *tiU you ))ave as many Decimal 
Figures as you think fuf^CPt ' . 

Note, M h} th firji Divifion^ fmrnar not find the nei^ Memher 
#/ the I(ootfiu£hi j yet in continuing the Operatim, one Divifim fkay 
fen^ t§^ find jeveral of the next foli0mng*h4emherj^ or tpi lvalue of $ 
to muny flaca of Figure J, at vpiU ifffearip the 44ft P^rf V )^^ 
f4rt jy. ■ 7 



< * ■ 

I. Sup{|ofi; u «was feqiu)pe4 ^^ lsMc$& the Sgoa^ Roor of 



Ctipfert QdjBtitttm, ft 

Extnoing the Square- Rbot. *. « r '• T 

2i^. The * greaceft Member of the Sqotue* ~ 
F.OOI of 4^24 is 60 (for 70 X 70 = 4960} J " * Iff/ft T4(U^ 
therefore »z=6o, and ** = 3600, which u- ' ni P4« iL 
ken from 4614, / kavej 1 oj a for a Refolvted, ; > o 
and the Coefficient ofji in tte fecond Term of your Canon ii »« 
t» i» fcr)*BrpWftr.> which DHi^ *rRe^^ 
»<>»4, the Quotient is t =r / j therefore 2m ^ 9 » 1014 icii* 
^#M'«sM, which taken from theRilblywiJ^ fcaw» o» Wfie«» 
die Sqoare-Root of 46x4 «<© 4-8 :?= ^8. ■ VT. 

' . - ' • ■ «* i 

(44H (^+8 =-48 the Root Jt^ttiml. : s 






tZ^„ {^'i=^V 



' V 



X024 Abldtivum^ 
■ • o ■ 

a. Let it be requi te d tp E«t ta^ the Cube Root of 9^5*847; 

e * 

Cperafiort. 

99»J»847 f4oo-f tfte+3 = 4«j the Rootiwpirtti; 
» , . 1 ' "S H«e * = 400. Set flu r^ 

IjJtSoPooo = 3jr*/ i|cre/:;=::4a . 

432c 000 = pcy 



«#■* laahMWHtHMMB 



I9i*«47 /k/?/*«irf. «^'''"''.-*«^'«J = w. '• 



■ I ^""^PH^Povaa ^^^-^-»^— ^^■^•i^^w 









1^04400 



*7 = Jiff ■ 

*' "^^ I > 1^47 Akdtivum. V ' 

o Henumitrv ' f ' : • 

. fk Snpp^e u wtl rrequired CO Eicrtd die l^pxadrtt R of^ 

rr 4J>^' + J'* Canon. . ' ' 

^<i»iri7478)^9l796l (50000 + 7oo. + || =^ 

.^2 500000 0060 oocfoo«o = x^ (50709 the Root required. 



«»i*WMai^a^ WtfN 



^6ii I I747^5I9S776< Ifsf^vend. Here x =:7 ^oooo. 






^jvb 500000000000000 z=4x' 

350000000000000000 r::4^'7 . Heii9 7 3=7oo; 
7350000000000000 :fr 6j|r*;;^ 
€8600000000000 ZTAX;' 
240100000000:= jyjy 



3 5741 8840 1 00000000 Abfativum. 



•Tt " : ^r69^9o7f^^9^776i H e/ohend, 
*- *^ *^ 52 1 195372060000 n:4x». H^fCJtf = 50700. 



f* 



.4- 



•i«« 



4691658348000000 = 4x'> Here/ =r 9. 
1249258140000= 6jify 
147841200 =:4jig^' 
6561= y^ 



469290775398^761 Ablativum. \ x 



^pnaindtf. 



=y '^ 



If the given Power hath not facfa a Root as is required, yon 
may noiwitbftanding find a Root nearer the truth/ than any 
offigned in jche following manner. ' .... 
"' Snppofe ic was* required to find t)ie Squar^^^ooc of 2 very 
neafa . ■• •« 

Oferatien. 

ft 






I* I I M ■ .'i'.t 






:? 









I 'ir 



r :»k 



ioooi=' n \Am M r±: . or; ':^ 






. <sob56564 Ablafrvutri'*;'"''';'^ 



» 1 



**N>^i«»1*< H i|i n <»«»i—i <— 



' • - -*!•■ 



. ' . . • ""^ 



«■»•— l^M MMMliBB^ MBMaHMMB a»«B'>«i^*n 



-r-K-rr T- - -ft - ^:x- RpOt^Cujiri 

Root, C^c. of Numbers, is only an ADndgemtf^ of the jf^urf* 
going Method, and is thus performed, W;(. * * 

Place the firft Point alw^yi oVet the Figure, which is in the 
INtcelof Unics« PbfftaWa ar'Poiitt oi(es)ctetlr^»herFigurtj:de* 
Dotea by the Denotpinator of the Index of the Root to be £xfni- 
' died ; that is, if it be the Square* Root, Cube Root , &c. that k 
to be Extradied, Point over the xd. $J, (^c. Figure refpe(ftively to 
the Left Hand ; and if there be any Decimals in the given Num* 
ber, to the Right Hand of the {aid Figure,'' ^ch is in the*place 
of Units. And as many Points as tl^certce^ sver the places of , 
whole Numbers, fo many placp of vvholc^-^ihnnfacrs muft bcift 
the Root, and the reft are Decimals. ^j ' ^ %* - ^ t . 

Again any Binomial as x -f- 7* l>ci(\g Involved into it felf, al 
often as there are Units in the Denominator (i being the Nume* 
tator) of the Index of the Root 19 be Extra^fdi produces your 
Canon for Evolving. Then. '" • • '^ • 




i/t* fif die Table of Powers in Pafe 41 ((fr atherwife), find tbe 
mtteft Power chat it concatn'd in. dic^^firft Period ioytfuis tk^ 
Left Hand; «•>[• ihe gr^ceftSqtitre, ifirbe tbe Square Ro^ ; 
fte greateft Oube, it it br the Cnbe^R<^r, &c. cbac is to be Et- 
traoed ; then having plac'd tlbe Root :;rr af in cbe place affign'd 
for ir, which is likewife.cfilU the Roo^ Si^ftrad ctae laid Power 

imn the faid Period. 

- Alter tbe Remainder^ place the FigHfes in the next ftridd, iM 
ctU tfiac Nmnber yottr Relbtvend ; cajt alfo the Value of the 
Goefficpent of 7 in the Jejieond Term of yoiu: Canon, vonr Divifon 
Then ask how oft thrtXvifor is contained W die Refolvend omit- 
lim all the Figures ii» «be laft Period but the firft, tbe Num- 
ber =: 7 fet in the Root next afkf rt^e Value of x ; then $ncl tbi 
MlaHvtm xhtiu Place the Figures wiiich are the Value of tne 
t^A^Terti of yeii£Cano% ibas tbe laft of .them may be under 
l&tf^Df tbe bfkmttttion'd Period,, and die Values of the ^d. yk 
Ktl* C^tf. Terms i » a, 3, &c. Places lefp etftiv e l y more to the Rigtfi: 
Hand, than thofe cfibtiJ. Term ; and the Sum of the Values 
of tbeai/, 3^, 4^h, ^5^ C^c Terms pUc*d as afbiefiuitrH die 
isid dhUiivumt 39hich take from yourneMirend. But here Notef 
¥Ut if ^ AbMf Urn tfits found ihidtild be greater than the Re* 
lelMRiflt then Aft Valui of r i^to6 Otttt, ai)4 muft be made Lets. 

After tbe Remainder, place the Figures in tbe next Petiodt 
and call thas Number your Reiblvend, andcallthe Figures plac'd 
in the Root jr; by^ wbkb find t^ieVdue of tbe nextjf, in like 
sna^noer as before direAed, and fo prdceed till you have done 
Widi all your Period ; and if afterwards there is a Reqsam- 
^Ver, j^ct Cypbrs aft^ it, in older to find as many Deeimal 
K^iures as you pteafe. 

fysmfleu 
Let k be fir^sed t» EaitcaA the S^iare^Root of 49«8v trt^ 






r. : 



4 V- 



^c .-. . 442a:jwr 



\ . 




* • 



489 Ahiatimtm. 



<«4 



664, :=^'ixy 

. i6 = ;»;r 

■■^— *■ 

6656 Ablativuml 

•"■■'■-■-■' " ■ " ■ 

i>m 1^68 = %x) 12440.0 I(^fiivend, 

« 116869 = 2^ +J!y ^i^i'^unil 

667776 . Operation as it •ught'U -. 
166948^5)091 3240,0 
&34742S 






, The other Figures of the Root to the iiifh FJgi Iftdufitc^i aiaj[ 
be found by Divifion. Thus. 



166949,0) 784975.0 (470 tt 
117179 
00315 

148 

- _■ ■ • » - • 

16 



Whence the Square- Rope of '^91^ is very neit±z %i ; 47454^ 
•18. \ .. 



L > - .^> ' A IT ■ ."^ ' 



c H A P. in. 

^ttolutxon a?t]Et of 0nmhetfij or tb^ Method of £*•. 

tracing the Roots of ^t3£ta0 Mqneitimg; which 
Method is generally call'd the l^umeral Cjrrfifeltjtf^ 

i.l F 4' -f- <i be equal 1860990, 'tis required to find one of the 
■* Values of /J. 
Suppofe x-^-j^za. Then 

: And 4 = * + 7. /- '8^0990. • 

^ Of oration. 



58 eboimion PmiVi 

< 
Operatiatg. 
1860990 fioo + 10 4" 3 = lij = <^- 

1 000000 rzrJiP' 
1 00 = :if 



loooioo 


:=:x^ +X 


8608^0 


IfyfolvenJ. 


36000 
1 


I 


30001 


Divifir. 



<- 



600000 = 3*V r IT 

aon: ;f 1 
1 10000 ri= %xyy 
8000 = J77 



718010 j^blativut^* 
131870 Hefolvend* 
43200 'S=: ^XX 



0—3XX f Here X = uo + 10 = no; 



43201 Divifor* 



129600 T=r ^x*y Andjr = 3. 

3= y 
3240 = 3*;» 



132870 Ablativum* 



* > .rf. 



o ^tnainJer* 



i » 1 1 » ■ I" 



ConfccJiieDtly 100 -f- 20 + j tr: 123 r=r ^, thit is, =:i: one 
of the Values of 4. • ' ' 

The or her affirmative Roots, if it hath anymore, maybedif- 
cover*d, by Dividing the Sum of the given i^qu^cion, towir 
/I'-f-tf — i8<roQ9or:r. oby /I — ii3r=-o, and then framing a 
Canon for the Qiiotient, a s hath been already t aught, a nd laftly 

b;' Evolving. But I find that j' -f- « — 1 860990 :=:;; o -r*a — 1 2J' 
::ii: o is zz .1* -f- 123.1 4~ 1 1?!'?^ ^= o. 

Now the ^Equation by this Quotient expreft, to wit/i«4- 
iZ3^:::r — i5r30, is really an hupoflible one, and hath no &oot« 
either Affirmative, 'or Negative, But it hath' notwithftanding 
two imaginary Roots, that is' to fay, impoiTible Roots, namely 






are found by Part X. * 

zd. Let it be required to find "one nttlse afllrm^rivt" Valu^ of 9 

in this /Equation, vi^. «' — 1 7.1 ^ JJa! + 79^ S i^^A ::fe 7 « 4$o* . 
SDppofe;r+J'=<r. Tticn r 



— 171 . 9i4« = — 171 . 9ijf« -ii9^ ^^ix^i^^n I KtU^S 

+79e5.64 = 79os.6x+79QS^. 6;^ <>.-. 

= 71460. . ~ - . * 

Firft I fuppofe ^^rrxo; then 4*-^ 171 • 9f44: -f^ 7905 • ett 
(= 8ooe — 68764 ^- 1 581 iij = 9734&I Vvhijih l# More ths^ 
71460.' therefore 4 "^ 10. v - . a 

Again, I fuppofe 4 r^ 10 j then 4*%* 171 . 9144*^ 790.5 . 6s 
rr 618 6 $»' which is Lefs 7 1 460 ; th^reliim 4 cr 1 o ; 

That ii, ais'^^Op and irio; eenfequenily io iathe i^ 

Member df the Root fought; that is 10 =3 x. 

' • • -^ 

71460 (10-4-f -f..9+,Q| = i|.. 91 = 4^ 

— 17191 =— 171 • 91 X*- vHfl^ jc ss f9< 
+ 79056 = + 7905 • ^* ^ 

61865 =rxV — 171 . 9IX' -f" 7905 . 6;r 



08595 Rffitotnd. 



300 = • 3XX 
+ 7905 .6 =+7905 •* 



mm^^tmrnmam* 



4767\4 Divifir. 



300. = 3«!r*i Hisre>:=:f. 

^ 3438 . 2 = — 343 . Slx;^ 

o- 7905.6 =5 7905*0 

-f- 30 = 3*-;* 

— 171.91:=: — I7l,9i7» 

+ « = / 



4626 • 4 



4626 • 49 Ablaihum» 
3968 . s I l^folvend. 



^WMIgWBai^ •(•MMMa ca«««a«H ■■•■■Ml 



4- ^i . ^'^ 




• k » ^ 



lcrc*=:ii. ,. 

• -. 'T • ■ 



— 3782 .01'^=: — 343V. 8i;if <Hcr 
+ 7905 , 6 ^ 1905 .i6 t 

?■'■ >■ >« M i ' .i Tr ,j .. 7 | „ , ,„ , tp I . ' ii j * ! > I ■■■■ ■ 

326.7 -3j;v i^ri . ^ ■- : 

— 3403 -8^8 ^z:*-— 343 . Six/ <Hcfcj'r=.9, 

4- 7115 . 04 =. 7905 . 6r'-'''''- ' L 

■ ■■ ■ «— . I .. - ■ ■ -^^i.* . ■ I • 

3926. 1339 Ablativum. *' ' ; 

4x4 ,83 i=:3JCJC '" - •-•-.-/:.•■;.': , .• 

~ 4oyC 45» ==:?'-■ 343 » 8»ia:^^d'. f^. ^ ^ 




7905 6* '== 7965. 6-" , " c 
4258.97a Diyilor. , 



/ 



k ji->..t 



4 . 2483 = jjc'; .. 
40. 91458 =-34|:.8**y. /Herc-^^.o!. 

4- 79.055 ::^ 7905. 6>* i C* * r'^/ "r 

+ .00357=3*77 ' 

— , o 1 7 15H = — 1 7^'. 9I;'* 

-f- . 00000 f :=j>' * 



i 



41.3761 Alfldtivum,' t 

■ > ■■ - | . : — ^ 



] • 



o ^maindeu ' ' ; 

Whence 4 = 11 . 91, * . 

This i£<juatioo hath two Roots more, wV. 60 and Too. 

^mmmmmm i n 1 1 wammmmmmm i i i i | i i , i ii j »* 

• r • 

C H A P. IV. 

Ctolution of f tactioitjBr; 

Tylrft prepare the given Fradioh wy be Evoked, m:{, if it be a 
4^ Coinpound Fradion, reduce it to. a Simple one (by •*§ 4. 
Chap. IJ. Pare 11.; ; and if itbe'a Mixt Fracftioiifreducf h to-an 
improper, one, (by $ 2. Chap, II. Pare. IL) Th^a ' 

"■■ ' • ' ■ ■ -■'■ ^:.-^ ■■ sea. 



« i 



Se3. 1. €lioIutton of f cantonal 4^uanttticjf« 

If the Numerator and Denominatbr have each of theo^ facti a 
Roor as is required ; Evolve each.pf cbem, and their retpedtive 
Roots will be the Numerator and Denominator requifccL 



1. Thus the Square- Root of — of-*=^-of ^ = ff is — , 

a h b h^ . < . h 

%. Alfo the Cube- Root -of i + . ■ n ,l 7^ ' . — r: 
^^+ 3^:tt ^f V will-be Ibuhd. =^l±i. ' 

SeB.z. ^Dolution of ^ta^ttonar ^tnn!le^» 

If the Fra^onal Numbers %\vtn can'be reduc'd co^ Decimals 
of the fame exad Value i redace them to iuch, and then Evolve. 

Exatnflcf. 

X. Thus the Cube Root of — ^ is found to be =: i . 2 -;-bf 

750 

reducing i*- to a Decimal Fra(9iipn of the fame Value 5 (>?vhich 

is done by Dividing the Numerator, with i, fufficient number of 
Decimal Cyphers, plac'd after it bythe Denominator, till nothing 
remains) and then Extracting the Cube Root of that Decimal Fra- 
ftion ; that is, of i . 718 

2. Alfo ii yf — %y* -f- i^j^ z=:,7 1 ^ ; that is =± 7 » • 875 ; 
then one of the Values of 7 is rr . 5. 

3 Agaio, If 45 -f- ^- 4' = 5157 J- ; 'tis require4 to fii^d 
one of the Values of a, '■- - 

' Firft reduce the FraiStion in this Equation to Decinials.of the 
Value, and the faid Equation will become 4* -{- . 75 ^' = 5 » 57 

• 615. 
2d. Suppofe a = x--^ y. . Tjien. - 

4? = x^ '\* 5*V+ iojr'>» +- tox^)^-\-.^xyi-\:y\\^^^ 
.7j4'rd.75x»-{--*-'»5'«V+i*»S^/ + -75;' -> 

5157.625. • ' • 

leratimn 



6f^ 4V^9lttli0ll Pare IV 







^ 



3218.75 =;if» -h*75^' 



.1938. 875 HejColvend. 

t " M W , L-. II I Ji • III V . .. » 

3115 = )«« 



■^« 



W=:j 






3181 • 2} Divifir. 

— — H 1 ■— — Mil » law 

i562,i:^5Jf*; T 

28 .125 = 2.25jr«jF 

s .8<&^ rr: a.25A>* 

i.5^25 = 5x;f^ 
• 03125 =:>« 

1938.875 Ablanvum. 

^ W If 1 ^ I I II I I ■ I I' ■ 

Bm if the Fradidns in the given JEquation carniot be fe^ 
dqe'd to Decimab of cfae fame V aluc ; reduce the given JEqua- 
Vfm 10 4 Gonsnutti Denomin^UQTi and then Multiply ea^h part of 
dmr ji^ation by the common Denominator, (Sc. 

I*' Thus if 4' — 6 rlf 4 = 2 tV? > '^^ required. to„ find oac 
of (be Values of 4. 
^ The foregoing JEquation being reduced to ft (^Ammon Denotni- 

Mtorisil4lL-=:i2if=ii3. ' 

^ 144 144 

And by Multiplying each Part by 144, wf h^ve 1444' — 973^* 

hIoWfuppofc4=jc-f-jr. Then * 

1444^ = i44x» + 432««7 + 43^x;i« + i;4jn •) _ 

— 97J^^= — 973X — 971; ^ -^^"""^ 

Operation. 

31^ (x +.7 +.0J = *-7J<=4 Anfwer. 



Chap IV. 

Ii5xr=i44x' 
—1946=— 973* 



Of f(aJrtioii0' 



<5j 



■MH«i 



^^ 



— 794 = '44^ ^ 973Jf 



1x13 Kffolveni. 



1718 = 431*' 
— 973 = — 973 



rilMMMBAi 



755 Divifir. 




h fwM ^ ^= a» 144 

0^ *- 973ii is zzz N^mivt 

Kef^lvend is grtmtir tbam tie 
given akfshu Ihiimktr. Mui if 
you Bad fspfs^d « ^= 39 thm 
1444' — 97 3# W0u*d be C"^- 
Vin ^hfolute Number'^ mid 
therefore x muft net bt ffttf9i*d 

= 3- 



Hcrc>r= .05.' 



1x09.6 =4B2x> 

— Cii.t = — 9737 
423 . 36 = j^3^xy* 

49-39^ = 144;' 

X 00 1 • X 5 1 Ablativum. 

_, ^ / 

III. 74^ If^folvend. 
3149. iS =:43XJK* 

— 973 =: — 973 Here X = a 

2176.28 Divifir. 

1 57 . 464 =: 43***'' 

— 48,65=— '9^31^ 

2.916 = 4}**;! 
.oi8r=:i44J'» . 

III. 748 AbUtivum. 

1 ■ ■■ ■■ai m III ■ mm i ■ ■ ■ ■ i » 

o Remainder, 

2. AndJf 4*+ 4= 126 f|i; then 814* + 814 =: 10270* 
^«od oaeqf the Values of 4 is 3 . 333 J3 += 3 f* 

N.B, Tho*Jhave net hitherto in this Part IT, in Dividing any 1(g' 
folvend by its refpeBive Divifir^ furfuedfuch Divifion bepcnd finding 
the. flrji Significant Figure of the Quotient, or of the Value of y. 
Tet when the Divijor once takes place, it may be continued to 4* many^ 
pr almoji as many Figures^ as the next preceeding x t^atb of the firfi Fi^ 
gures of tjnf Hoot fought'^ as in thefollomng Examflet. 

. Example i. - 



If 4' = 23 1 ; QoKrc 4 proximtn 
Suppofe X "i" 7 = 45 then 



(4' =) 



r 



aji (6 



p««:iy. 



.^ 



«-^ 



^fam^^m^ 



1 5 ^!f/it¥fiMJ^ 



'»^*N 



Diviifir io8 =:r 34^ 



♦ i 



..}o4^ ::i: jxj' > 

. 00x197 :=>' 3 



Uece^r=:;i3» 



i««i 



14. 346 3 9^ AbUihum* 



• 65360} ^oivenJ* 



Divif&r II* .7307 == 3jif» 



.63171075} =3;if'> 
.. •.6163081 - =r j*>* 

1941 + = ^ 



Heffc4:=:6*x3. 
'4nd^=^. 00579. 



■■iAaMi*^ 



• 6533174333 + Ablapivum. 



I « I 



. 0001755447 - l(^fohmJ. 



•h..^ 



DM/or 111.9437 + = J**. H^^;c =;=6.«3379> -And 

(the next jp =^ .X)ooooi43966. 

Wherefore 4 is near = 6 . i3379i43^6* 

• •■10 

texampie i. 

If a* — 104 rr^ 1 0000 ; Quaere a froxime. 
• -Svpp^e X +> = ^ > then ^ 

( — 104— j — io;c — 107. J"" 

1 000^ (10 



lOOOO. 



loooa: 
*. 100' 



\ 



— lor 



9900 n: X* — io« 
100 . ^eidvend. . 



4000 r=z ^x^ 
-* 10 = — 10 

•■^nM«^ aHM^MvaB ManBMMM 



3990 



'^i 



N. 



ChapJV. : Of mmhtX0i . <55 

3990 DMfir. t 

-^ . ly = — loy 

. 375 = 6xy >Hcre;r ir . 025, 

i9 + rs:;^ : 






400 • ii;62n9 + Ablativum. 



-*- •125625394- HffolvenJ. 



4030^75 + = 4*» . } 
- 10 .^— 10 ^ ^ j^^^ ^ __ ^^ ^ ^^^^ ^^^ ^^^ 

4620 .075+ Divi/. J next y = — r . 00003 * 24$ +• 

I ^ . J- . 

Wlicrcfdrc 4 is near = 10 . o249^875o, ♦ , 

Seholiuin^ 



The' tfie Method iis'd in tbcfe two lift Examples iJ btttcr (« 
bclhg tuofe £xf>edirious) tfian that iis*d in the foregoing Ex- 
amples; yet ftill a better Method (which k the idtlie with 
Mr. Rafhfon% and by him callVJ the Converging Series) may be 
deducd from this ; thus in Extracting the Cube- Root of 231, in 
Ex, I. You may readily fee that each . 
Divifor is = 3**. and thit each Refdl- ^ ^'i'^ ^l' «^ »f «'■-' 
vend is= zgi -:t', and confequently, ^l^/^^StSS^^^^ 
from the time the Di#ar.Mtef.?lact,^or^ 2;7^', tflZ'^^^ 
ferves todifcover^Jife firft JPigure of the'' t^ •' ^ 

tme Value of 7, eapb y := ^ ; and theref^ the Theorem 

for Extrading the Ctiba-Rpot of any Numblr = A i$ ^ = 

^ ;p. In lil^^tfiahnWih Ejtamplc2. wV <f**#-^ioi< = 

10000, each Divi(S9r is ±r 4^1^^ — 10, each Refis^end =r too 00 
— x^'\- loxi and fi:pm the time thc^'DivifoD takes place, each 

y =: 'OQQQ ~ ^* r '^^^ tod cfaetefore the" Theorem for find- 
4jc' — JO 

ing the Value of a in this Equation. w;{. a^ — ?« = j is^i^r 

i^IzJLSJlIl. And in this or the like Manner Theorems may 
4i?' — /> ^ ^ 

be rais'd for Evolving all poiTible /Equations. 

\ icJBxtrading any Root of any Equation, whether 
Ifedced, Let x be taken ^r ih^ Value of the 17?. Fi- 
gure, or ifi and %d Figures of the Root fought, then, by its reC- 

K peaiye 




66 . ettoliition. &c Put IV, 

pei^ive Theorem, find the Value of the firft/ to fo miny Fignres 
as you ibink to be the true ones ; the Sum of which, aod that of 
X ca.ll X (i. !• your next x), with which proceed, by its refpei^ve 
Tbearem, to find the Value of the next j>, and fo on. 

Thus, ifthe Cube-Root of 231 is to be Eztradled'bythu Me- 
thod, let iy?*betakcn = «; then i/f ;(_*:ziL')z=Hi:^^ 

' \-^ ix' io9 

= , ij; therefore 6 -f-. 13 (=ijf «-f- i>?j)— 6 .t3 = x</x', 

,hen ^dy = ilLlli^i^lillH = . „i79i Aerefbre 

111.7307 

6 . ijn? f= iJx -f- id 7) = idx. 

Then 5rf^ = HlzzHl^milllli =; ooeooHJ?^ j 
' ■' 111.94)7+ "^ • 

therefore^. 13579143965 {= 34'x -f- jrf/J is very near := 
Cubc-Rootof 131, 

Tou may fee hy thit Bx4mf!e, md hj at mat^ men tt ym mr* 
fUaid to tri, that frtm the tibte the ti'vifor ta^i fUee, eteb ^fntw- 
mI deiihlei -e^irelf, or ahn^, the Snu Ftgurei in tbt Ufi a j' mU ^ 
tm/e^ltenee k few renewth aftmntrii will Jtrvt to ExtraU any Stttd 
H^re^uindtaverjmof^pUtti^ Fiffirei, 



PART 



r 
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P A IV T V. 

Of chc 5pni»<cesi, or Cjcpomtittf of 

IF tn Unic be Multi^ied by any Qiianthy Hy and the 
P^uft a by 4, And cbat Prodqd 44 by 4» and that ProdviA 
04A b]f #, <!9ff« the feveial Pxodv^^ »vc (he, %Jl. i4^ id. 4/^, ^c, 
Powersoft. 

The Antients Manner of Wriiinj tbeRoor; and fever^il Powers 
of 4 was as follows. 

lloot <^ ift. Power, Square or %i. Bowery Cube or 3^. Power, 

Thus I \^ f ^ » . <<^« V 






Orthus^ 4 , 4£: , 4c: 

Siquadrat, or 4/^ Power. tSi. of 4. 



4444 , &c, 

4|^: , &^. 



But Des -darns chofe xo defign the faid Powers of 4 in the 
following Maoner, (which, for njany Reafons, is the beft), vis^. 

Root Square. Cube, /^th Power^ (Sc. of 4» 

#, or 4* 4» 4? ** , fSc. 

TfaeFifUtie) li 2i 3i 4f &^* ^ric over, 4) and (hewing its Pow- 
en, be cffU'd Indices or fxponcnu. 

It is Evident that the Powers of a in tot the Terms o() th« 
fpr^oing^ SeiteS) are in % continued Geometrical Proportion, 
wbofe Ratio is the ifi. Power or RoQt 4, and the Indices of the 
faid Powers in a continued Arithmetical Proportion, wbofe com- 
mon excefs is 1 (by the Definitions of both Proportions^, 

Now fince the Exponent of each Power of the foregoing Se- 
ries iS| by the common exceifs of the Indices, ]co wit by 1 , more 
than the Index of the next foregoing Power, it muft follow of 

K 1 tourfe 



^8 Of the attWceg or 4f)Cponfnt0 Part V. 

courfe, if the faid Scries be continued backward, that the feverat 
Terms of it will be fovind (bySubftradtng (be faid Gonnmon Ez« 
eels of the Indices, to wit i from the Index i of the Root 4', and 
froo) the.Kemainder o the faid coqfimon Excefs, and from that Re- 
mainder — I, the faid common Excefs, and from that Remainder 

— ft, the faid common Excefs, SSfc) =f!?c, 4—*, li— ", 4—', a\ 
4'i 4*, 4», a^, C3c. ' 

And fince each Power of the faid foregoing'Series is the Pro- 
dudl of the next foregoing Power, apd of the common Ratio ; of 
Confequence, if the faid series be continued backward, the feve- 
ral Terms of it will be found (by Dividing the Rooc 4t>y the Ra- 
tio si and the Q^iotient j by ;he faid Ratio ^ and that Quotient 
r V 

— by the faid Ratio, and that Quotient — by the faid Ratb.&c.) 

4 . , 4* .» • • . 

a^ or a 

Hence *ci« aunifcft that 4* is == i , alfo4-«=«— , alfo 4-2 



= — , aHo 4-' =r •--, &e. And that the faid Series being con- 

tihued hitkv/zrd and forward, may be writ * 

Thus (s!c. 4-S4-%4-i, 4*. 4*, 4*, a^r&c. 



I 1 r 



Or thus C3^c, --, -t» ^- '» ^'» ^'» *'j ^^* 

a* a 4 ,^ 

From what has been faid;^ ma^ be deduc'd the two Fundamen* 
tal Rules for all Operations relating to the Exponents of Powers. 
The firft of which is that the Exponent of the Produ(9: of any 
two Terms in the faid Series in -H- is equal to the Sinn of the Ex« 
ponents of the (aid two Terms, 

And the ^d. is, that the Exponent of the Quotient of any 
two Terms in the faid Series in -^ is had by Subftrading the Ex- 
pdncnt of the Divifor fr6m the Dividends Exponent. ^ 

For. the iji. Rule may be prov'd by Algehrdical MuUiplicarion, 
by the help of what has been already faid in this Part V. So the 
Exponent of the Produd of gfi and W^ is pro*r*d to be rr 6 -f- 4 
= i>o, by Multiplying 4* by 4'» ; fdr tfi xa* is :=r 4*^ rr 4^+4. 
In like manner tbe;Exponent of the Product of 4-^4 and 4' may 
be prov*d to be = — 4 + 3 = — 1 j thus 4-4 is (by what Jias 

been prov'd in this Part V.) = — , and — - x 4' z= — := —1 
■ , 4-^ 4* 4* 4^ 



I -4- 4 = — i But — = 4- J J confequcntly —11$ 
4.4 



-~ 4 ~ I -r- 4 = — : B 

the Exponent of 4-4 Xf'-. ' * 

Ani 



« « 



I - 



And the 14. Rule maft follow of Courfe from the ijf, c^may 
be prov*4 l>y A^ehtahsl Qmfioo ; fp the Exponent of ^<^ -H- 4^ k 
pK)?-dto be = $ -r- 4= *, by Dividing 4* by 4* ; for <^ -^ <«'' -= 

— r= 4». Alfo the Eitponenc of the CJuotienr of 4» Divided by 
4^ IS prov dtobc=:3-T-5 = — 2: thus — = -r -r 4* = — - 

= 4-» (by what has been prov*d ini th 18 Part V.) In like manner 
the Exponent of the Quotient of 4-4 Divided by 4- J is prov*d to.. 
bc= — 4-|7J=^'--i> ibiis 4-4 (Ipy what 1^^ been faid in this 

Part)i$=-L, and 4-* = -^; But i -?- i i$= — =rC 

"• 44* i|5 * 4* 4> 4* 4» 

-T-4r::r i -r4 rr ^i that i«=4'-» j 0ff. 

4 ' . 

Or I may prov^that as ^% 4*, 4', C?(?, is a Series of Terms in 
ir increifing ; To 4* 4^ a\ 4—1, 4-**, 4— », &g. is a Series oi 
Tenuis in TT Dccreafing J thus, 

Suppofe the ifaid Series of Terms in -rt Decreafing to be = 4%* 
4\ 4», 4», 4«, 47, e?f. refpfdiveJy 5 ti^n 4% 4% 4^.ave in -ir 
that is 4» . . *' : : 4-' . . 4** 

But the Produdl of the Means is equal to the Produft of the 
Extreams ; that is 4' x 4* := 4* x ^^^ jr therefore ^y what has 
been already faid itf this Part V.) i -f- " = i + ** » coofcquendy 
K = o. Again, fince 4", 4®, 4*, are in 4r ; then 4* . • 4« : : 4" . . 
d» ; thererore p -|" © ==== i + w'* ^^^ — « ^^, In like manner 
X will be provVI r=: — i ; as alfo jf .•=r — ^, f^i^^ 

The mianner of railing any given Q^iantity to any required Fow^ 

ef) or £xtk'a<5ling any Koot out of it, is eafily deducibie from thd 

two foregoing Rules^ thus the Square of 4' is =: a^xa^ = 4)-tt 

:;=: 4^ and 6 :=:3 X t ; that is». the Exponent of the Squirre is 

double the Exponent.6f the Root ; or if you fuppofc 4* to be tjie 

Root, then a^ will be the Square- Root ; wherefore (iince 6 ~t 3 

= %) you may conclnde that the Exponent of the Square-Rtioc ii 

half the Index of the R60L Alfo the Cube of f z=rf x>' xf "=- 

^i+j-M =>^ and 9^9 X 3, which (hews that the Exponent of 

the Cube is triple the. Exponent of the Root, or that the Expo* 

fientof theCube^Root is one third Part of the Exponent of the 

Root. Alfojf-i.Xir^'X;'^* is z=r ;»-•*— X — « =j>— 1. And n- 

niverlally the Exponent of the m Power» is m times the Exponent 

'^ I 

of the Root, and the Exponent of the m-Rooc tor — Power) 

is — times the Exponent of the Root. . , - - . : - >, 

Hence the m* Power of ^heni* Root is rr she Root j that is 
^e Square of the Square- Root, or the Cube of iheCube«Rooc, C^c 
is *'equal to the Root. ' is 



7P Of the %ntiim or '€tt>onmifi ^ v. 

By tbelaftParagraph but ope jc is evident that V^, V^> V^»&^* ^^^ 

z:sa^9 4% 4 * , tfc. rclpc lively 5 fbr 4' being the Hoot» 
half its Index, to wit the half o^ 1 muft be the Index of the 

Sgare Root^alfof of the lodei^ of the Root n;iiift ^ tbfi Index 
the Cube- &oot^:(!^c. 

v> The Index of the Square Root^ Cube-^oot, ^c« may be 
Qtherwife difcover'd. Thus 

Let it be required to find the Square* Root of 4'. 
Suppoie it (co wit the Squi^re- Root of 4'} =t;: s'** 
Thto 4« X 4» = 4' ; that is, the Square of the Square-Root is 
r= the Root 5 wherefore (by iji Rule) n + « ^ 3> and » ;= •! , 

<oiifequentIy 4^ is the Sqqar^ Root of 4» 
' AgaiOi let it be, required to find the CubcrR^K>t of 4'-^« 

Suppofe it = 4'», then 4» x 4^ x 4* :== 4'» (by the i^ Rule) 
ij ==: 4*-a; wherefoJTct I w,::pz ^ 1 and » =;: <>^ •^« Qooii^qiient- 

ly a "^ is the Cube Root of 4'*V (^e. 

$ff ihat thia Renaark is only a Confircnation of die foregoing 
nnivetfal Rule. 

The Sum of what has been faid io reUiUon to the Indices pr 
Exponents of powers is/ \ 

Putting 4» == an]f (Quantity whatfoever^ ^4 4" == the fame 
or any o&er (Quantity, 

/Thati/?. 4»X4»*J f=:4* + » 

a<IL 4'' rais'd to the n Powen 

Atb, , tbe n Root of «"• 

Here follow more Varieties, which in reality are incladcd 
in the 4 laft foregoing Articles, fince m and » are Univerfal; 
and cQnfequemly' either or both of them auty be eqaal to apy 
QpaAtities Whole or Fraded, Aflkmattve or Negative. 




4--f X 4+f =r 4-f +f ^ 4^ X 4-^ = 4-f-' 

4-1 ^a^ z=: 4-^-t f 4-f -r4-«' = 4-f+«' 

#f ^ 4-f= aP+0 { u u c ^ 

... ^ \ther Root of 4--9is=4 

4^9 raisd to ^ Power = #-iKj 

^' f 

Again, 



1- 1» 



r 



^ _i _JL+_L - , '" ■»- " 

Again m *. x ■•''=: f ' "" =T| '" 

«~' -?■« " = «'""""= "it '* 

« *niii'dtO'7-Powet:a'<i ^ 
The V Root ofTl ^ ' =« '•"=« * 

The f Rodcof,-2^«-'^ ~=":a-^ Z*^. 

Allb« ')<« *=4 - * 1 
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C H A p. L . 

1Y7 Hen any Number ok Quaniicy hath its Root proposed to be' 
^^ Extra(3ed^ and yet is not a true figprac Number of chac 
lind ; that is» if ics Square Root being deiqanded, it felf is not 
^ true Square ; IC its Cpbe-Rooc txing requi^d; it felf be not a 
true Cube ; (Sc. that Root is called a Surd Root, becaitfe it is in- 
expref&ble iW any JuQDwn way, of Notatiorj;. otbcrwilc than by 
its Index or Radical Sign ^ fo the Squar^Jlcfot of at can be only 

writ thus zl^ or thus ^2; for^is evident that the Square- Root 
of t is not a whole Number ; neither is it a t^raiSion, becaulethe 
Square of a Fradion is alfo a Fradibn, (by the i6. S.EuchBL) 
and confequently it is not ezpreilible by any rational Number. 

Alfo the Cube-Root of b* can be only wit thui t*^(z=:b^) or 

ihus'V*** e?<?. , , 

z. But altho thefe vSuird: Roots (when trulj^'fucfa) ate ihexpreffi- 
ble by rational Numbers, they are notwidiftanding cap^le of Ai^ 
gebraicdi OperatioQSy as (ball be hereafter (hew*d. 

Surds are either Simple, which ate exptefe'd by Ohe fihgle 

Term as b '', V^»*^»V^^> ^^ Compojmd, ^hicfa art foUnM by 
the Addition and Subftrad^ion of Simple^Surds, t^J^-^ Ji, 5 

a *, J- + 1"*"— c^, 0e. or elfe univerfal as 7+ I's'l' which 

fignifies the Cubick^Root of that Number which b the reiulc of 
adding 7 to the Square-Root of i, tSc. ^ 

)• Surds are alfo Commenfurableor locommenfisrable. 

CommenfurableSurd-RootsarefuchfWhofereafon or proportion 
to one another, may be expreft by rational Numbers or Qgantitie^. 

^And fuch Surd Roots wbbfe proportion cannot be exoreft by ra- 
^P^l^^^tf ^ Qpantides are caU*d Incommenfvrable. 
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CHAP. II. 

i ^(uttion of j&implt Jbutb0, 

Profojitim t. 

TO reduce Simple Heterogeneal Surdf ; tblt is, . fuch as are tin^ 
d^ diffefenc Indices^ to xbc leaft Hooogeaeak, or to (iacfer as 

inayMve.tbe I^aftconimon Index. 

• 

■• 

Reduce the Indices of the given Sord^s to a common Denomi* 
PMtit, dierl place the greateft common Me^fure of the Ntfment> 
tors as a Nuiiieracor over^ the common Oenominator, which 
FradiioO) when reduc'4 tp its Toweft Terms, k the common In- 
dex fon^t: then Divide eaf:ho^tiie laid Indices by the laid com? 
lAon Index, and then Involve tsach givea Number or Q^i^^tit/ 
wiihoat its Index, according to the indf 9: denoted by its retfCf 
&ive Quotient, and over each Power thus produced, place the. 
£ai4 common fnder^ and you will have the Sufds required. 
'. ' '' •' " " ." ■ I 

Reduce ii|* and i\iio two other Surds of rjie fame Value 

that will have* commpQ Index. . r 

i. and ^ ceduc*d ta a cooimm Oen^tninator, a^e equal to 

5and^. 

The greareft common Meafate of the Nnmerators 6 and 4 

is 2. ^ ' 

Wherefore i when feduc*d to its ftnalleft Terms, that ij?, » 

is the common Index fought, by which the 1/? { 1. ) and %d. f a^ 

Indices being Divided, the Quotients are 3 and i fefpcdively. 

The \ft of the given Kfufrttefv wiikbut* its InHex, that "is ii 
Involved according to the Index ( | )-dcno:ed by the ill Quotient. 
IS %%\ ;:=r 171a. 

Alfo the xd given Number without its Inder, to wit 7 Invol- 
ved according to the Index (i) denoted by the 1^ Q;.Totieru, is 



Confeciuenfty ii7x8r* and 4Stl" ^^^ ^hc Surds required fff 
(kdivcly. ^ 

■ ^ t X 



i t^ 

Value that (hall have a common Index 

I and ~ reduc d to a comnpton Pcnpminator are equal to }i and 

^ rcfpeAively. 

The greateft conunon Meafnre of the Numeratbrs is 6. 
'- Wherefore i(= i) is the comrtion Index fougbL 

By which the* iji n ) and the 2rf ( i ) Indices, being Diviifcd. 

ib« 1/? Cfeioticnt will be ?. and the idf Quotient U 
' The iftat the gi^enQaantiiies Without its Index, to wit i In* 
volv'd according to the Index f j ) 'denoted by the &id ifi Qao- 
I'ynt isK • ' • ' ■ 

Alfo the tfd given Qpantity* without its Index, that ^, d^ 
Involved according to the Index ( i ; denoted by the faid ^i 

Qsotient, is crf-j wherefore i'|^ j^d cef^ are the Surds tvqdred. 

- 9* t*t it be required to reduce ii|* and ef to tvw> "other 
Surds of the fame Value that (hail have a common Inde^. 
. L and " reduc'd to a common Denominator are equal to ^ 

and £ rcfpedtively ; And the gre^t^ft (known) cottimon Mcafu^e 

of the Numerators mt and «/ is t^ .wherefore (tiy pur .Kulej:^ 

is the GomnK>n Index fought ; By which the ift {^) and %d (^) 

Indices being IXvided; the ifi wfl&9,d Quotients' are mi and nc 
refpeftively. The iJl given Quantity without its Index, that is a 
Involv d ficcording to the Indexf^m^) denoted by the firft Quo- 
tient is 4**5 and the %d given Quantity wiriioift itslodex, 
ti^^^t is;e Involved accordiDg to.the Index^f nr ), denoted by the id 






Quotient, is ««' ; Wherefore (by our Rul?) 4*f * aad <t!l ^re the 
Surds required. : ' p ' ! 

Here jm bxv& tbret ExUrnpiis 4^ Urge of our Bjik^ tbt lafi 

. For 4*'i*" is 2;= 4 which is nvwifeftly j= 4'# 

; . • I , ' a* ' . ^ . ' . f 

And ?T"* is == «"\ which is manifeftly :=tf*. 

CtrolUry^ . 

^ Henfe rational Quantities may be reduc*d to the form of Surds, 

wb chftall; have any affigned Indices. * ^ '. 

*;»3rhu«j if it was required to reduce 4 %o the form of a Surd, 

whcfc Index Vwnll -be f» . - , , -v «.. > i^ - ■> ;^' » .> ^irft 



i 



cinp: tr. XiftiMtiatt rs . 

Firft Divide the tndez of a^ to wic i by -i and die Ql^^tienc is »• i 
Then 4 Ihvolv'd In'co itfelf according to the Index denoted by m^ 

Confeguently ?}* is the Quantity require^, wjxich manilFell* 
If is = 4i 

' i Proppfuim i; . M ; . ,., 

To rediice Surd^Roots to their moft fimplf Terms* 

UttW. 

tjl. f^dd the treat€ft PoWer^ which h'titii i^^d With 
the kidez (or Radical Sign) of the ^ven SuM, ihs£ have a r£- 
tional Root, and which Will Divide the "^given Number ot 
Quantity without its Index, fo as to leave no Remainder. 
By which PdWer Divide the laid Number or Quantity without 
its Index, and to the Quotient zSeStd witk-i;he faid Index, pre- , 
fix the faid rational Root With the Sign y, fo you have a new 
Surd equal to the propos'd one, add in more Simple Terms. 

« 

KS- But when fuch a Power, by which the Divifion neceflary to 
fftch Contra^on is to be perfotin'd, cannot be readily diiceri>*d, 
iS^arch ont all the Numbers or Qy^antities (by Lomma to Chap. V. 
JPart XII.) which will divide the given Number or Quantity, 
omitting its Index (ot Radical Sign) without a Remainder ; and 
the gteateft of thofe Divifors, wbich^ being affedted with the In- 
dex of the given Surd, hath a rational Root, is the greateft PoWer 
by which the Divifion in manner aforefaid, is to be performed. 

Examples: 

t. So inftead of ^J6^, you may write i^J^ ; for 9 is the great- 
eft Square that can be had in ^j^ which will Divide it without a 
Remainder, And6)-T- 9 := 7; wherefore (by our Rule) ^6^^ 

in its fimpleft Terms is=3Xs/7=3X TP. 



1. Alfo if it was required to reduce 4'A-f-4*i'|*taitsfimplcft 
Terms, it may be done thns ; via^. 
4* is the greatieft Power, which being afieded with the Index ^ 

will have a rational Root, and which will Divide 4'^-f-«*l^* 
without a Remainder. 



© 



Add 4^*+ 4*i* -f 44 = 4t -f- i» ; Confcquently 4'^ + 4***1* 



Tfx its fimpleft Terms is = 4 x ^t +^| * = 4 ^^ 4^ + i* 
I La ' B. And 
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3r And Univerfftlly 4''^| reduced to its Cmpleft Terms is =: 

tfy'Tj". For 4' is the grcareft Power, which being ' affedted 
with the Index i will hive a rational Rooci and by which 4"^ 
being Divided, wQI leave no Remainder. And 4"^ -^rafzzzt^ 



J. 



* » # 



wherefore (bj our Rule) 4"i'i"> being kdu^d to its moft (iaiple 

" ' ■ 1 

Terms, is == 4 x 4" ^== ^ v^* *- 

^^$U fnd},ke Pjemonfiratedtbuj, 

t 

. 4*1 IS = 4. . , 

f t 

Wherefore i=*|" — s x t\\ , 

And that it is in $be Uaft Terms that it can be riduc^d to, it ctrtam^ 
if the Oivifw ke the greatejl Pmer that can he had in it. Q. E« D. 

Prepefiiien $. 

To fiAd whethef tvTo Surd-Roocs' given, are Coarnienfurable 

or not« 

- ' ' • 

' If they havediSerenc Indices, reduce them to their leaft com- 
mon Index (by the ift Rulej. And if then they are Fradtons, 
reduce them to a common Denpminator (by Part II. Chap. II. 
Stfi.2') then . ^ 

Divide (or MpJtJply) tbtfh Severally by fuch a Number or 
Q^autiry. as'.witl give one Quotient ("or Pr 0(ifii^) Rational; then 
a the other Qp^^i^^ (^^ PrcduH) be Rational too, the Surds 
are Commenfurable, and in proportion to each 6tber, as the 
faid Quotients (or ProduRs). But if the other Qiiorient (or Pra^ 
duU) be not Rapional^ the given Sprds are Incommcnfurable. 

N. B. The Divifor c6mmonIy us'd in this Cafe, is the greateft 
Common oor^ which will give Rational Quotients, ii the given 
(Surds be Commenfurable, 

EttawfUu 



•1^ 



0|ap>fli 



Bximfks. 



it 



tnenfurabky and in 'what |^opontOQ,co oneaoocher, it tnay be 
done thus, 
- The greaceJQ: commoii. Meafove of mJi^^mA ij% 11^3 ; by 

which i 2K and . 3I ^ being Divided* the refpedive Qaot|eacs are 

4!^ and i|*' that is % and J ;: mdierefore lir and Bp^ are (by 
oirr Rule) Comnienrurabk« and in pcopgrtm^as z to i. .: 

2. La it be required to find whether -7 
nenfurable, and in what propomod they are to one anbxfaer; 



and IT 



be 



I<|4' 



dn; foduc'd to cheir leaftcdnUMB IMet (viitlb^ 

ont confidering that -— may be Deprefs*d lower) it — and 

I 
^ ; and there reduced to a comtaon Denominator are equal to 






and -^1 9 which being Divided by^tbeir greateft com-| 



c*b 



inon Divifor --— ^^ the Quotients are' Ratiqeral) and eg^ai to 

k- and c«:iliJiufi^^2-^«^« ^^-C^0iHh^\^ ^^:rc 
Confequently the two given Surdi ate Gomoienfarable to erne 

Mother, and in proportion u-i? is to c* ; that is — > * • •ttx ; : 

Tbti may he pemmfirateJ fy ^au4tjng tht Prtduti ifili&f- 
trt*m$ f that tftbt Mean/, tbut ' 



^ 



7$ XHmoOi^ Pmtt, 






* X c» = ilj * X c*r = c'S'^is = the Produd of the Ei- 



c 






4ttd of the MeanSi. 

And ihefbrmei' ProduA is = the latter^ which proves, in 
feme ineafarr» our Ride. 

3. Find whether^ "^ and i^^ be C6mmenfttrabre» as altci 
their mutual Proportion. 



t I 



Tiieg.rditeftCoQ(iiMnpiviforofi!|' andc^^j " is= ^l' , by 

which each being JDi^/dedi the Q^uems are ^1' and 7^|".; Bm 

I * and c^ " are Rational Quantities^ and equal to i and c re& 
poQitebp^ confequently the given SuTdsareCommenfurable, and 



t 

n rT7« 



CHAP. IH. 

w • • • ' 

iQi^Itisitcattoti of JbimpU Jtm^f. 

UnU* 

IF the given Surds be not of the faone kind ; that is^ if thef 
""- have dUFerent Indices : . r^ooe them to one and the leaft kind j 
that is, to cheir leaft common Index, (by the ifl Fropofition of the 
laft Cbap.j then Multiply them by one another, without their 
Indices ; and la^iyidnez^be faid leaft common Index to the 
Produ&. So this new Root fliaU be the Produd fought. 



ISxumfUs. 



5o^ X 3 is = 6 

AUoi^xc* is = H* 



And 



Pmn^ m\mMm 7f 



\ 



' . * i ' ' 
1 t s 

i 1 

Alfo 4 ' >< 1|^ is (by the tft ffofofitim of the laft Cbapm)' 

■ ■ " — ^ ~^^ ' ■ '■ • • - ■ 

And uniterfally ;vf " X ^f is (by the ifi Br^f^ivn of thr Uft 

Chapter; = *-)" x TJ** == i?7r." . .•■ 

ScboUa* 

1. When a Sard is to be Muldplyed by a rational C2)iantity,' 
k will be fomecimes cdnveolcftt to Comtx them with the Sign x» 

fo the Produd of a and tl" niay be vuic thus 4 X ^1" ' or thus, 

4V^. . . 

2. When two Radonal Qoantities are joynM with the Siga x 
to two Surds of the fame kind. Multiply the Rational Part hf 
the Rational, and theSurd Part by the Surd, ^nd- the two Produdis 
joyn d together with the Sign x is the Produdt r eqmrt^* So a ic 

4'~i$=:?3|' ; ButVll" x 73i^z=.7^1^' wluchismanifcfe- 



i 



ly z=^ OCX tdi ). . ^ 

3. When any Surd i$ to be rats*<l to any given Power 5 Mut ^ 
riply the Index of the given Surd by the Nuinber thit Denotes 
that Power; » 

Thus 4" raised to tjie »** Power is -=: 4* . =r 4 := 4 ; 
alfo 4 rais*d to* the m'* Power is = 4 :?= 4| . 



23« have Examflcj enough of this kfnJ, in Part V» 



CHAP, 



U OreplW* PartVr* 



i.1 55' > ' 



f C HA P. IV. 

lOtbiffon of j&hnple i&ttc^* 

IF the Snrfs be of the fame kind, Di^vide the Dividend by the 
D»viror» without tbeir Indices, and ever the Qaottenc place 
the cemtnon Index, and this new Bfoot is the .Qgouent fought j 
itotirthev be not of the fanoekkid/ firft f educe them to^ ibe 
fmie kind (by Chap. 1. Protppion ij and then proceed ixk 
maonef aforeraid. 

St> ^/lo Divided by 1^5, gives sIa for a Quotient. 






.' _» '_i ^i* ^ 



#4 c 
• AnrfimiveffaHyl(i''.-«- 7I* is (by Frcfofittmt. Chapter i.) ==: 



^^-^^r = ^ 



"When the Dividend and Divifor arc two Rational Quantitiea 

Kfixc to two Surds of the fame kind ; Divide the Rational 
t of the DirFdcnd, by Ae Rational Part of the Divilbr ; As 
. »lfD the Surd Part of the Dividend, by the Surd Part of the Di- 
vifof r and the two .Quotients connedJed together with {orftm^ 
fims mibettt) the Sign x i> the Quotient defired. 

So d'^ cd ^ bJ '^ e is = ± yd. ' 



m • 



Alfo 4* X f^r -f * Xf4 !»=;:-» Xl|=:< 






CHAP. 



\ 



Chap. T- atitiition ami fimbStac tion 

■ ; - » . 

< « .J 4» . II V 



3i 



< 04 V><.> 



, C H A P. V. and Vi. • * 

3IIt>bitton and ^ubftr^etion of .jg>iinp1[r -^urtij?, 

• I ' - . . ,1.. ..._ : 

"T^Ivide the given Sur3$ifey.-fbeir gre«€ft;<XW5Wa^piyUbr^ and 
•■-^ if the Quotients: be Rational (that is lo'layT if the ;given 
Surds are CommenfiiWjiWe>.ft*uhiplY. the SMWpf xhf ftidTQuo- 
riem$JC>y tbp fdid great^ft^gprnaaoa plviibr^.sypd tJb^r rro^iiti^ (^^^^ 
be the Sum of the Surds proposd ; or Multiply tl?e ddfferedce ot 
tbc: fay Rawmal Q^^fitfttsijyT t^fijc Jfaid ar^t^^potfinion Pivifer, 
Wd^heftp4j4d Ihall l^tl^jiij^repccc^thQ ivvQ^^ pVQgpia. 



!• Let it bft required to add y^S to >/32^' 



ill 



^i 



Their greateft common Diviforis ^/'8. • ' t -'^ y * 
.By which each of the civei| Surdsjjeing Dividcclj the Quotients 
arc ij^i ahdV4, which arc' Ratibftal^KutaWs, and equal to i 
andi. V ' .' 

The Sum of which Quotients is 3, which beinjg Muhiplyed by 
the greateft common Diviforf ,^8 ) the Produ^ is 3 x «^S =:=^ v^9> 
X i^8 =:: Vt^*! which is = 4^8 4^ ii^ga. 



h 
In I demand the Sum of — 

c 



and.~r 



■ A 

c 
and- 



r/afid3 






Tedudd coa common Jndcz ate e^ual to 









i.^ 



,} 



«• 



And tbefe redut'd to a common Denominator are equal to 









T 



«v< ' t 






- c» IT 



f 4 



V ?0i >;|rj V'?^qfc.gfeateft comm9n^J)jnforis.-^^ 
; By which each of (hem b«ingPividedi,.the, Quotients will be 

A»|>Mdx^;v^ich.'^r?n?^^^^ wd equal iP)i» 

"' " M The 



8i . Of^UCtMIU -FartVt 

The Sum of which Quotients is ^! 4* ^*» vrhicb being Mul^ 



-f — 



tiplyed by che greateft common Divifor ^ 



* the Pcodad is 



t 



?T?x^*-"*5«=7|>-F 



c< 



4 



3. liemAndtheSumofii^* arid j?l* ? 



« 



Their greateft common DivMbr is f| ' 

By which each of them being Divided^ the Qnodenis 4xe 

^« — - 
' W"| * and ^1 * , whidi are Rational Qnamities, and equal to d and c» 

' The Sum of which ud-^-e; whici^ being Multipiyed by iftie 



gftateft common Dh^ifor Tj ", the^ProduA is i< + c xT] • which 

is=S?/'+J?l-. 

T^ii /^ Bxanfflc hitig Vrnv^fsh ^itl firve ia defmnfir4tt mr 



■T 



Suppofe ^1* ==#*; 

jt t 

Then frf"!" i$ = 4 x^l' =^«t 
I it 

And *e*j • is = 4 X ?[• = #f. 



# <■ 



»» 



But 4i *f* M z=:4. rf- e X 4 sc: Suiti of the tWD^en (^uanr 
-tttlcs. * - * 



Subftitute ^I'^for 4, and you II hzved 4* cxT\^ rz' Sum 
of the two given Qiiantities. fV.fV.D. 

In like manner if it were required to Subftrad h\ " from M * 



I 



the Remainder will be found (by our Rule) to be 1; — 1 x H* 

: f 

Ot if it were required to find the Value of t\'^ — l^** in 
other Tenns^ b \^fll(by our kuk) fate founds: 1' -^ «xTI*- 



r 



Chap. v. aOttftfon and fttltlfitftt(iOtt> &c S3 

When the given Surdi are IncomoMnfurable. nritfaer thtU Sum 
nor Differetax an be «»preft by any Simple Root ; but ibey are 
to be added by -f-, and Subftraiftcd by — s whence arife Surdi, 
JKnomial and KefidiuL 

ThHstbeSamof V^aod^?!! ei* -f- tJ", and tbe diffc- 

tebceofi* »nd 7»'«7> — 6'. tfc. ' 

ButUaiverTallytbeSnmof 71* and 't\»' it (hianifetUy) =s 



*■ +«• 



, or tbe diH^rence of ^1* and c|' is = 
i WtelefbreSI' +e"ii = »' +."'1 1 = 



FT"" + » ^fc|S*Md tl +.f M= *^ + .^1 I 



Tht Aritbmtttck, o/CmfmiJdnJZMiverfal SaiJ^ itftnii ttpm 



ts^.c*-^-r«. ^^, PART 
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PART VII. 

• • . f • •■ • 

Concerning the Nature of JE(i\MiOtt&^ 
. and how to prepare them for a ^OlU^ 




jfeN /iEqwatipn is the mutual comparing of two equal tjuanri- 
^^ ties differently cxpreft, (whiclr are call'd the two Parti 
theeof ;• and isulually denoted with the Sign = between ihem, 
and the fing!e Quaniities of both Parts are call'd the Terms of 
the £qiianon ; . > ; ; . - 

Thus 4 == c ^ ^* -{- ^g is an ^Equation, In which the Sngle 
Quantity a, one Part thereof, is equal to the Compound 

Quamity c •+* ^' Hh ^S* ^^^ ^^^^^ P*^^ > ^ the Terms ot both 
Parts, are the fingle Quantities a, <•, d^ and eg, \ 

An Equation is two- fold, wV. i; Pure or Simple, or i. Af- 
fc6bed or Compound, . . . - . 

A Pure or Simple iEquatioa, is. that, wherein the Quantity 
fought (as fuppofe a) is expreft by one Power'only, ^s by the 
jA ^^9 3^> ^c* Power f thm la -^c::=id -{-/, and ca^ =: 
d-4rbt are Simple Equations. 

. An AfFedted or Compound ^Equation is that in which there 

^are two or more different Degrees or Powers of the Quantity 

%ughc (a). As in this Equation 4' -^ 24* — c4' ir c.;/,^ tb'erc are 

three different Powers of 4, vis^.' i}\ 4* and 4^. , "*%, 

When any Queftijtfi .or pRjWetpiss^ropos'd to be Analytically 
refolvedji it is.vecj^requifite that tbe'tfue D,efign, or meahing 
ttiereof; t^e fulfy tnd clearly comprehended fitvaJl its Parts) that 
fo it may be truly abftraAed from fuch ambiguous Words, as 
Queftions of this kind are often difguis^d with ; othcrwife it will 
be very difficuft, if nox Impoffible, to ftate the Qu^ftion Right 
in its iubftituteii Letters, and: ever to bring it to an i£qua- 
tion, by fuch various Methods of ordering thofc Letters, as the 
Nature of the Qkeftion may require. 

Now the Knowledge of this, difficult J^^rt. pf the Work, is only 
to be bbraiii^d by •Pracflicej and a caceful minding the Solution of 
fucli leading Qaef^ons, * i^s . are in themlelvcs very eafy. 

Hiiving got fo deaf a Notion of the Qiieftibn proposed, ai to 

p]^o^ <j[pwp^ all the Qj-iantirics donccxn'd in .iheir<l«c Or4er ; v??* l 

1 ^i. f. H 5 . ', all ^ 



f" 



all the Subftttmcd Lettets in fuch Order, as the Nature pf the 
Q^ieftioQ requires; the next thing muft be to confider whether ix 
be Limited or not, that is, whether it adnaits of more Anfwers 
chah one ; and to difcover that, Obferve the following Rules. * ^ 

Uttle I. 

When the Number of Quantities fought, exceed the Num- 
ber of the given iEquations, the Qaeftibn is capable of innumera- 
ble Anfwers* 

Example. 

- Subpofe a Qieftion were propos'd thus ^ There are three fudh 
Kumbers, that if tbe-Firft be added to the Second, their Sum 
^11 be ti, and if the Second be added to the Third, their 
Sum will be 46. What are thofe Numbers? 

! Let the three Numbers be reprefcnted by three Letters thus j 
call the Firft 4, the Second <j and the Third jr'. 

Then -{ "* i ^ ^ ^ 6 V ^^^^^^"8 ^0 the Queftioa, 

■ • , . . . 

Here thie Number of Quantities fought aris Three, wf. s^ «, 
and// and the Number of{c}ie given jBquations are but two;- 
tberefpfe this QueftiOA is nfH Limited,, biic^mits of ivaripus An* 
fwers i becaufe for j^nv 01^ of tbofe three Letters, you may take 
any Number at Pleafdre .t|^a( is kb thffn xz, which with a little 
Confideration, will be vi^yieajy tiO coi;K:cive. 

- When the Number of the given JBquatiMs Ynot depending 
upoh one anotb^} -ire' joA as^niany as the Nnttiber of the Qpan-^ 
tiries fought; then is- the Qneftion truly Limited, W:j, eadi 
Qtxantnfy to^ngbt hatbbucorie fingle Vatue'. ^ 

As for Inftance, Let the aforefaid Queftion be proposed thus. 

There are three'Nnmb^ry(^, f, and 7, as before) rf tbe Firft 
jbe added ^q the ^ecpndy* their Sum will be x% ; if the Second be 
^ded. to the Third,, tbqr Sum will be 46^; and if the Firft be 
acki^f:! xf> the Third,- ,tb$i^ Sum will be 36. '^.hat are the Num- 
bers ? 



'•\ 



Now 
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Now cbe Queflicm is perfcQAj Limited, each fingle Qbantiiy 
hH^wg, bttt one fegle Value, co wic 4 :^ 6 ; exz%6i Mndj = ^c^< 

N. B. If the Kamber" of the given JEquations exceeds the 
Number of C^anrhies foiigbi ; they doc only limit the Queftion. 
fcm oftentimes render ic impoflible, by being propos*d incunfifteuc 
CO aooilier. 



HaviM ,tnsly ftated the Queftion in its ftibftituted Letters, and 
Ibiuid ^^imiied to an Anfwer (or at leaftfo bounded as- to have 
• ceitaMikcerminace Number of Anfwers) then let ail thofe Tub*- 
ftiiatfoXetiers be fo ordered or compared together, either by 
ikddinf^ Subftra(Sting, Multiplying or Dividing them, &c. ac* 
cording as the Nature of the Queftion requires, until all the un** 
known Qjsamities except One ^ are caft *oflF or vanilhed ; bUK 
tberesn great Care muft be taken co keep them to an AgA Eqtia<»» 
fity ; and wbca that unknown Quantity^ or toie Power of it (a9 
Square, Cube, &c.) isfound equal to thole that are known; then 
fbe Queftion is faid to be brought to an iEquation, and confe* 
qpenti) to a Solution, 9;j{, litted for air Anfwer. 

But no particular Rules can be pcetcrtbcd for thecaffing off, or 
getting av^ay Quatitities out of an ^Equation ; tl^tt part of' the 
Art is only to be obtained by Care and Pra<5lice. And v/hen . 
ibwr is done^ k geoeratly happens fo, that the unknown Quantity 
wl^b is retained in the Aquation, is fo mix'd and entangled 
With thofe thdt are kn6wn ; that itofceil reqoirei Tome Trouble 
mi Skill CO bring it^(or ks ^wers, fSe.) to one Side of the £qua« 
tton, and thole that are known to the otlier Side ; (flill kef pii^S 
4kem t^ ^ )uft Equatity) which the ingenious yan Schotum ia bail 
frintifi^MathefeQs Vniwrjaiis calls R^u(3:ion of JEquattons, 

The Bufinefs of reducing j^quations (as of moft, if not all AI- 
febraick Operations/ is grounded and depends upon a right Ap» 
^kation of the five Axkms propofed in Page €, and therefore, 
if thofe Axiims be well underftood» t^e A^afoi^ of inch Operac 
tkms muft needs appear very plaiii, and the Work beeafiy per-. 
form'd s as in the iollowihg $ffi/W 

St&. I. Of Hctatstott by 9ti6|tioii» 

Redudion by Addition is grounded upon Axkm 1, and is only 
the Tranfpofing (v/i^. the removing; of any Negative Quantity 
from either S^e of an JEquatbn tQ the other Side, with ibe 
Sijn + before it j as inthefc 
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Let 1 1 j !<• 
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If34— 4=<— 4 

a 34 =6-4-4 — ^ 

3 44 :=r 6 + 4 ■= I o 




,4^ in fht ^d St0p of this Eaeam^h. 



Let I. 

3 f.iA:fU 



44«-r VC 3>^— J^ 1^4, 

44 — dgzizdd — xha -f- i 
as t=^ dd -r^ tba -\-r b -f- A 
44 -f-jl^tf -rr: ^^ -{^ t Hr* ^^ 
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4—4. 



Sumofe I, 
"• — h 444 i 

»-f-i*44 3 

3+^14 



1^ ^ ^ ::= re — ^h4a'^Ma 
444 I ft4<0 < <4 rszj ffff " ' %944 
444 -4- 3^44,-+- 1^4 — d-rte 

444 4- 3^44 -f--2irf4 — 4r^ -rf-irf 



5^^. 1. ISetittttion by jIBuBfitiaiiittm 

Redujftion by Subftra'Sion is grbufided tifkifn Aixhnft. anl 
perJForm'a by Tranrpofing (orTem«ving}~'any Affirmative Qiiamiqr 
from eirfaer fide of the iEquauoii, t6 the othei; fide« wltbxJieS^ 
-—before it. As in thelc 



Suppofe 



'And jij i = 






Bx4mfhil . 

Let |ij3^-|*4=i=^ + i 
ala4 + 43c6 

3 {a^:;s < — 4;= % 
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Se^. ;. Of HeDiution by iK^Ittfltcattoiu . 

PradUonal Quantities, • in any Aqnarion, are broui;hc into 
whole' Quantities, by Multiplying eacli Term - in tbe MqvAdoa 
with the Oenomiaators oif the Fradioob, i>y 4410111 f. 'Ac ia 
" thrie - • - 
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Then 
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4=tfXS=:3o. For— 'X5 = 5£=:tf 

S 5 . 
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Suppofe 
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bdx 
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«' +'>4c 4- bfAznhdx 



Suppofe 



I X aa^b' 



% 
% X a ^-'b['i 



www * 



bA^bb 



aa^-^l^t a~\-b 



_ ba} — bU^r- bU + b* 
a-f-b 
i< + fa* == ba' — t'a* — 'tl 4 +*» 



'Se&. 4. Of Jdcfcuttion'by jDfliiltotu • '. 

When any Qgantity (ckher k«o^a;or;unknpwn) U in c^ry 
Teifii of tn iEquation ; if rhe whole iKquatioo be Divided rby 
tfaac Quantity, ic will be. Reduc'd into Lo^er Teibsi pen^lxfom 
4* As in thefc 

■ 

.-•••.•., Examples.' . ' ,^ - 
Suppofe .III had -f; bca ■= bcdl ' ' . Let Ki I aa ^"J* 



Let 



4 ♦•^ -4 I } (if -|- c* — « =: </ -(- </i 



h 



n*w-v 



i*r 



Or when the unknown Qjantitjr is Multiplied {vi:(. join'd) 
- nvhh any that is known; let the whole ^Equation be Divided 
by the known C2uanciiy, thai fo the uhkoown msLj be cleared. 
As in ihefe 
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Sappofe 
I -^ ha 
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.^h i*> 



•*^>m^ 



A-t^ 



«k 
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3 -ft^+6 



49^^ • -^ 4l4» = ^kcA -f- ai<:4 
7ii* -+• 6'4* nr ^C4 -4^ 5^4 
74/4 -j^ ^4 :=s b€ ^. :3C 



5e5. f. ^tittctton by ^ajlutioii* 

When there happens to be an Equation, between any Hrnno^ 

frene«lpr like Sards; Take away the Indices, or Radical Signs 
rom cbe Quancicies, and cbey will becbtxie Kacionat: As in tbe(f 

ExamflUK 



Suppofe 
1 (^ % 



I 

2 



^i = ^/4 4.c Let 
4= d-f-cl I ©-3 



I 

1 



*« = ^* + Atf 



Of if one fide of the iEquaiion confifts of Surd Quantities, and 
the other fide be Rational ; then Involve the Rational Quantities 
toih^ fimc Povircr (or Height) with ibe Niimbet prefix d to ch£ 
Radical Sign of the Sord^ and then take away the Radical Sign 
of the faidSurd (as in the Four following Exaw^tes)x Or it both 

N SidKia 
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Sidd of ihe;gi^'«n ^Equation be Surds oi dfSkrent kkids^j^ Reduce 
them CO the fame Jeaix common ^ Index (by Paii 6. Ch^p. 2# 
Fr§f. I •) and then from both $i4es cake away the faiui comr 
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Bxampleu 
Let 1 1 






Sii{H:bre I 
16*3 ^ 



a4i — ba{7 :=id Let 

jia — iaz=: ddd I ©• 5 



fly. 44 3:?7 
ii 44 = 148.0^ 



» ■ ■ 



<m I » H I 



Let 

I reduc'd to a"^ 
common Index, j 
1^-6 



4J rz: i* ' 
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Sefif. <5^ Of liletmttiott-by Cl»ItttW»v 

When any Single Power of the unknown Otuamity, is on one 
Side of an ^equation ; Evolve^ both" Sides of the ^qu^iion.: ac- 
cording as the Index of thai.Powecdenote$^ aiul their Ro^cs ^]X\ 
be equal. As in thefe • 



Suppofe 
I iteix 



44=;3< 



Let 



4 = 36|» = $ I I w»3 
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SDppofe 



44 si: U — ^</ 1 Let 
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Or if any Compound Power of the unknown , Qiiantity be 
at one Side iof the Jfiquarion (ihaf hath a true i^t of i$$ ^ndj 
Evolve both the Sides of the ^quaiion^ and it wilj berdepr^fs'd 
to towef Terms. As in thefe 



Eximples, 
Suppofe 1 1 laa 4- tSd-^-hbzzzdd) aa 



4--- 



iha -f- (A :=r dJcc 
t-^ dc. • 



' fhtt 



I 5 piittttt^?. n 

J^rt follow a few Example^ of cleaHng Aqilatibns, wherein 
all cbe foregoing RedufSyjons are^ promKbaouily uted, as occafion 
l-equires. 

ixumfU I. ' ' 

— ^ ■— rr *— r — ; What IS 4| := ro f 
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4 + W 

5 — i»c 
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Suppofe 



I X4 



aX354 — ^ 



4*4 

5 uii r 



3 

4 

1 



ExamfU i^ 
1X115 = -Ji_ , whai ii thd Value of 4 ? 



4 354'-« 

4+ 354 =r.^-^^ 



I2fjl6 = 444 • ^ 

91319 rj:44 . , ^. • 

V 3 1 3^9 3= 4 *::=: 177 the Valiie of 4 qreguired* 
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44 • M-f i*^^ _ 4^ — 9^^ 

4: ' c' • cc - 4 • 



4 ^ . 4 . • ^. 

i 1 "^ .■' ^' '■ _ 
^<^. 4 ^ 

— ~r *-^ = i- 

^c 4 c 

^ 4 
4^44^ -f- 9t'c* :=r 4C44 

9^'^' r= 4C44 — 4^44 

^c i— 4^ X^^* := 4<?^^ — 45«2* 
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4-CJ1.4* 



As was required. 



i By the help of tbcfc Rcduftions (properly applyed) the un- 
known Quantity (a) or its PoWersr are ciear^d and brought to 
pne Side of an ^Equation ; and if the .unknown Qiiantity {a) is 
found = to thoie that are known, then the Qucftion is Anfw^r*d, 
As'ih the ifi ExaaiplesLotJfa. x. and i. „ . .« . . 



Oc 



( t I . »* » . 



*<Hist(onst n 

Or if any Gngle Power of the unknown Quantity (d) is found 
rcqual lo ihole that are known, then the K^pccSivc Root ^- tin 
Wnown Quantiiicsis the Anfwer. As in the firft Four Examelei 
of Sea. 6. 

But when the Pqwcb of the unknown. Quantity are either 
■niz*d with their Roor, 2<i aa -^ h*z=L'l4. (3c. Or do confift 
of di^erenr Powers ; as ii*-t- da' = ec, &c. Then tbej are 
ealt'd.adfe^cd JEquatioiIj ; the manner of refolving which, that 
if, of finding the Value of -a, has been fliewed in P«k IV". 
Chap. IIL -And othfer Methods for the fame purpofe fbaH be 
. Ibewed further on. 
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9-^if^n^^ 
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of t^M)|^^t(onal ^vmmt^ both 
%mmtit^y ^^eommitii, ana 



CHART. 
Of Stritj^mettcal f^i^o^tioiu 

\ 
I 

IT/Hen any Raik oi^^eiies of Numb^n oV Quantitiet, do d* 
"^ ther increaVp tor decreafe, by an equal Interval or com* 
tnoo Difference fir fixceft, cbey are iaid to be in Arichmetical Pro* 
greffion conuniftd. 

**/ *• 4« ^' 8. 10. ^^.7 
»^ 115. 13. II. 9 7- CS^c^j 

In the former there is a continual Increafe ; in the latter a con- 
tinual Dec|;^aie by 2, which is the common Difference or Excefs. 

And univerfally putting 4 for the \fl Term, and e for the 
common Excefs or D.tference, thfe Terms will be 

IT, 4 4- ^ 4 4- a^ 4 + 3ff, (3c. Increafing. 
«iy 4 -^ e, 4 — 2^, 4 . — 3^ C^c. Decrea/ing, 

Bac the moil Simple and Natural ProgreiHon is that which bcv 
uiU wit(i a, as 

^ ^ ^ ^» ^ »^ 3^ 4^ 5^ (3c. ' • ^ 

;^ ;' ; ^ — f, — 2r, — 3tf, — 4^ — 5^ ^^• 

When it begins with any other Term (as a in the former Pro- 
greffions) it is really a Compound of two Progreilions, one of 
Equals (4, 4, 4, 4, £9^c.) and the otl^er of Arithmetical Propor* ' 
tionals (p^ 9, ic, 3^, 4f, (3c.) 

But 



f 



But when the firft Term exceeds or is exceeded by, the %A 
Term by the fame Number; ot'.^^i^ncyy that the 9^ exceeds,, 
or is exceeded by» di^ ^h Term ; bm not ''by the lame ihac 
the ai exceeds»or 11 exceeded by^ %e ^^T^nnf'; then tbat i^ faid 
to be a Difconcioued or Disjanft Aruhmeticat P^ogtefiioD* - 

Pi&ontinued Arithmetical Propon%A$« 






Now in oi'der to the finding out h0W to'refQlve QAftioni 
concerning thefe Proportionals* • 

4 =! the leaff Term. ---- . 

.y =:thc greaceftTerm. 
jLet < ^ =: the common Excefis. 
n -zrz: Number of Terms. 
s =-Sum of all the Series-^ TerQn»« 

Theorem i. , , , 

The Sum of the Extreams (1. e^ of the leaft and grailteft 
Terms) is equal to theSum of any tfi^ Means that are equally 
dtftant frotp thbfe Extreams (/• e, equal to the Sum of the leU 
but one, and greateft but one, or lels bm two, and greateft but 
two, or lefs but ihree» and greateft but three, &€. Terms) of 
any Arithmetical Prope^on, either continufrd of difcontinued ; 
and confequently, if the Number'of Terms be odd, the double/ 
of the middle Term is equal to the Sum of the two Extreams, or 
if the Number of Terms be even^ the Svtm of the tvro Extftamt 
is equal to the Sumi of the two middle Terms. > , 

. Demmflrati^. ^ • 

T leaft Term 4 "t.^ ^. 

i'+ Gfeaceft.Term y f — ^ ^ 7" 

vi/ Leaft Term biicone 4 4- ^^ .^ i 
. C-f. Greateft Term bur otoe jr — ej) ^ * - -^^ 
r Leaft Term bisr two 4 -j- *^1.^^^ ^ - 
1 1 ^ Gri^ateft Term but two > — 2^5^ ^ ^ '^^^ 
. j^.* Leaft Term but. xhr^ 4i-f- a*^ _^ ^ j^ - ' 
rl4- Greateft Term bui three;' ~ 3ft J T" » * 



^^ Of #i;c(po;?floftl ^' Ptitvm. 

♦ Scb$liumA* ■ - 

i Wherefore by proccpiing with the firft Scries of .tHcfc Tcrmf^ 
towic4. 4 + <, ^4-?tf. ^^•h 3«' efc, .to then'* Term, which 
isj; alfo with the other Scnes of Tcttiis, towit)l*> — e, y—%u 

y jf, C^c. to the »'* Terixi likcwife, which is n^ aod.chfn Ad- 

(iing>oth Series into one Sum, the faid Sum will be e qual t<» 

double the Sum of either Series, and alfo :==: to » times ^^h 
that isjo fay 

m * * ^ ■»■■ 

C&rcllaries* 




ts 1/ — »y 



i.*«k 






3.;' = a = ' =zs—na X — 

.^»i #fo rii/i^e o/ s is fmnd in the nexf Line before the-freeeediifg 
Ccretaria^ ^ • 

Sch^iumt. and Ibeorcmt. 

r4, 44... 4 + 1., 4+3^. «^^-l itis cafy to perceive that 
h* y — e,y — ze, y— 35, &c*f • 

thccommonDiflirencetristeoftenij^^^^^^ in the laft 

Term of the Series, as ai*c the Number of Terms except the firft . 
that is the firft Term -|^ ^ hath 00 difference -^ s^^ftfacacd }" 

in it; but the laft hath (b many times # fsubftraAcdi ^" *^' ^ 
are the Number of Jerms from the firft to the laft Indu- 
fi ve, confequently the difference of the En treams is = * X 
the* Number of all the Terms lefi^ Unity or i-, that is 

Wherefore e ss *^ ~ ^ 

' CtirolUrieu 




.^v *Ubmet!tat; n 



' Giren ^^ r, n; reqtdred y iand /• 

Solution, • 

' • • • • - ... 

i; y—4-^ne — eTrz V^^ fay Theorems zrf atsl i». 

Then »4 -f- «wf _ «* = 2, _ «4 by MoJripiicadon, . 
* And^ax =2= !»« -f- os^ -^ nr by Tranfpofidon. 



■— • 



2. Therefore * = m -f "^ . Z by Divifion, 



Givbn ^ i,j; required n atid /• 

• • • . 

Solmlml 

■' . '■ ■ * ' ' . 

1, « = w_- by Theorems iJ and ifl^ 

Then aw = jjr _ 44 -f^ m -f *7 by MWciplicaiiOffc 

2. Therefore / =^l:r ^^ + ^'^ + ^> 



2( 



Given a^ e^ i; required n and j. 

Since/ = -lizf?^=r ^ -|. ^^ _ ^ by Thcbrems ^/f and td^ 
Therefore me -f 2114 — iiff = 2j by MuUiplicarion and Txswt' 

ET 

And iw 4. ilZli X » == — by Divyjoj by A 

^ Br 
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^ By * Compleating the Square •^••P-riio. 

c 4W ' — ^ - 

444 — 44* -f- w. 

By Evolution 






— 44f 4" 



f» 



4«tf 

And by T ranfpofition 

J iJtf + 44 — ae -j- i ee\ — a t a 

.^V li = ^^ =^— r;j *- — f-e: + * 

And Secondly bccaufc « = --—^— ^ " > ^ "^ ^ by Theorems 

jft and 2J- * ,. ' "' * 

Therefore Jtr + ;'^ == *'^ — 4* -J- 44 by Multiplication and 
Tranfpoficion. .» 

Compleating a; yy'¥y^+^^^~ xie — ae + aa^ L ee: 

By Evolution j' + ^e:=zjzse^ de '+aa+ I eg. 

a. ; = ^ 2j<? -• 4^ 4- 44 -ir ^ tf<f — ^ ^ by Tranfpofition. 

' ' " " Tiwrfw 6. 

Giveij 4^ A ^-> req«jircd « and tf. ^ 

j^ „--: / ^' . :rs ? "" ^ "^ ^ by Theorems i)! and lA 

Then %es —-ye aez=:)y — aa by Multiplication and Tranf- 
pofition. 

1*, Therefore e = JLH-^ by Divifion. 

is — y^a 



Theorem 7. 
4 fliven 4, w, i ; rei^uired 7 and e. 



i.y — 



Solution, 
%f — » ns 



zzzaJ^ng-^e by Theorems ijl and 2flf- 



-. ' "" v^ ' Tb^n 
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Then me — we = u ^ zna by MulripMcation and Tranfpo- 
firion. 

z. Therefore tf=: *i "^ *"f by Divifion. 

,- Theorem 8. 

Gireiif; », >• required 4 and /. 

Soluficn, 
Firft<i=jr — w-f-e — lilZi? by Tfaebrems 2 J and jt>?. 
Then »* = znr — . nm' -f< m by Multiplication and Tranfpo- 

». Therefore , = J?' - '^' j" "' by Divifion. ^ . • 

Theorem 9; '— - •— -•• . 
Given f, w, J ; required 4 and 7. ' . 

Solution, ' ' 

Since > = 4 -f w _ • = iLz^ by TheoretniAf and i>?. 
Then»«4 = »i — ww -f- « by Multiplication and Tranfpo- 

I. Therefore 4 = »irr.^^t^' by Divifion. ". 



And fince 4 = ; - w 4- * = *f-=:^> by Theorems * td and 
lA - ; . . 

fition*" *"'" i^-f-mu—ne by Multiplication and TrjinfpQ. 

a. Therefore;. = *i±^^ by Divifion. •. [ , 

Theorem 10. ' 

Given e, y, j -, required ^ and w. 

Solution, 
- Since « = r^ = lni±S by Theorems i/ and id. 
poftton. "" ~ "' = /J- + ^' - *" by Multiplication and Tranf- 



O a 



By 

.1 



By Cwi^c^ting O : ii4 — <^ + J ^ =^ J9' + ^^ -^ ¥^ 

By Evolution 4 — I e =:? + ^jff+^jfe—^a Jr ^ «^' . 
.1. Therefore by Tranfpofition. 

And becaufc 4=:^~»e+r = — ~- by Theorems li 

^ • ■ " 
and ij?, * . 

Therefore nni — \ny^ne:sz^-^ %s by Mulriplipatiqp ana 

[Trarifpoficioa. - - 

' And nn— 3db-I >^ 11 = _ H by Divifion. 

c - ' * 

ByCompleattag D : «« ^^ X» + ^M^:^^^*^ 

~ - • !!L- * . « • 

By Evolution n - 21±-' == ± ^^^ + 4^^ + 4^-^ + 'T 
„ . V — i'f +7; -j- */ +- i-<v 

»— 21 itl ' it ■> I 1 IBM I 

»; By Tranfpofition « = ± V- V' H-7r +C'-h f«* . 






Theorem ii. 
Given n, f, s; required 4' and c>* i • . 

' ' Solution. 

1.4= ^ =: 7 — iiff -f- ff by TheqrciBS t/? and td. 

' w . ' " , 

Thfen ii?y--r %s = i/wff -^ ;?tf by Muiciplicacion and Tl^anfpo- 
fcion, ' . 






f '^; Therefore 5?^-~-*/ =ff' by Divifion. 






CHAP. 



L- ; ♦ ■ • t 



»\ 



' ' ■ ! <>i. ' J"«" \ ■ ■■ ■ ■ a 

CHAR II 
Of <S(eometn(ai fp^jo^ojtion^ 

'VE^Het^ 4 Raidc ot Scries of Numbers or Qvuuiitktes, doeitker 
T^ increafe by ojic cotnmon Multiplicator, or dccreafe by one 
coonnoa Divifor, thofe Numbers or Qiiaotieies are i$id to be in 
Geoipefckal Proportion coptiDiied. ' 

^jJi. 4« R. 1 6. 31. C^c. Here » ir the comtnooMultiplycri"^ 
ri?!^- 243. 81. 17. 9. £^c. Here 3 i$ the common Uivilor. 

. ri. r. r% r^ r^ &c. Hctcr istht common H^HfkiV* - 

; I. "-" -T- -^^ — :• ^^- Here r is the cbmmon Divifor» 
' L r rl rl r* , ^ 

J common Multiplf^r. ; ^ 
AndUniverfaIly<>^ £, ^ ±. JL, (3c. Here / is 'the 

r* :» * .• i .*, J y- y* j-? |r4 

common Divifor« 

f^ofe, ihe common Multiplyer, or Divifor 1$ call'd the Ratio» 
and it fhew%^ihe Habitude or Relation the Numi'^ers or Qjantitics 
have to one anotl^er ; W^. whether they^ arc Doublfc;, T^^vfff 
<2uadtuple, fife, which £«<;//</ thus defines. 

. Ratio (or Rate) is the mutual Habitude or Rcfpedl o( two. 
Miagnitudes (and confequently of two Multitudes] of the faine 
kind^ each toother^ according to CJuancity. Euci 5. Drfin. 4. 
'> So that there cannot be ]els than three T^rms to form a Pro* 
portionality, or Similitude of Ratios. 

SiS. I. Of 3P?^po?tioiisf, ^etwctrical continued. 

Il^'order t6 folvefuch Queftibns as relare to Geometrical Pro- 
portion continued. I will . .^ 

<< == Leaft Term of any Scries. 
f =t Greaceft Term of the faid Sierie$u 
Suppofc,Y^ =Sum of all the Terms. 
«= Number of Terms, 
r =: Coaunon Ratio ^ but Note that r tr^jift be,cr iT 



♦; 



t&i Of ^mf^Ona Pare Vim 

I 

Lemmas r. 

Id any Series in Geometrical Proportion continued, the Re* 
(ftaogle (or Produd) of the Eztreams is equal to the Redangle of 
any two Means that are equally diftant from thofe Extreams. 

Demmfiratim. ^ 

's bong (as we have alread y fupposM) •=: leafl: Term of any Series 
in ^ and r r= coqimon Ratip ; the Leaft, Leaft but one, Leaft 
bn^ two, Leaft but three, CSc Terms will be a, ar^ 4r% 4r% &c. 

AaAy being alfo =greatcft Term of the faid Series ; the Great- 
eft, Greateft but one, Greateft but two, Greateft but three (Sc. 

Terms will be ;r, ^, ^, J-, (gc. 
And the ^eans or middle Terms, we will denote by &c. By 
Means our faid Series in ^ ;{{5^'^^^* } may be writ 

a^ at, 4r% at\ (Sc. 1^, ^, -L, y. 




fi r 



^^ ••^•f^ ^ ^^ ^g ^1 

y% —I -r» -J7^» C?c. at^ 4r% ar, a. 

And 4 X 7 is evidently = ^r x — =: ^r* x — == 4r' X -^.^c' 

r ~ fl r? 

If from the Sum of any Series in ^ the Leaft and greateft 
Terms be feverally Subftradted ; I fay^ that the firft Remainder 
is equal to the Produ(9: of the fecond Remainder, and of the com- 
mon Ratio. ' - 

Demcnfirati&nm 

m i- or -^ar^. -^ ar^ + (Sc. 4- Z -f Z. J. Z -f ^ 

r* r r 

Wherefore by Tranfpofition 

r> r* r 

m 

And a -i- ar + ar* -i- av' -i* (^c. -f J?- -f i?- -f /- =;'^ 



Chap. If. €fepm(tdcaU : toi 

But the firft of the two ncxc foregoing SetSes is fflaaifeftiy «• 
qual to the fccondxr. ' " 

Thatistofay J — 4 := s—y Xr. 

• r * 

' 9 «'.» 

jr — a 1 'f 




Wherefore/'-^ 7^^^ 1 O 



) 1' 



^-^Z 



Scholiuml 

It is manifeft by viewing the foregoing Serie^ in ^ that 
ar"^* :=y; for the Ezponenc of / in the fcaft Term of the 
faid Series is e^ in the leaft Term but one is ff, in the ieaft Tefm 
but two is a ; and therefore Univerfally the Exponent of r io 
the »** or greateft'Term of the faid Series is » — i 9 wbete^ 
fore 4r " "* * srj'. 

And by Dividing each Part by r " " ' . 



4 



yii-i 



And by Dividing each Part o f the ifi Seep by 4, and then Ex- 
trading out of each the » — 1 Root 



r = i. 



In — » 



Or by Multiplying each Pare of the jji Step by — W9 have 

4 

< 4 

* Now the Logarithm of r" is (at IhaU be (bew*d when we come 
to treat of Logarithms ; but in the mean time we will fuppofe L 
to ftand for the Word Logarithm) z:znxL% r. 

And the Logarithm of Ais =:= L, • 4- L, r — L, 4 ; wbere^ 

.a -^ 

fore (fincc the Logarithms of equal Quantities are equal) L^y + 

L, r — L, 4 = « X L, r. 

Confequently ^*^'^v'v~^'* =,«•.. 



^ 



« A * 



ib4 Gf IpSJOpOilftonjJ Part Ml. 

' '• Or iJ: being =r" 

^ -f) r = II ; thai is to fay, iH being continually Divided 

by r, until fome Quotient be =: i (or -:a j) thd Number of thofe 
Di/ifions, is j=: 19 (orc-»). 

^ PropoJitioAi^ 

L Given <r, r, ii ; required y, s. 

Solution^ 
I. > = 4r « - ' by the foregoing Scholium. 

ADd.i':=x-* '* ! ■ bv: JLfmm4 2. 

4.ilcreiofe » re . ■ *■ ^ '■■■ ^ ngu ■» . n (becauit nr" *** 

r— * r— 1 

* *■ ■ • • 

a. And confequently j = — ^ — by Dividing each Pari byj. 

n. Given *, r, > 5^ required j, ». 

-^ ^ • • Sotmhn> 

I. J rt; - — by Lemma %. 

\ ^ — J' ^ ■.'■'' 

1. « = I^Z^kf -f I by the faft 5cA«/A». 
lit Given V, y, j-, required y, n: 

Solution. 

t. ) = '^ ^ TT ..I %! • r-r i^ - * by Ltmma %, and ici Stboh'um: 

i . : ; . . r ■ 

"^^ ■- =ii: r* by Kiuhiplying catb Part by — 

»> •• ^ • » -^ 

•i.,. m i III I fci I » 

I 

;_ . But n X t, /-=s: L^ 2III/ f fby the Nature of Logarithnw), 

Therefore II =r L f!*;Zlli^ --t L, r=: 

_ •-. ^ . •. 






ciiap. ir. toiiwtt;ifai; m 

W*Giv€h 4, >, / 5 required r» ij. 

/ 

I, rz=z by Lenrna »• 

s — y 

, a. And n = -^-4^ -^ + * (by the fbrcgoiiig Scholium) =5 

•-^~V'— +« (becaufe r = f^). 
L, i — 4 — L, J -^/ "^ — > 

. V. Given <f , », i 5 required r, ;>.' 

Solution. 
Sincfe =/== ir" -* by Lemnia i, and its icAo-^. 

I. Therefore •i^r*-f--~< ^ = "^ by Multiplication, ' TiHiip. 
poficion and ]3iv!fion. 

a. Therefore ;r x i — >|* - '* :±= 4 X j ~ i^,' ^ » : ' ^ . 

Solutioh^ ' 

i • »• == ^j by the foregoing ScboHurti;. 
And ^ = i (by Lemma i.j 

z. Therefore / = ** j_ ( by Subftltutiob ) =s' 



r ^ - * rf 
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VII. Given ft n, y I required a, s. Nfl 

Solution* 
I. a -=: ^ ^^ (by the next foregoing Schelium,) 

■ W I 

I 

Bui"^ r- = -^ (by Lemma i.), . \ 

r — I 

y 

i.'Thcreforc i =——111-- — ^J^i -, (by SubttituddnJ, 

VIII. Given -r, », i; required 4, 7, 

Solutii^. ' 

Since ^-III.'.i?=^ = 4r"-' (by trwuM a, and its Spi<K 

I. Therefore ^~ ^ = a (by Multiplication, Tranfpofitio^ 
^D^Divifion.) '' ^ .. -\ 

And fincc / = > / - ""I^t. by frofofum VII. 

' -^rk^ttiott'^^^^-^^^ ca^ Pan by/ 

^^ -) 

IX^ Given ^, /^ /; required 4. ».. , 

Solution: 
I, 4 =i — /r -{- >r (by Lri»iB!i4 x.) 

But — (= -^ -J- ^) = r» ~ * ^y the next foregoing 

Scholium.) 



k, ii 



And L, i-r — 3= ji — i xL, r (by the Nature of 

Logarithms)^ tz : » x L^ r — L, r« 
' 1. Therefore t, *— ^-p— 4.^, r 4L,^ r = »(by Tran^ 

fpofition^ind DiviSon) • . " 



» 



T 



That is „ = Lizii=iEE2±k: 

^1 Qlven n, y, * j required r, a. 

I 

Svlution. 
Since, by Prepojiiion VIII, /r" — i^^" '-' =;:;'>'' — ;f; 

I . Then — r" -4-- ■»■■ = — ^^^ — (by Tr anfpofiiion arid Di- 

♦ J — jf S — y \ 

vilion.) 



Scholium. 

If 4 l^e r=r finite Number, and nrz: an infinite (^or infinitely 
great) Number } then (r being = finite Number, and by Suppo/i- 
tim C- 1 )y (by Ptopcfuion I.) = 4r" - * , mufk be r= an infinite Nuni- 

ber ; and confequenily s (by Pr^pofuion I) =r . i>- *^ ' muft be 

'-zzr an infinite Number ; 

But if > bcnra finite Number, and « rs an infinite one, 

« . < , ■> . 

then (r bein^ finite and cr 1.) « Cby Propofition W\l) == ■ /> ' t 

will be :=r an infinitely little Number, and the only way we 
have to write fuch a Number, is by <?. 

Wherefore /= J^";:i; (by Propofition Vli) =^^2:^ 

^lU be, m this Cafe,'^n: -i- ; that is = a finite Nitmber. ^ 

Upon this Canon are founded fuch Qaeftiofis ai are ufually pro- 
posed in infinite Decreafing Geometrical Propohidn, which $rc 

cafily folv'd by the faid Canon ^ to wit -^ — ::=: s. As for In- 

ftance; 

If it were required to find the Sum of this t)ecreafing GeomC- 

irical Proportion -^, ..^_, -^, Gfc. In infinitum. 

■ ^^^^ "77^ ~ ^- . 5 '^ ^^'^' ^^'^ that^ mujl 

and bc^=r. (bez=: finite'Number, and ic t:^ i • 

Whence-^ = 4^xfc-^trrri — AB 

P ^ • And \ 



yo8 ^ Of )P?OIH»ttOn« PartVIH. 

And by Subftimting o for i, in each of tbc foregoing X Pr6pi>» 
fitions, yott^fl hav^ Cdnons for any Propofiuon in infinite Decrei^ 
^ng Geometrical Proportion continued. As for Inftance ; 

a, y, i, being given in order to fir^l r in ah infinite Decreafing 
Series in ^. ' 

1 find in Propofitim IV, that in a finite Series in ^, r = 

^ : wherefore in an infinite Decreafing orte r ■=: . £^ 

fie de C^ettriu , ■ - ■ 

When the firft Term has the latne Ratio io the fecond, that 
the third h^ih lo the fourth Term ; but not the fame Ratio which 
the fecond hath to the third Term : jhat Proportion is faid to be 
bi(continued or pi>jun<%. 

f 56, lb,' 4, z,j 

Are faid to be in Geonietrica^I Proportion Disjhn(f): ^ for the 
Ratio which 2 hath to 4, (which is %) ; 18 hath to 36; but 
4 bath not to 18 : and the fame Ratio which a hath to '4^ (which 
is e) d hath to de^ but ac hath not to d. 

> • 

Theorem. 

In any Geometrical Pro{)tii;ripn Disjunift, the Produdl of the 
Kieans is equal to the' ProduS: of the fiztresiais ^ that is tp 
fay^fince 

a '• ae ::d *• de 

1 hy a X de:=.ae xd 

Demcnftraeien* 
It is evident that $de z=zaed. Q^ B. D. 

* **• Note thar%\x6\d in his ^tb hool^ exfrejfes die I(APio fif ^to- 
f^i^als in this manner j, viz. the £(4tio of a t/by thus -7-. 

rt''\ Quantities arc Proportional, they will alfo be Pi^por- 
tional in Alternation, Inverfion, CSonopofition, Divifion, Conver* 
fion and Mixtly. £wc/. y. |>ff/. 12, 13, 14^ i5» 16. 

That is, if 1 1 1 tf , . i : : ff. . J be in diredl Proportion. 
Then |2U,.c::i,,ii Alternate". For ad = be. - 



1 



Chap. ir. 



And' 

Alio 

For 

Or 

For 

Again 

For 

Or 

For 

And 

For 

Laftly 

, For 

That is 



3 

4 

5 

6 

? 
8 

9 
lo 

11 

it I 

'3 

'5 
^6 
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as before. 



b ", ,4 lid. .c Inverted. For aj z^tc 

sk'\^b..p\ic -^'d , , d Compounded, 

da -f- db zzzkc-}- bd^ that is, dd — i(:, «a uciuic. 

a-\- c*. cxi^b -f- d .,d. Alternately Compounded, 

ad -f- cd~ cb^-f-cd; thai is/ 4^/ zrr cJ. * 

a — b.ib::^ — <f..dDivMed\ 

ad — bdznb^^bd'^ that is,>^ >= t<r. 

4 -^ c . . c : : t — d . • // Afecroatdy Divided^ 

aJ*^cdz=:cb '^ ed^ thai: i% ad':=x be. 

a . ib ^ a ::c* , d ±c GottVerced. 

ad -t ac z=z be + ac that is, ad r=- be, 

4Tf^^ .»4'i- ^ :: c'-(- ^. .« — d Mixtly. 

ac — ad*;jr'. ^^ -— W:3= rf-c -f- 4 J — Ac — i^f, • 
xbc = iiri Confequenrly 4(? -= ^^. As at firfl:, 

S43. ^ . How to turn ^uattomc-inta ^nalogi^isr. 

From ibc next foregoing Seilion,^ it will be eafy to conceive 
how to turn or Difliolve ^quatfons into Analogies or Proportion. 

For if the Redangle of two (or oiorej Q^aQ|kics, be equal to, 
the Redlangle of two (or more). Qiianrities • then are thole 
4 (or riiorej Qnantities Projportional, By the 16. 6. Euclid. 



That 15, if 

Then 

Or 



I 

% 

3 



ab zrzdc. 

a , • c z ', d , • b. 

c .• a :z b , * d. &c. 



.From whence.thWe arifes this general Rivle for turning iEqua- 
tions into Analogies. • ^ 

Divide either Side of the given v£quation fif it can be done) 
into two fuch Parts or Fadors, as being Multiplycd together^ will 
produce that Side again, and make thofe two Parts the two Ex- 
trcams, then Divide the other Side of the ^qui^tion (if it c^in be 
done) in the fame mapner as the firft was, and lee thofe two 
Parts or Sad^ors be the two Means. 

Forlnftance, fuppofe 4i -f- 4flf rn W.' 

Then a .,b: : d .. i + ^i orb -» a::b "^d. . d^ ^c. 
Or, taking ad from both Sides of the iEqua^ion/ic will be, 
4ib :=: bd — ad. 



Then 
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Then # I • cT : : f> -^ 4P. • ^, or t ..d:ib i^ dl.a. (Sc. 
Again fupoofc ad-^ *4f r=:2^-f->y. , 

Here d and 4 -j- if are che two FaSors of the firft Side in this 

Aquation ; (or a ^ xe x a :=i:aa -f* %ae, 
' Again ji anjl xh 4~7i ^^^ ^be two Fadorspf the other Side* - 

Therefore 4 •. y :: li +/.. 4 + Xf. 
Or 2i-f*jr. •4 + 2e :: 4 . .> C?c. 

When one Side of any JEquation can be Divided into two Fa(5lofi^ 
as before, and the other Side cannot be fo Divided ; then make 
the Square- Root of that Side either the two Estreams; or the 
two Means. ^ . « 

For inftanc c, Supp ofe he +id ^ zJa-j-g. 

Then b » .J da -^-g :: sj da ^ g ••c-^ d. 

t)r ^da-i- g^.tiic-^-d. i^da + g. &c. 



>» •• 



c H A P. m. 

Of i^armomral |^?e90?tton» 
IDcfinitiom 

Ti/|Ufical, or Harmonical Proportion, is when of three Clnanti- 
•*"^-^ ties (or rather Numbers) the firft hath the fame Ratio to the 
third, as the diflference between the firft atid fecond bach to the 
Difference between the fecond and third. As .in thefc following. 

Suppofe a, b, c, in MuficalProporiioft. " / ^ 



Then 
Therefore 
1-^ ea 



3 -r 2C — i 

5 + i4 



5 



-f-c -f- 4 
5 — ch 



7 -^24—/? 



a .. c: : If — a *. c — B 
cb — ea:=:ac — 'ak„ 
fb-ri: Z4C — ab -^ , ., 

, rr^a the firft Term. 
zc — b 

cb -f- bd 1=2 lAC 

b z= -?^ the fecond Ternx 

C-f-4 

ba = tae -*- cb 

zr c, the third Term. 

X4 — b 

B 

■ ■■' » " ' 



C 

-4- 



-^D 






U 



CHap. III. ' )!>!innonital. m 

If there are 4 Tenns in Mufical PcoptJftion, the Firft hath the 
fame Ratio 10 [he Foi;rtb, as the Diffeieflce between the Firft and 
Second hadi to ihc Difieience between the Tbird and Founh. 

That is, Let a, h, c, d, be the 4 Tenns, (Se, 



Then 

Tbercfore 

. 3- J 
7 -4- s<— * 



..d'.'. b -~- M ..d-^ e 
db — dM-=aJ—,Me 
di~;ida^M 

A 

— :^* 

id — e 

, ida — 4C 

*— rf 
S-}~e4 :=zdM 
~ ida — dt 

2^0 — db 



<! ^ S| . 

K. Z - '5, 

■; 1 1 ? 

PAR. t 
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PART IX. 

The Detitatton anJ CompoGtioti of 



y 
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C H A P. I» 

The <0;t0ination of <auati?attcii y^tuationir, htbui 

Derived by Mr, i|^drriot« . 

Cafe I . If { ^ ~ 1; ^ }then by Trarifpofition { ^ IjL ^ ^ ^ }^ 
•and by Multiplying one by the other, youil have 



That is 44 + c — kX a — bczno^ 

Cafe 2. If ^^ ^ T ^^^^^ '^y Tranfpoficion^^ _ c ^ oi 

and by Muliiplication ' 

aa "-^ ca '^ bd — bc:zzio. , 
Tbatis 44 — c— >X4 — tc— o» 

Cafe 3. If {^ "t J^then by Tranfpofirion {^ ~ J ^ ° }^ 
And by Multiplying tbem by one another, the Produd is 

Cafe 4. lK\J= lt^l«°ty Tranfpc,fmon{^ + * = ^}i 
aAd bfwukipfjiog them by one anothei-, you 11 have 

- " Hcnc6 



Hettcc ^H adfieded Qgi&isttidc £qaadotts; jyberein the faigheft 
Term is a\ or the Stjuare of tiic Q|iaacicy fought, are rcducibto 
to tiiele four Formi. 

X. 4» 4" ^ — * X a ^h sc d. 

*• ^* "^ ^ "K g X 4 -|- ic = o. * 
4/i* + c+^X4 + *c=:o. 

And tbefe Mr. HkrrMr properly calls. Origina] Aquidoas, and 
from tbem (hews that <every Qaadratick JBquacion, wherein cho 
bigheft Term is «% or the Square of the Quantity foughi, hath 

J'olt two real Roots according toriie Dimenfions of rhe higheft 
^ower. as being made up by the Multiplicauon of two Simple JB« 
Sitidns ; and ciN^e Roots may* be both Afirmative, (as ia 
fe ^d.) or both Negative, (as in Cafe 4^^.) or one AlSrmaj;;ve, 
and /the other Negative fas in the tft and id Caies); and 
fometimes they are equal to each other, and idmecimes nor ; and 
the abfolute Calamity given ir, is alvirays . the Rectangle o£ 
the two Roots^ and c (ot of the two Values of ^ ; and if be 
hath a pofittve Sign/ the two Roots have like Signs, but, if 
a Negative one, , unlike; and the Coefictent of ^r in the %d 
Tarihr ' isialways equal to' the^ Sum of both <he Rom with roa« 

l>:Thati or c, with its prefer Signi is one true Root of the 
forf going Original A}uatioo$, will appear, l^y Subfticuting h ore 
with its proper Sign, and its Square^ for, and infiead of^ atid 
its Sqtiare, in apy of the foregoing Original Aquations. 

To^nftaoce what I here (ay, I will make ufe of the firft'Qrigi* 
nal iEquation, Namidy • *- 

4* + c — * X4 — hcz=: 6, ; 



r.; I 



Now if you SabfticQ(e hh lot 4a, and j' fdi; 4 in the foregoInj| 
JBquation, It will become 

Which i$ manifeftly true. For by /Us^bEf vi^aiig this iEqaatico 
all its Terms are deftroyed, and it becomes d :^ o. 

Whence it is certain, that one of thd Roots of (or Values of 4 
in) this iEquation 

44 -f- c -J-. ^ X 4 -- ♦(?;=;: «, is *> 

In the next Place, I fay — ^ is the other Root of the faid phV 
' ginal JEquation ; for by Subftituting -f- cc (u r. the Square of 
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^c) iTor aa, ani'-^t for 4 m ilie.iUd^Dngiiml JSqufttiei^ ic 



That is. cc -*- ifc -f-** — - fc zr: aj 

, Or 6 ;3B o, 

• ■■ / * ^ - 

In like manner yon m^ prove h an^ Ct with cbeir proj^ Sgm* 
to be the two Roots of any of the*^ other thr^e On^lnal Qjia- 
idiatick JEqu^tiobs* ' . * 

yjowfuppofing ctr'i, and c^b:±}' 

[ Aaalfo <?4-* — ^ 

SfVnd Jc c=: 6 

^ The 4 foregoiftg JEduati6DJ will =becob6 22r to tlilfefe 4 foUow- 

JnjfbneS rcfpediVely, * /. ' ■' ' 

' '4. aa^^(t^bz=z 6\ ^. 

' Td tBefirftof ilvfitoli Ca&v, yohhaVe dte Sm of tbe two 

Roots fougfat^(?) =±i#r>; ioabe :»</ (9)zzz'Mi^^vi the 9^ 

Cafe (/} =: -»^ and in the 4^/y Cafe (i)= ^f : as aifo the 

^Keaingfe { r > r=^ -i. *, ift the t/f aijd iiCafe^ b* « .+ A in 

rthfe- g|i and 4^'€^'fesf; given fA Older fo £nd tbcir DiffsraKlc 

H(i)'> aiid tbeneacfiof ihe fai^'RooiS!. * .:. 

34tf i»tf ««tfr of Ending uH vehkh, psall be fhiffdin Wart X 

Now forafmuch as fome Algebraifts define atlfef^^ Qjiadra^ 
tick ^Equations in thfis manner, v/;(. 

* When the Quantity fought Is br^aglsc to an Equality with 
v*tho(e thai are ka€)wn» and is z% one Side of the JEqnatioa, ml 
^ no' thcfre than two difFe'reht PoweVs, 'wbofe Indices are double ■ 
* to one another; thofe ^quatiooi^e called adfe6ledHQpadra- 
^ tick -Equations. '^ ' .:.-:. 

may ^y by'thapt^'fihitiORJ 






. 1 Ui ' 



That 41 + b^ =d? 4-W 
Or 4^ ± fl4' rz: + c 

Or Univeflally«'±j4»3E±>|(^is.an.a^fi»d Qaadraticfe 

. * ^ »* 



% 



Bat cbefe JEquatiotts havi«g,*as many Aoqcs, K^U or Imagina- 
ry, as there are Unic$ in the piS^x of the higheft Power of the 
Root fought ; aiid betn^ not p.ix>duc!d by thcf -Mulcipl'tcation of 
two Lateral Aquations (as the foregoing OrigSiat O^draticks 
are), can't be faid to be Original adfedl^d Qu^drafick Aquations i 
but (fince the manner of folving thofe, is oFthe fame Nature with 
that of folving the foregoing ones) may be^ll'd adfeded Qpa- 

ijbratickAqn^tipiii. ,..,,...- 









CHAP. It 
Of the <8(;i0inat|on ofj^uBitli, U<i. i^^uation^^ 

, 1\4^« H^riof ftews the Original of ^ Cubick -ffiooauoti, to be 
I ^'^ derived from three Lateral Aquations, reducd firft tb the 
Form of Binohiials, or ftcfidivils ; and then Muhiplyed comimia!- 
ly into^each other ; or ^Hc froaj one Qjiadfaiicjc Muhiplyed .^y 'a 
Lateral Whence he deduces, that all CubiciJc. iEjjuarions have 
three Roots, Real or Imaginary, or as many as f re the pim'ed- 
fions of its higheft Power, and no more. , * ^ " ^ 

Ongmtl Cttbkk A^atioiis may be thfas f^rm'^. ^ ^ > 

Cm A*^ ^'* • 

' let the thftc Roots be< i r= c > Thetr by Tf anrpofition 

C4 = </3 -^ 

4 — . c :=;= o > And tfaefc three Refiduals Mvi^tiplye4 con- 

♦••••1% .v,*« ^ 



tinually into each other, will produce this Aquatiom^,. 



-^d . +cd 

^^ In UJcc4nanncr he (hews the Derivation*©/ Biquarfrattck-Eqna^ 
tions, tobe from four Simple, or Lateral Aadations reduc^'d (as 
above) to the Form of Refiduals, or Binp'nlialij arid then conti- 
nually MuItiDlyed into each other: or elfe froaiaXAibick-iricaa 
Lateral; or from one.Qijadratickintp another: orfroni oneQiVa* 
dratick Multiplyed into two Laterals continually. Wberefofe he 
faith, 'eVery Biquadratick will have four koot?, ^I^cal orlmagina- 
sy, agreeable to the Dimenfions of its higbcft Power, and no more 
Thus, if the former Cubick be Muhiplyed by «4"4^*^' ^^*^ 
Biquadratick ^Equation will be produc a, vi^- 




lii Of the |D;i{g{ttati09 6f itqu&titttji* ttfl^. 

V ^ ' • 4 fc ■ •— Fed' ■■ 

— /c 
— /i 

« 

From whicli Original of t\it(t jEquatfoni , 'tU plii»» thit aftef 

S)u difcover the Value of any one Root, you may deprcfs cbe 
quacion a Dimehfion lower, by dividing xt by fucb Root re* 
diic'd CO the Form of a Refidual or Binomial as above. 

Thus if you find that one Root, or^ one a of the laft forefoia^ 

Equation, is ::;= — /; then Divide the Equation hq^ -f-/ = ^t 

ancf'it w9l bring it down to aCubfck; and tba^\}ubick beinf^ 

•jfgaio Divided by 4-^^ = 0, or 4- — ,ez:=:0^ <»r4«^tf==:o» 

'wiU be deprefs'd into an Origin?il Qoadratiek, fSc- And cbis is 

iomecimes of good Ufe to diflbhe Compound Equaciops imo 

their Components, as (hall be (hew*d further on^ , \ ' 

. From this ^letbod of (Compoficion of theife Equations, *tis alip 

apparent of wbat'Members each of the Coefficients are made up. 

I For the Coefficient of the %d Term is always the Aggre- 

gat or Sum of all the Roots, with contrary Signs. Thus in the 

Cubick Eqqatioa abote-meotiop'd, the Coeffici<ot of cbe %i 

Term is — c And ^^c \% the Co^cieot of the %i Term of 

the above jSiquadratick Equation ; And + € fr^ i^v &>^P^^'t 

and ^ c in iht latter Equation, is the Sum of jill the Roots ; 
,... .4-^' " * , .. \ ., • -I -. *• . 

. whence what we tave (aid in the \Ji is.manilfeft. 
I Wherefore it fbHows, that if all the Negative Roots, ft* 
eluding ;tbf^ir Signs, be equal toairtbe Affirmative ones; C^ho* 
not each to each rcfpeAiyely) then will the xd Term qitite va- 
nifli out of the Equation, and be wanting, becaufe (be Affirma* 
tivcs and Nega(ives dp mutually deftroy.each otheY. And vies 
verfa^ wb^eb jpvcr ^he ^dTermJs wanting in any of ihele |Equa» 
lions, the Roots 'ate :thus equal, ^nd have contrary Sighs. 
. II. The Coefficient of the 3^ Term is the Aggregat of all the 
Rc($angles' made by the Multiplicatlbn of every l*air of the 
JloQts fwiih contrary Signsj as bf ten as they can be tiken/ wh'ilh 
\n a Cubick is 3, in a fiiquadr^kk is 6^ in a 3tli Power b i: 

;♦/...... ^ - «• \pJG^ 



f^c. accoodin^ to the erd€t of Tritngalar Nutribm. Thiii ia tif^ 

}i Term of the Cubick Bqatcipn before mentioii'd 4- M the « 

CoeScienc is tde A|gf egac of the three ReAangles of the Rnotf 
^, c nui J, taken by Pairs. ' ;* 

. And here, if all the Negative Redanglci .( fecludiog dim 
Signs; are equal to all the Affirmativ^e ones, they sirlU deftiof 
one another, and fo the zJ Term wtU vanifli, or be wancihn. / 
HI. The Goeficicnt of the 4^^ Term is ^ Aggregat cf all 
die Solids made by the continual Multiplication of 4U the Ter* 
rnrys, or every three Roots wkh contrary Signs,. £?c. and ft n* 
md infinitum^ 

'IV. As in (Spadraticks, the abfolute Number or Qp^nntf jp* 
ven, IS always the Redangle of tibe two Roots, or Vabicsnf#^ 
5o in Cubicks, 'cis* always the Solid of all the three RooiSi ^idp 
their Signs changed) oae.inio anctbdr; and in KquadUJUtkn of 
all the tour Roots, (3c, 

• From this Me^iod of Compofic!on of thefe Equationsi *tis flip 

Evident, that the Affrmaoive Roots of any Equation, are changed 

into Negatives, and the Negadve Roots tnn^ AffirmativsSr of 

dianping the Signs of every other Term of the faid^Eqpa^OQ, 

that ts the Sigiis of the %d, j^b, 6fb^ itb, &c. Terms, or of tbr 

^ftf B^sS^^f 7^^> (3c. Thus the Signs of the Roots of jtUl 

'Eqo^ni af — 44* : — jjii' + 584 -^ 4Q ;;;po, ate cbang'd bf 

writing it thus, 4* -f- 44' — 1 $a* — 384 — 40 =? o 5 Or ibia^ 

— 4< — 44^ -f- 1 54* + j84-f- 40 = o. - And the Signs of die 

, jBLoots of this Equation, 4^ -j- pii* -}- qa -^r =1 o, are diang*d 

'.by writing it thus, * 4' •^f4! + ^4 -^ r = o 5 Or thus, — a* -f* 

I. Again, Since any Original Quadratick Equation iMTtlff 
what was before faidj bt Defigh'd by the foltowing oiie, v$i. 

tn which Equation, the two Roots or Values of 4 are ^ — ^« 
and * — ^ : and fufpofe ^ not tr f, and C? ^ tb^ t — f will 
be =r the greateft Value of 4, vyhich 1 fuf^ie is not imaginary ; 
for if it was^ the faid Qpadratick Equation, when its known 
Qlianrities were defign'd by Figures, would have Imac^iruiy 
Terms in it, (which 1 (uppofe neither that, nor any of the fol- 
lowing ones has) or the other Value of 4 = ^ ^ ^. aiuft be ima- 
ginary too, and of confequmce the Original Quadrarick Equa* 
tion proposed, have no real Root. / Thus ii b^ fb^ -rzt ^y 



^jJrZlTtbfAh^l^^'db^^i^ that if, 

if*be=c:^ — n/ — ?. then f wUl bc=>+V — ?» ^^^'^* 
die finM with ih»Di^f| o&ly with a sxmtt3i^ Sign to the laiagif 
nary Term, as is evideiic from the Cotnpibficion of Equations: 
Wtmo which likewife it is q^tanifeft. that the Nnoiber of ImatiR^^ 
ty Roots in any Equation, (not iocludinx Imagiiiiury Terms) n 



u V Wi M^tiply e$cb Term in this Origipal QpiMcaadt 
£«t|tioii» by the In(^ex of s in that Term, ^4 Divide tl\e Sup; 
Src& feveral ProdM<^ ^y #i ibe Qjiotient will he 

!Ht>w if for 4 in this Qaotiem, yoU Snbftiiitte any «al QjWti- 
ey ^ater dian the greatcft Value of # in the foregoing fiquatioii, 
il^ is greater tbaa* ~;,as>(for tho' b were Ocier0jin;d, * — f 
4iM)lAl be » aiy iQ?auity kfs than f , f being Indetermin 4 only 



tebOTgiro)youwai^ve»*""J!lj?» thatby + whi<* is 

anudf^Hy c* 9, finoe * end f are eacb ITo. 
. *, » «i the fofegoiog Original QnadratiGk ffiqaaaoo^ yflu 
fifeewife Svlifthmt * lor *, and from that Sdm Subftf aft th« Pro- 
met 0(i + 4 UM^Jid by the Eicefi o( b, above the grejt- 
dk Vrioe tof J in the ttW B<iu«ioB, that » by y ; *he aemauider 
*wlilbc - 



IWiM* 



■^ft — f ■ ' — •^''' . ' - - • 

which is manifeftly -a o, finccthe Value of f is not Imaginary* 

^B»tU»Obfcnre, ihattho'— J ^/bc iro.yet — s/ ^i>< 
■__J — ,— ^xisraoi'andtho' i — V — » *>« T «. ?«? 

11. Again, Sinf^.any Original Gu^ic^ Equation m^y alfo be 

Pefign'd by the following one, vh^. 

- * < . 



? 



.\ 



4j _ + ^_^4' +^*~t'&+^'"<^ 



*, 



— + 1 — 







+ K 



«iap*w« : <ittl(*,«K. ; - .*^ 



[«■ 



J 



• < 



In which Bqiittioo«-the Ar e e IKmcs are fi — ^ # -?• f and 
i — r ; and fuppofe ^ aoi cT }or r^ and tr o, tbcni— / will 
be = the greacetbValutf of 4 ; whtchi ^nd t^ti Memberttieieof, 
fuppofctobc = rftdQjianritics. * 

I. If you Muhipiy e|cb Tktm in tfatt Equation) hj the lades 
of 4 in that Tens, a^d I^tide theSyoi of cheftivoral Prodods h% 
Sf the Qaodent will te ^ 



•> s 



timm 










+*'r:f>+ir^ 



Now if for 4 iri tbis Qgotjent, yoa^iftinirt any Quandw 
gttater than i -- /> a» *, youll h4ve.V(er. doe^tdi^ioD; « -f 
fr + jr, whKh is evident c o,; jf.^ and ihco' of confeooeiii* 
r.be == teaJ Quaotities j if not, foppoie a=5> — V — * "^ theh 
r will b e =^4. ^ _5jjadj>y +£i£j»U U ooinB=^X 

*: If m the fottgoiag Oti^l Cubjck, Equation, yon like- 
wife Subfttrate * for ^ and from that ^m Sobftrk^A^+ir+^r 
X ?. yon 11 have, afrer doeRednaion. -••^ ~ »V, wMcB isni. 
iiifeftly ra 6. If ^ and Kl« =^<af <^ahaiiA ^If Mo t.1ySut1titnthig 
the above Imaginary Val no of ^ a nd nfor. fhem ,.— pV ^ A* 
vtH\ bccotne=--^»x>— J— > -,. «» x « 4- */--'* — - 
-" *- a^V. which is iycfe*rilc Aianifeftly *4 ». - . ' ^ ^ fi -^ 

. 'Ji/^?]'!' ^'nce any Original fitqi]«iiaTKk BqUnion may 
be Defignd by the foJJowing oa^ vi^, - . 
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ISO Of che e^igfttittiOtt of itquattOttf* Partis 
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mi 
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«bi 
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mtm 



— ♦*— # 



+*"Zf^+r 
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<^m 



+*C!*+f' 



MMMMft 



— r. 






■iff 



MtoaMtaMaMlk 






— # 



MaMM^ 



^ 4 



J; 
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nMMi««i 



n il > " 
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fa which Equation the four Values of d, ire h^f, * --• f ^ 
» — r, and A— i 5 anid fuppofc ^ not C* J or r or s^ and C o ; then 
"f-r-z^wiUbc^rihc greatcft Value of 4, which, and each Mem- 
ber of i — j> fuppofc lo be ^ real Quamiticit then if ^ ana r be 
: = real Qaantities» s will be fo too , but if the Value of f be 
'xginary, that of r or i will be fo too. 



Chap. II. CttbfClfe, &c. ill 

t. If you Multiply each Term in this Eqdation, by tfae Index 
of a m that Term, and Divide the Sum of the feveral ProdvKfts by 
,«i the Qpotieni will be ■ 

\ _ . N 

1 ■ ■■- I ■ 

41' ; — la a 



■^ JX ^ — 






«HilV%l»l 






r 






+ ?/ 






■»■«■ 






1 • 



Now if for 4 m tbi&Ouotjenr, you Subffitute any Qtiantitv 
+ W/ +/.., -f ^r/. which IS platnly.c- o if y. r and / b/t 

!L1m^ ~i o~ ^ "" ^ »"^ ^ + y - ^ "cfpecaivdy. and then 
*wUl bear ed Qua ntity, andj^-f^, + ^ _,. /,' ^jy^i^ 

P -TH + 2/!^ + ;!? + ;{/, which isMikewife plainly c- o. 



< 



iiz Of the jD;l8inationo( Equations Putix. 

1, If in ibe foregoing Original Biqua<iratick Eguad on. yoa 
likewife Subftitu te h for s, and from ihat Sum Subtlrat^^jr 4- 
Ml -f- frj -\- qri xp, ihc Remainder will bcfoutid, afcer due Rc- 
du(3iofi,= — far — f'^t — ^*M, which it manifefHy^o, iff, 
. r and / be =: reaf Qpantitiei j if nor, then f and r being Defignd 
at above, — f^r —f'qt — fn will become :=~f*xy-^:( 
—;'i XV, which is likewjf^ manifeftly "3 o. 

CaroUarjh 

Now the Sum of what it faid in chefe tfaree Paragraphs, and 
what I dcCga to Deduce from them it, 

I. That in any v£qaation wbatrocver, where the greaicft Va- 
Jue of the unknown Root ::^ <i is not Imaginary, and the fiift. 
Term or higbeft Power of the faid Root 4 is Affirmative, anS the 
laft Tefm an abfolutc Number ot given C^aniiry ; if yon Molti- 

fly each Term by the Index, otitf in that Term, and Divide the 
um of the fcveral Produdts by i, and then inftead of s in the 
Q^iotient Subfticuce any Number or Quincity := b greaicr by 
any real Qpantity than the grratell Value of « the Sum of this 
Quantity, which here Nore, will be c- o. 

a. And if in the faid jEquarion, inftead of a you Subfti tnre B, 
' and fitim that Sum SubftraiS the above Noted Quanriiy xb — m 
the Remainder will be "3 o. 

»*■ See the Vfe rf thii CeroHtrj, ia Otmmftntting tbi Cmvngit^ 
Ser*et. 
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aofrrteD 2luat;iaticli ^quation0* na 




^^r^fS^j^^ 



^ .• 



P A R T X. 

Tb^ofue^on of Tixjfttm^ ^vMi^ 

> * • 

A LI Adfe(fted Qua^rs^tick JEquatiom, do (as bath been already 
(hewn) fall under the Confideracioo of thefe four Fprms or 
Cafts, vis^. 

4* - ,4 - i = oC Q^ tJnivcrfally J^' ~ /»4^ - i = o 

4* — J4 -J* fi r= of J^* — ^4 » + i 3=: o 

When there happens to be more Terms in one of thefe kind of 
' JBquations than two, and the higheft Power of the unknowrr 
Quantity is Multiplyed into fome known Coefficient, you muft 
reduce them by Divifion (as in Part VU. Scfi. 4} and for the 
Fra^ional Quantities that may arife by tbofe Dividotls, Subftiturd 
another whole Quantity. 

For Inftance. Let ha -|- caa r^Ja — C4 :s= ^c -j- c$. 
Then by Dividing by i + c, you'll have 






f - » - 

Now make y3r^ ^-^^ 

f Andfor l^, put/. 

Then will aa — l^a ■=: /, be the new ^(^uation fqual to the orherj 
and now fitted for a Solution. But here we will leave it, and re- 
turn to our four foregoing Cafes ; 

In order to folve each of which, it will b> rcguifire ro prcmife 
this ' ^ 



R z 



Lcmfn I 






1*4, The JSalUtlOtt Qf . PartX. 

Lemma» 

Half (rf) the DifFercnce of any two Quantities (;{aiid». 
whereof si is the,greater) Added to half ( / ) their Sum, is equal 
to the Greater ; but Subftradied from hsjf their Sum, is equal to 

• JhcLeffer of them. 

.■■•■-■, 

y — \s-\d. JJ.£.D. 



iJ — ^ 



2 

3 
4 



• Sti Tagt 1 14: ^^ '^^t'* '^c^" already * prov'd, that in each of 

the four foregoing Forms or Cafes of Adfe<fted 
Qdadratick Equations, the Sum (/ ) and Redangle ( r ) of the 
fwo fought Roots, are given to find their DiflFerencc, and then 
the Roots themfcflves feverally. ' . 

Now (by the foregoing Lemma) 

^ f ^ + ^ <5f = greater of the fought Roots. 

'And i- J — I d:=: Icfler of them. 

'And by Multiplying them by one another, you*lI have 
tss — Ldd:=:r. . " 

Then by Multiplying the laft ^quatipti by 4, yop II have 
ts — dd z:=. A^r. , , , = .^ ■.- •' 

That is, by Tranfpofition w — /^z=:4d*^ 

And by Involution tjis — j^r ;=: rf. 
And by ou r Lemm a 

^- ^ + v-^^—y __ greater of the fought Roots. 

7 

I. s "^^^ = leflcr bf them. 

* 2 

Wherefore the Canon for finding the two Values of a in this. 

jji Cafe, v/;(- . ^. i 

44 + ^4 — i ~ o is ^becaufe, as we hav(^ already prOv'd, j 

|S =: - f» and r = r- *la this ij? Cafe) -- i ? ± ^FP^'^^' 

'■ f Greater 'J v^i ^ r.c 

t= s r /• vT - >, Value of ^. 
cLels or Negatives 

Alfo the Cmoniox finding ifie two Values of a in this 2^ Cafe, 

f;/;j, a'a — p^ ^ /u:z:;lo is (becaufe i '\% •:=. f and r :;= — & 

fXzC ib-hZ^- Go ) 



V 



io this ^d Cafe) lp± ^EES =r iGreater, ^ ' V 

* 2 vvLcis or Negative yj 

Value of a. 

Again, the Ciffi0» for finditsg the two Values, of 4 in this ^i 
Form or Cafe, w;f » ^ j — j4 + hz=z ois (becaufe # is = ^ and^ 
r = A io thi s ^d Cafe) , ' • 

i J £ VnyA^ = {£r"j^ Valqe of 4 / both of 

vwhi<:h Values are Affirmative if ^qu' ^; and for that fteafcn 
this £qaation is calfd Ambiguous ; but if ^f'^.^h, then the 
ikid Values arc Imaginary : for, in this latter Cafe, the. Square- 
Root of a Negative X^anticy is to be Extraded in orde)r to fihd 
the Value of a. But a N<?gative Quantity hath no Square Ropt ;,: 
fb^ whether the Root be Affirmative or Nega^iv^, its Square will 
be Affirmative ; wherefore fuch impofSble Aquations are faid to-, 
'have Imaginary Roots. 

And the Canon for finding die Values of a in this 4fi CStfe' 
vis^j, 4tf + ^^ + A ±r o *s (becaufe J n: — q and r = ibin^thi*4f4 

Cafe) - H ± "^-^^^^ = ileft^"^" }" ^^^"^ ""^ ""' ^^^""^ 

which Values are either Negarivc or Imaginary, and therefore 
this laft Cafe is not taken notice of by many Algcbraifts. And I 
(for Brevities fake) will infert it no more. s.. . 

Tho* the foregoing Method of rcfolving Adfedled Quadratick 
.i£quations, is what naturally follows from Mr. Harriot'$ Mietbod 
of Connpounding them ; yet it is not the fame with his, which is 
a peculiar way of his own : and that is, after Tranfpofing,/;, by 
Adding tfafe Square of- half the Coefficient, to each /part of the 
;ffiquation, he thereby makes the unknown Part\a cooapleat Square 
^n Species. > i * ^ 

Thus by Trarifpofing the* known or given Quantity b in the 
rfiree firft foregoing Forms or Cafes, they will become , 

1. aa-\- pai^ h 

2. aa — paz^ h 

3. aa'\' qif=L — b^ Refpedlively. 

And tbefe Mr. Harriot calls Canonical Equations. 

^oW 'tis manifeft that if yoii Add the Square of half the Co- 
efficient ^o both fides of each Equation, the *firft Part of it \yill 
^hereby become a perfed Square, by \s^hic:$ Means the^ Value df 
the fought Root a will be made known ; thus ." \ t 

r I. In the ly? Form where ^^f +/>4,r= o, ' 

Add the Square of i p towit ^.pp,io each Part, and the Sums 
• arcaa-irpa + lpp^zb+lpp. r^^-C 
^OL(X^lia-^]% . ^-^^,H,\_. ^ ' xjr = ;6 >'^ Then 



xi<J The^MtttiOltof PartX. 

Tbm by EstAiifting the Square-Root of each Part, 

And by Tranfpofing i f you have 
l^^lJ, m:=z— ^ p ±»J h'^ ^ pff 0$ before. 

%. In the id Form, where AA—f4:=:zb, 

By Complcating a or Adding the Square of i ; to each Part, 

44 — p4 -f- -J /^ = A -V' J /!?» 

Then by Kxtrading the Square-Root of each Part, 

And by Tranfpofition ar=z\ p ± slb-\r\pp^^^ before. 

5. In the 3 J Cafe or Form, where 44 — f j = — 6. 
Complcat^the Square, by Adding the Square of half the 
Coefficient ^ j, that is i 5^^ to each Part, and you 11 have 

^ — f ^ + 7 W = — ^ + ^ W* 

Then by Extra(Slting the Square- Hoot of each Part 

And by Tranfpofition 
&irtr.3* 4= l f ± V — ^ -t"j f ?• as before. 




Now by the help of thefe Theorems it will be eafy to Calcu- 
Utc or find the Value of the unkiaown Qpantiiy (<i ) in Numbers. 

Example i. Cafni. 

Suppofe aa'\-a:=.6^'y 

Then P = I, and i = 6 ; wherefore 4 = — j.±>/6l by 

Theorem i ; that is 4 = — i ± 2 i = <^+ ^ V > t^*^ '^ *^ 

fay, the two Values of 4 arc -^ a and — 3. And either of thefe 
Roots being known, the other may be found by Subftrading the 
known one, from the CoefScient of the i^ Term with a contrary 
Sign, as is evident from the Compofition of adfeded Quadra- 
ticki. 

So, if I know that + 2 is one of the Roots of the above 
^Equation 4* -{- 4 = 6, I can have the oth,er — 3 by Subftraft- 
ing 4-2 from the Coefficient of the xd Term with a contrary 
Sign, that is from — i : or if I had known chat — 3 is one of 
the Roors (or Values of a) in the faid -/£qnation, I can find the 
^ OtthcrHha, by Subftradting — 3 from — i*: or if one of 
I 'IJS.^ • '■ . 'the 






aofecteD€iuAt);tatic1ti£aua(f(m0; fx/ 

the Roots be known, the other may be had by reducing aU the 
Ternns in the given ^Equation to one Side, and i£quating them to 
o^ and then Dividing them by 4 — given (or known) Qsaotity. 
==;: o ; thus - * 

a — %±z%) aa ^ 4 — 6=0' (/i+j^z:© 

aa — ia 



K 










1 




— 6 

— 6 




Ofrf-f- 


9 


= 


0) 


44 


-i-s- 


6 = 










• 


aa 


4- 3" 












« 




— la - 

— 24 - 


-6 

-6 



(4 — 2 = e 



d» The truth of this it maniftfi firim tht Compofition 0/ OrMnai 

AdfcBed fiuadr attest. 

And tho* it may frcm wonderful that the Value of 4 (hould be 
— 3 in the foregoing ^qu^^ition j yet by that Valu^ the true (Qt 
pitt) JKquadon may be found thus. 



Let 

I 0-2 
I-t-2 



I 

2 

3 



*=^~.3 

aa — 9; w:{. zs: — 3 X — 3 

44 4» 4^=^ 9 — 3 =:^, as at firft. 



Example z. Cafe t. 

Suppofc Ma --faziiz 948. 75- Then — /> =; — 7 and * =r 
948. 75^ A nd by CafM9 (or Theorem) 2. * 

4~Z.±^/948. 75+^^= J ± V 9^1 =5 I ± 3» = 
J 34. 51 

1—27. 5r 

Now, either of thofe Values of a being known, theoihar may 
be had by Subftraftion or Divifion, as in Example 1. 

Example 3, Cafe 3* 

Suppofe^i — 3AIS5 — 243. He^— |f=;— 3i;and — i 

?=:— 243. ; ' ' 

Theii^ 



it8 



The 4lrttttlon of 



PartX. 



' Ulcti 4 = J9 ± V J*4 — *45 '^y ^-^w^ 3 J that is ^==r i8 4^ 

This 3^ Fono is call'd Ambiguous, becauie it hath two Affit* 
^#^ mative Values of the unknown Quantity ( a), either of which Va* 
lues being had, the other may be found by Subftradion or £Kvk- 
fion, in like manner, as in Example i. 

\ Notwithftanding all Quadratick >£qtiations of this id Form 
have two Affirmative, (or Imaginary) Roots ; yetbutoneof thofe 
Roots will give a true Anfwer to the Queftion, and that is to be 
chofen according to the Nature and Limits of the Q^eftion, iu 
/hall be /hexp'd further on. 

From the foregoing Csnens, by the help of SuhRitutim^ other 
C4IMIIJ may be Deduc'd, which will iblve all Adfe(^ed Quadra- 
lick ^Equations., Thus - .' 



If 



n 

11 a" — pa* :=zb 
■* - / 



JIa" — J4» 



— i J Then 



Sappofe 4** = fy and tbe foregoing Aquations will beccmic 



3 



-fe=b \- 

— aezz: — bj 



5|« + /e z=A 
ee 
ee — qe 



Rcfpec2ively. 



Thereforie 



By €anon \ i 



e—-Lf± ^lff-^b ^ 



■> 11^1 



• ~ 7f±V.H*~*jR«fl«'^veIy, 



Bui e = ^S" by Suppofition; Confequojtly 




4 = V-i?±^i/5» 

n 



4 ^ V 7i±.<Jf^1^b \ Relpcdivdy; 



The<ft 



i 



Thereis anoiher Method of rciolving i^dieded ''iiiadrarick !&• 
qnations, and that is by *caftinejoflF the %d or lo^^ett Tcrrr of the 
ttnknown<2uantity» which isd6neby Subfiitutmi^i\iw^ -y cake al- 
ways half the known Coeffic^nt^ apd in Cafe$ \\Ji ^n^ 4^' ^dd 
it CO, - buc in Cafes %i and 3<i Subftradl it from, i)s Is^ow Factor, 
and for their Sum or Difference Snfafbtdte aiiachef 'Utter. As 

l^.U^C^ nil 

' i "^ 



in cbefe 



Let 

Ppt 

J— I 

S ml 
Frcfm 2 and 6 

r ' . < • 

' 8 mi I 



I 



4 
5 
6 

7 
8 

|9 



«• -f- ^d*' -f- 2? ^ « 



• 1- } 






:> ! 



Let 

Pat 

3 — 1 

4 + * 

5 10 2 

From 2 and 6 
Mi 7 



I 

X 

4 
5 

6 

7 
8 



«T = -. ^ >^:t. »/ i./; -f » . 

1 . • 

45 = f^+v"jjFn 



s 



' 1 



^ i 



ti" 



"i 



C4r/i|< 



«30 


The •0litfl6« <rf, &c 




,■ , ' "'^'■'iV. 




La 


.■_J.'r=:_4=, 




',.: E.t 1 


-■- f«=' ■■^-■- 












.; 


FramauuK 7 .• -T«(=^r^±V j«- 


-i 


7 + H 


i.r=i,±Vi«^,'. 





')?aic& 



Hence it i! evi4en( that whatfoCTW Me.hod ki) Win Mvirf 
tbefe ror Weed tny other) SqirattM, the Rduk wOUWl be the 

fame, iftheWOTkbetrae. ".";" . ! 



PART 



» t 



13' 



>^c 



•W*^" 



' '■ ■ PART X!. 



^'^ 



J 



- V i 



C H A P. . L 

'. ' ^~ ■'■■"••''■ 

i(loo) FounSdf h lb c^ be Divided bet wfeeA two Men ; tliitthc 



one 
Sbare 



tsto1iaveV(73)P4iindsi]iotethan^he(kher.' Wbatts the 
re6f:««;rMan? '• ■ ■':■■■ ' ■'■■ .-■■..-.■ • ■•'' 



Then 
» + 3 

1— ,3 



I 

3 
4 

5 
6 

I 

7 



»'. » 



{Suppofe tbe Shares* foagbt to be =p tf the Greaccr, 
andetheicfler.;; • r 

a = 'r ■ (fr= ; ~ ^ ■ ^ PDunds/r=:/i ^6 : lo :oo; 
= grcater.Jhart. r^. 



I 



• •• r 



... . _ . 

tf:= :=r leflcf Share C= 63 /. ip/. 00 J.) 



> I. 



3 + J 
.And 



1 

3 

4 

5 

6 



Or thus, : 

Suppofe the gre.acer Share to be =r a 
Then the le|ici: Share isz:^ a-^ di\ c , r\ a* 
Und 4 H-- ~ rf = i = 1* ~ 4 ¥^ tl?6Qyeftioa. 

■ " » * ri • 

^4^4= i±i - <; = leffer Shat e =i i^ 



Sz 



Qlfff:"^, 



i^^ 



flln({tion0 producing Pate XI. 



■■* ty 



X S 4^-T # =3 f ( io9oo«); Qiiere 4 and e^ 



3 —4 
5 + * 



im 



6-7^ -\- I 

From 3 and 7 



5 

7 
8 






» i " » .-. 






,•• i 1 



iooooo -p I 






4L_/-. 



Iooooo 




^ iooooo' -J- V 



TT-l - f 

Sjieftien J.. 
A Gentleman finding - divers Poor People « hisDoor, gave 




fher 
3— pa 



X 
3 
+ 



J Suppore. 4 = Number of jPoor Geq^e chat 

/Wrethei^; '\;. •' • . V'-' III 
fc« + c = ^4 -:./ ' $y the Qvicftibni 

c ^-f—da — U 



VH :^M= -^ ^ 8 Poor P^,le.) 

One being asW how dd he was, antwer*d,vif-j (fe )'or 'toy 

« *, . <• - . •'^ . • 

* • ■%.•... -. 1 ; . - 

Age in Years, were Mulciplyed by -^ (i ) of my Age, the Pro- 

du(3; wou*d be my Age. I demand nis Age ? 

Suppofe a = his Age. " } ' 

ff4^^4 €paa t . >i 'L. 

-r X ^ = 4 = ^ — by w Qijcjiioiu 



Then 
ax*j 



I 

1 




3-r;c4 



t f t' 



. Ill' •• IMWiV — ■ - ' I ■ I M 

/C4 ' : C/» * 



- ] ^ ^Ycars. 
ioi<8l_J«o ■ 



sx 



•• « 



•5-V 
fljiefiian 



■l 



/ 



Oiapil. 






Mj 



. A Mein and his Wife did urually drink a Vcflel of Beer in 
^(ii)Dayi, and chey fpund, by ^fcen Bxpenence^. that the 
^ife being abfent, the Man drank it in c (x^} Days: the Q^e- 
fiion is in how many Dajfs wou'd the Wife alone drink it at 
that Rate* 

I . Suppofe (he wou*d drink it in a Days. 

%' Now ia order to find what Qiiamicy he wdu'd Drink in s 
Days, fay 

.cDays.. I Veflgl : : '4 Days . • — Veffels the Quantity he 

wou'd Drink in r Days. . :' 

3 . Therefore the CL^^A^^ (o*^ Naniber of Veflels) wluch he aiid> 

fte WQtt d Drink in a Days is = i ^ = — ^^ Veffels. 

c c 

4. But he" and Ihe did alfo Drink (by. the Queftion) t Veflcl hi 
it Days, therefore to find what Qiiantity they both did Diiok ia m 
pays at this Rate, lay 

i Days . . I VeSkl : : « Days.-. 4 Vefl&b. . 



3:=4 

8 -tc — ^ 



5 

6 



■ 

'7\CM:=:tc-^ ia 

I . :bc 
9,- 



II X XO 






Hueftim 6. 

A Hare being i ( 50 ) Paces, or Leaps of her own;' befot« a 
Gtey-hound, ittalcesrf n.} Leaps to ihe Giiey hounds / (3 ) Leaps, 
Biu m ( X } Leapi pf the Grey-hounds are as much as 
n { 3 ) Leaps of tb^ HAres, How mapy Leaps dfiuft the Grey- 
hound uke to'Carch ihe Hare? * 

I J I V'F^^r'the Number of the 'Griy-houndis L^aps 



»2 




»34 



Then 



\ 



Therefore 
6 — mra 



7 -T sn — mr 






5 

6 
7 

8 



of the Gra^'bound*s 
Leaps is to them of the 
I .H^rei in any, fime,: ^ a 
'< it ai the Grkj hounds \ ,\ 
* tLemfsto all the Hafes - / 
\ Leafs rfter the Grafm 
I hound began to Courfe .'I 
\bir.^ ,/ • , ':■■' . 

And ^ +. * = Itdut =to the whole Nw- 

_ • • • • 

ber of Paces the I^are wcoc 

That }s fk h ^to to 
M the. mote fimsAer 
]of the (Srs^bflimdt 
jjeafs is to the whole 
'hliimher of the 'HaiFCi 
ImeafU ' • '! 



tn m^n !t ^ •• 



ra 






mra ^ mhs 



na 



^ 
t f 



mra -^ mhs pz sna 
mbs:^ sna — mra 

mhs , 2 X fo y 3 T 



sn ^^mr 

of the Gray •hounds.) 

Or, baviog proceeded as far as the %d Step, it is evident that 



a Leaps of the' Gray* hounds muft be equal to 



Leaps of 



the Hare's, and by the latter Part of the Queftion, m Leaps of the 
Gray- bound's is equal to n Leaps of the Hare*f ; Therefore ms 
Leaps of the Gray-hound'sisequatto na Leaps of the HiSi^s, and 
(by Dividing each Part by m) a Leap$ of the Gray- hound's is equal 

— a Leaps of the Hare's, which is (by what has been here faid) 



sb^ra 



And by Multiplying eaeb Pan by m, you' get 



the Equation in the %th Step'foregoing. . * 

Vitruvius (in Lib.^. ^^^-sO reporteth that King HiVo having. 

given Commandment for the making of a Crown of Pure Golo^ 

was inform 'd that the Workman had detain'd part of the Gold, 

^d mizt the reft with as much Silver as he had ftolti of Gold. 

The King beins much difpleas'dac the Deceit, recommended the 

Examination of the Bufinefs to the famous Archimedes of Syracufe^ 

who without defacing the Crown, difcover'd the Cheat in this 

manner, vi:{. Experience telling bim thai a Qwanrity of Gold 

""" -^ - - - - ^ would 



♦ ■* » 



Chap.!. wmi^ ^qaatiprfo- 13 j 

vrddid poflefs lefrl^m, or Space, than a CJpantity of Silrer ^T 
the fame Weight, and * confequencly that a mixt Ma(s of Gold 
and Silver of the fame Weight, wou'd take up feme mean Space 
between the two former, He made a Mafs of pure Gold of the 
fame Weight with the Crown ; likewife another Mafs of Silver 
of tbe fame Weight .with the Crownr. Then having put the 
Crown, a'$ alfo the other two Mafles feverally into a veflei^Vt 
tip to the Brim with Water, he diligently referv*d the Water 
flowing over into another Veii^I, and' from thofe three Q^iandties 
of Water {0 ezpeird, he found out tb^ Quantity of Gold and Silver 
in the Crown ; but fince Vitruv^s delivers hot the Pra<5Ucal Ope- 
ration, I fball here Ibew the famje after the manner of Carifarms 
and others. 

' Suppofe the Weight of the Crown, as alfo of the two Mafles m 
hav^ been each =:/r lb : alfo that^by pu^ng in tjie* A^afs of 
Gold into the Veflel, that c ft of. Water was tberebj expdM, 
fc^ putting in the Mafs of Silver d ft, and by pututlg In the 
&own/ft. The Qneftion is to know bOvtr much Gold^ and how 
jpiach Silver the Crown wa$G6aipos*d, of. , 

Suppofe of if ft of Gold, and therefore of & — 4 ft of Silvei^ TW 
If ^16 of Gold expeh.cttof Waclbri: Nittof Gold will ex- 
pel . i fj^ tt of WsUer. 

Again if ^ ft of Sth^er expel : ; i lb of Water lih— 4% of Slitr^ 

db — da ^* i » ; 

will expel . . j ft of* Water ;• and therefoije the Qjiaf^jqF ^ 

Gold and Silver b the Crown wiU expel ^^ + ^*— ^f i^ of ^*- 

ter, which muft be (by the Queftion) x= f% of Water. ^ 
.,j&nd by. Multiplying eachPart by *, we have ca — 4*1. rj- A 

By Tranfpofitibn Cii -«- i4 =r /& — <f {; ^ 

By Divifion a =: ~ , ■ i aifd therefore * — 4 = i — 

fh—Ji ...... 

Hitc Bxcogitath Archimedis did meriUi. '■"'[/ 

* 

Qfifiimi. 

Divide 90 into four fuch Numbers, thatif the rirft be Incceajed 
^iiha^ thcfecond leiTeaedby ij the third Multiplyed byi, an4 



>. 



15<S 



flUuQiotfjif 



^9 



liie iburtb Divided by' x ; tbe Sua^'Remainderi Pjt)daO:i au^ 

Suppofc9o=ri 

» = /. '-^ 

And the four Nunibers fought =: 4^ r, u and > cf (pedtively; 
Thtfi 



Stbtsl 



um* 



And 
And 

And 






4X J 
5 + 6+)^ 

-y + 8 / 



^Reduc'd 

From to.l ^ 
ami 6 /P 

and 



7 ^ 

From ic) 

andS / 



a 
3 



7 
[•8 

9 
10 



_ y 



< i 






I 



*4 -f- ai + i^-f. «J -t- rfi (= 4 -(- > 



11 



i^<< + zrf + I 

^^d^-j-l^ + I 



• • -* 



'J 



'» 



Which four laft Equations give a;Can(m' for finding the four 
Naoabers fonghty which are 18, 12, CO aiKi^4o. 



'+ 



» + 



< +*+■)' 4-? 



« (izoj) 



*l+£j±lZi?_ 



J (»ae8) 



i 



^+'-^±4#^^==/(a45.) 



? + 






And t + --' ^' ■i ■ ' ' = 2 (1700) 

7 . 

The Queftion is what the Valtieof a is. 



•3 



*37 



TKeC2se- 



'd to', j'tJf + 4 4-' +; + ? =: 1<i 
6..- 4 6;r-f 4-^-«-f Ar + !?=6/ 







» Le -f- ^f^ J^+7' + ? 



4*? 



. » , -I 



^x — la = sd—^B 
^y— %az=z 6/—'ii 
6:( -^ la z:= iZ — yB 
^e z= xa 4-4^ — l^ 
4;^ = ia -p 5// — ^t 
^y = 2a-\r6f— sB 

(5:{ = 14 4-7^^3* 

9i<* = if* 

*^ f 4^ — ?^ 



i6mc= ■t + ^ — 



4 " 4 
la , 6f — .3^ 






s 






3* 



6 ^ 6 



14 



19 rcduc'd 



34 + *+;f+^ + ;? = 34 + 2^ + ^ 

1 5' ^ -^ ^^ ^ — 7 S rf —-71 f -^.7oV 

, a being ihii3 made known, «i x> 7 and, ^ vriU be made 
Icnown, by the, 15/A, j6^/7, ly^A and i8^A Steps, (cbac is « z:: 
'846, ;c^ it66,;>= 1680, and;{=*ioo^. 

'^" Hjfeftion 10. . ' 

Snppole a Clock hath two Indices A and B, and that A if? car- 
tied ^ (14) CircumfercDCcs (or b times rauad) ift c (24^ Hours, 






138 €lUelliOn0 producing PartSH 

and B 1$ carried the feme way d <^2i) Circumfcrcncef Jn f(i%) I 

Hours. The Qucftion is if they were con join'd ac this Inftanr, ia I 

hovirmany Hours wou'd they be conjoint again. | 

Suppolc a = Number of Hpurs required* 

Then c Hours . • b Circumferences :. : 4 Hours • . — Circum- 
ferences = A's whole Courfe in 4 Hours. 

/ Hours . . d Circumfcjrcnccs :; a Hours .: — Circuo^' 

f ' 

rences = B*$ whole Coarfe in 4 Hours. .A ^> 

It is evident that the Index whofe Motion is fwifteft wiUDQt* 
go the iloweft i Circumference in 4 Hours \ whence 

4h ^^4i 

C f 

^, . 4bf </i4dC 

That IS — ' — 2 = » 

Cf ' .♦,, , : / 

And, by Multiplying each Part by ^ fr^fffS^^:^%f}/ v^4de 
zzzcfm 

And by Dividing wch Part by bf ^dcy you'll havc,^ = 

'Lemm4 

To^find the leaft 'Number, which, being Divided by two or 
more Numbers, (hall have no Remaindei:. . 

Redace the two firft taken Numbers to a common Denomiba^ 
tor, then Multiply their Numerators by one another, and Multi- 
ply the greateft common Meafure of the Numerators by their 
common Denominator ; by the laft- Proda<ft Divide the Product 
-of cbe KttmeraiorSy ^nd the Quotient is the leaft Number that 
can be IXvided by the two ift taken Numbers without having a 
Remainder ; which found Number take as one, and one of the 
remaining Niunbers fif there beany) as another, and work 
with thole iff like manner as with the two firft taken Numbers^ 
iand io proceed with all the ocher Numbers (if more there bej and 
the iaft Qporient k rhe Number required. ^ ^ 

In orctev ro demonftrke this Rule, I will fuppofe thjcwo firft ta- 
ken Numben, after they are reduc*d to a common Denominatpr, 



I 



» 



i 
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CO he equal to 7- and — , alfo g to be equal to the greateft com- 
mon Mcafure of tl?e Values pf b and rf, and a :=; leaft Number 
that can be ^Divided hy-~ an^^ without leaving a Rcoiain- 

4«r. I fay that 4 = -^. ' 

eg. 

Demonftratim. 

For, if — be Divided by — and -^ feyetally , the Quotients 
cz c c . 

d b 

will be equal to whole Numbers, to wit to — ^nd -^; where- . 

bd ' * ^ 

fqrc if 4 be not ~3 — , it is equal to it. Now in order to Demon- 

bd hd 

ftrate that 4 is not r3 — , fuppofe 4 ra ^^, and fuppofe i to be 
• eg eg > ^^ 

fuch.as that it m^y b^ equal to any Number tb^t is'cr ^t 

^ bd b ^ ^ 

then any Number wbatfoever -3 — may be Defign'd by — * 

eg cge 

And fuppofe a = --^— , Now this Value of a being Pivided by 
— and — feyerally gives the two Quotients equal to — and 

€ c ' ft ^ ' 

b 

— - ; either, or both of which Quotients is, or are, equal to a 

f^ • ' - ' ^ 

radtional Number or Numbers (which is contrary to what is^ 

required)* or g is not = the greateft common Meafure of b and d^ 

but ge (which is cbtitrary to our fuppoiicion) ^ wherefore the Sup- 

bd 
pofitioo, namely that 4is*^ -^, is abfurd \ and ^onfequently a isi=: 

^g . 

Hence it is evident, that all the Numbers that can be Divided 

• • • 

by tjje Y^I^ies of — and — without b.aving a Remainder arc 

= Multiples of *^ as.H ^, ^. i^' (Sc; So that if 

, ^g ^i ^^ eg cg^ 
you take one (if there be any) of the reipaining Numters and 
find the le^ Number that can be piealur'a by it, and^ the Value 

o( the before found Qpantiiy — , you \ifill ha^vq thff Isaft Num* ' 

eg 

T z Ut 
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ber chat can be Mcaiur*d for Divided without leaving a Remain- 

der) by the Values of — , — and by the laft taken Niimbcr. 

c c \ * 

Finally by proceeding fo with all thp other Numbers (if there 
Rvmain< more) you will manifcitly finti the leafl: Nttwber that. 
caD be Divided by the given NumberS|^ withouc leaving a Re- 
mainder, Q^Et O. 

fiueflion I u 

Suppofe a Clock hath 4 Indices, towit A, B, C and D. A is 
cariried i rime round the whole Circunnference of the (aid Cloc|: 
in one Hour ; B is carried the fame Vvay i i. times round in one 

Hour ; C is carried the facse way i i times round irt dne Hour j . 

and D is carried the fame way 3 times round the Circumference 
of the faid Qock in one HoUr^ ' The C^eftiop is ikv h6i/^ many 
Hours after all the faid Indices Commence a Motion from the 
fame pQJnc» will they alt be xonjoin'd again, ; ' . 

Suppofe A to be conjoined .wfthi <'G > in -s ^> Hours.' . 

CD3 Z^3 - 

Since A*s Motion is the flowefti it is evident that either of the 
Rcfki towit B, C, or D will be carried i Circumference more 
iban A at' the time that it will be corijofn'd with (or overtake^ 
A ; wherefore in order to find in how many Hours A and 3 will 
be conjoin *d, fay 

^ X I -f- I Circumferences nr itx 1 - Circumferences, 
That IS 4 + I = I i ^ 

Therefore inzii^x — azn t a 

Confequently z := ^ ^ that is to fay A and B will be ooftjoin'd 
in % Hours. . . 

In like manner e will be found rr I, which is^the Number of 

Hours whertin ihe Conjundlion of A and C will be accompliA'd. 
And by a like procefs with the foregoing in finding the Value 
of ^, the Value of i will be found :=: L. . / 

Since (as we have now prov*d) 4 will be conjoin'd with B.in two 
Hours after it was toiijoin'd with it before, it is mahifeft that they 
will be conjoin'd m every Nfulriple of 2 tfours, as in 2, 4, 6, 8, 
x^, C?r. Hours, la likemamier it-will appear that A will be con- 
join'd with C in .'very Multiple i Hours as i, t ^ ", ??{^c. 
Hours, and ibat A and P will be con joinM in every Multiple of 
J. Hour as j-, *-, 7, i^ \^ ^c. .Hours; wherefore the leaft 

Multiplcof?orthcfcaft't<unll>er that can be Divided,' without 

having 




1 .. / ■ r>< 



f 
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having a Remaipdcr by) 2, ^ and i is the, Number of Hours ' 

wherein the Conjundibn bf A Witji B, ^^ilrh C and with D will 
i:>e accompIiih*d ; and of contcflnencc A, fi, C and P will then 
be on the fame Poiiti* 'm 

. Now in titder tp find thftjeaft fsfumbcr that can be Divided by 
2, 4 and ^ without leaving a Remaincler, 1 proceed as myUule 

dir^cSh thus> /' * 

The two fifft taken NutoberSj fuppoft 2 apd 5. being feduc*4 

to a common Dehominator, arer= i and i , refpedively, and 

the leafthluniiber that cjan~be Divided by | and i without leaving 

a Remainder, will be fourtd (by the fiJd Rufej = ^-^ := ^ 

And the leaft Numbi^r that dm be Dividol by t^ and i ( i ) 

ilViH be alfo found, by out faid Rule (6t Le^^a\ = Bili — M 

! ^ 4x2 4 

= 6; wherefore 6 is the Number df Httiirs wheriein A, B, 
C and p, after their bbing ttiovM from the ia'mle Pdirtt, w31 be 
cpnjoin'd ; that is to lay 6 Hours is the Arffwer required. 

Itioie^' PVhat is here faid of Numbers maj(be\ufplje'd to Qg-antS' 
ties, ijt/^ffr trample, 

' Qltejlion 12. . ' 
' A Clock hath thi'^ Indites, A, B, and C. A is carried — (Lj 

times round the whole Circumference of the Clodk in One Hour. , 
B is carried the fame way j^ (•- ) times round in one Hour^ 

And C is carried the fame way — ( '-2 ) times round the wholfc Ciiw 

cnmfetence of the faid Clock in one HoiSn The Queftion is, ftf^ . 
pofingthemtp bemov'd *toride from thdi^iiie'Po'iritxji the faid Cir- 
cumference, and alfo fuppofinc — "^'^^ dfo -^ T -^, in ^ow 

many Hours from the laid, Moving !i^ill they all three be con- 
join d agairr. 

Suppofe A to be conjoint wiLV'<.f%>ln < >rirIours.' 

Since • A's Moifi^'h istht flfy<vcft; it is evitfeYit that either bf th^ ' 
rcftj towit B orC will be carried i Circumference more than A 
at the time that it w8r overtake* (or be* Cbnjoin'd with) A ; 

wrhtffefore J-i " Circumference? = -^/CiVaimferehce^. . / 

Therefore 
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.Therefore ab^-f-ff = acf 
And by Tranlpotirion f^:=z acf — dhg 

And by Divifion — ^^ = 



And in like Manner e will be'^ found = r /^ > 
Wherefore A will be conjoined with B in every Multiple of 

Hours, and A will be conjoined with C in every Multiple of 

y , Hours ; as /^ ., . ' ^ , , ^j-^ u &c. Hours c 
fd — rb '* I pd — rb* pd^^rb^ fd — yF ? 

and therefore A will be conjoin d with fi, as alfo with C. and 

cpnfequenciy B will be conjoia'd with C, in every Quantity 

that can be Divided by ^' % and / ^ , without 

^ cp — bq pd — rb 

leaving a Remainder. . Confequently the leaft Quantity that 

can be Divided by — ^^c- and —r—r without leaving 

' cp — Iff pd — rb V . . 

a Remainder, is rrr the Number of Hours wherein th^ Conjun- 
ction f>!^.A, B and C will be accomplilh'd, br the Anfwer required^ 

► Now J^S — and — T^— I, being reduc'd to a:^ common 
gp^.hq pd — r*' ^ 

Denominator*, are equal to , m ^^^ L^^^r i i i; and 
- ' ^ ,p*cd — pcrb — qbpd-f-qrb* 

^rr^ — ± — ~r^7 ■ ,, : and ^he leaft Quantity that can 

f*cd — pcrb — qbpd-^qrb^ . ^" 1 

be Divided by them^ without having any Remainder will be 

found, by our Lemma (putting w =r the greateft common Mea^ 

{mc of pqd^^qrb znd per — 4ry)tobe 

p^qder — p* q* drb —p* 4fr^ be + pq*r* b* fjj - __ 

p*cd — perb~qbpd -{-qVblxvf ^ 

— * — - =: 70) Hours Anfwer. 

Seff. 2. Of ^nttmitcti ^mttitmg. 

I will now procetNi to give an Example or two of the Method 
«fed in arguing abovt unlimited Queftions, vis;* fuch Queftions at 
admit of various Anfwers, fuch as thofe in Alligation Alternate. 

Example i. Q^ejiion i). ^ 

A Tobacoonift hath three forts of Tobacco, vi:t, one of 2 /. 9 J^ 
the Found, another of %vd^ the Found, and a third Sort of 1 6 dl 
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the Pound ; Of thcfe he: would make a Mixture co-contain 56 
Pound thu may be Sold for lie/, the Pound, How muchoi each 
Son may be take ? 

L« 4 = tbe Quantity of that Worih 1 ). and 8 d. or it Pence 
ttie Pound, t = that or 10 Pence ttK Pound, and;> = that o£ 
16 Pence the Pound i 

— , , , , ' 'J r vii. each Qnantity Mul- 

Thcn4 + e + 7= s6 / \tip|iedinioitsowa Pri«, 

And ji- + 2o,-f i«7 = 35>f>jequaa their Sum Multi- 
it -, i»j» J C plied into the Mean Price. 
This Qjieftion being thiis Stated, it appears (by Part VII. Rule 
'l ) that it is capable of innumerable Anfwcrs ; becaufe for any one 
of thelie three Letters s. e. 7. there may be taken any Kuoiber 
tit Pleafure, provided it be Lcfs than ;6. But ahho' that may be 
truly done, yet there are fevcral wsys of Arguing-about-ttiele 
forr-of Qpeftiont, which will Limit or Bound them- to all tbeii 
proper or poffible Anlwers in whole Numbers.- That^ 
Let 
And 



6^4 
3—7 



+ .4-^=56 



■ I - , - , -s Aj above. . 

'" + '" + "' = '" '^^ g^ovt^s. 






4< = 3J6 - 

.= 84- 

/=!■> — 
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Hence 
Hence 






From the two laft Steps it appears, that the Quantity fignified 
by4, dught tobeLefi than zi, andGr'eatecthan? i-j tw is. 
any Number betwijt 9 i and 11, may be taken for the Value of 
«. Conrequcntly there may be Eleven Anfwers to this Qiiefttoa 
in whole Numbers. 

Suppofe a = lo.. Then « r= 84 — 40 := 44 ptr ftb S[^. 
*adj— ja~xi:=:% per ithSxep. ■ 

Again, if 4 = 1 1 Thwi » — 84 — 44 = 40 «er 7*^ Step/ 
And ;> =: 39 _ i8 — J w>- 8/i Step. ' And fo on for tb« Reft, 
which will be as in the following Table. 



a. 


t 


J 


rt 


« 


r 


« 


"V 


y 


JO 


44 


1 


•4 


i8 


14- 


18 


It 


j« 


11 


^'^ 


^ 


M 


»4 


'7 


'9 


u 


29 


11 


■it 




17 


20 


20 


20 


4 


33. 



144 



i^ui&ton^ 



Pm^. 



Thus It wiH- be eafy to <ind out and CoIle(3: all tlbe Limited 
Anfwers to any Qticfttori'. fbf tliis kfnii) wherein there are only 
three Quaniiiies proposed to be Mix'd : But w hen theres are more 
than Three, tkeo the^ Wdrk requites; 4 HiXfe napre Trotibfe ; be* 
caiife the (ingle Luniui 96 ^iW the Qiigptuies aboye Twoj muft he 
found. That is, if there are four QuantjiSca concerad in the 
QuefttCJflw the Ltaixsiofc Two of them muft b^ found jJf fivet 
Quanticies arc OQOCCtn!(J, t^eti the Lltms'^pFTTbr^e of thein muft 
"be found, fi3fc,: Asia t^e^iollowing'Que^^ 

Supppfc xR w^rt rccpHterf' to tm^,^o^K SotxA oi Vinesxag^htt ; 
ti;(i one Sprr worth, 17 i-.'4irfs 'thie C^Jloo; aiKwher Sort woi^h 
4j. jJi the Gallon.; a chjird Sftrit wpsA gx; Srf^ the Gallon; and 
a fpuith, iort wor.tli %s, 9* Ae GjillpB ; Hfow miny oR each 
iSort may be taken, to make a Mijttwe'ofi ^3 .Gallons^ taas that 
the whole Qsanticy ma; be^oldfof: s/t .^dL- the Gftllpn;. wxiboi^c 
Lofs, &c. : .. -• 

Firft let all thefc fcvccd-FLates. and th^ Me^ R^te, be reducM 
to one Denorriteation, wV. into Pcpce^ ^ > 

Viz. 71.4^. = Hi;-4i«c 7/ —l^i iu^J.^4^d; is.^j: 
= 33^ ; an(t$s. 6^, ':==_ 66. Then put ^~x^e Qa^iitify of that 
VoHh 2S4. the Gallon ; e = that ot ,5: 'yd, ^e Gallon.; /= that 
of 44-rft the Gallop- an4 «.==;? ^&« of 334- ^"c (J;<Ilpti, Then 

"^ a^e-^y^iu^&s % th^Queftipn^ 

«+/+«=?=6>-^4 . 

n^ +44> + 33r« = 4«5« — 88j 

, 33« + 33>+33i'^><»79 — 33^ 
>| JLW -jr lU === *o79 -T- 55^ 
2tf +;f =189 — 54. Hence it is -^i ip f 37 ;^)f 

y5^ + 357 + J«i = l465 -JJf ' . 

117 + 22^,= 33^.— <f9i, •. \ - 

;p4:.2^ = ^*t-63 Hence4[r*i (2;;.. 

^ From the 7/6 and loth Steps, it appears, that the Quahtiiiy o^ 
that for* of Wine denoted -by a muft-bc-lefs ifaair 57 4 Gallons,, 

and greater than %t Gallons : that is it fnay be 4 := any Number 
of Gallons betwixt 21 and 37 | ; "v^hcifefore it follows ^hat there 
may be Colleded 16 Anfwers to this Queftignffomth^ Limits ofa 
only. - / 

Next to find the Limits of e, j and ir, 

"^ " Suppofe 



u 

and *2 

1-41^3 

% _ 884 

JX33 
* 4-T^ 

6-TM 
3X$5 

. 8-4 

9-^u 



4 

5 
6 

7 
8 

9 




ciiap. i: 

^ Siiftpofe 1 1 

Bui 1 z 

I i — 2e i 3 

Again J4 

14 -^e IS 

i5— 13 16 



^ = Xi, jhco will 54 =1 10, and 2a:=:66 
le -f-j^ = 189 — 54 = 79 Per 'jth Step. 
J = 79 — 2r^« Hence t^''^ (39 ^) 
-*+/+» — ^3 — ^=.4^ P^ri^Siep. 

J'4-« = 4» — <f . 

tt = -^ e — 38 Hence eC^^ 38* >* 



From the ijrib and i6f^ Steps, k appears^ that if « =r alt 
tiicntf.i=39»7 = 79 — ^^^ = 'i and »| = e — 38 = i. 



Siippdfe 

Bm 

1% — >tf 

'Agmi 

.do — ^> 



18 
II9 



A^ain, 
4 =r 1^ then $4 = 115, add 3fif :^ 69 

;f=5r4— >e 9cnce^-b7^f37) 

]^-^ 113=1^0 — e 

ji:=ie -»-.j4. Hcnotec* 34.. 



4i — 19 

From the 1 9/^ and ai^. Steps, ic agpears, tbat if a rr: 13^ tbeo 
r ipay. be .either 35 or 36, 

' "' « ' 

-Oocemore for afuriberllluftracioti. 

4 = 24 ; then $j = jlo, and,3<« =? 7a 
le -\^y ^=189 — j^ = 69 Pir jtb Step. 

jp=69-«i(?. Henceff-:i'^i(34r) 

*<p "4-^ -f- tt = 63 — « = 39 ^^r 3J'Step.' 

;r-f«— 39 — ^ 

« = i — 3P, Hence e-C 30. 

From hence it appears, that if 4=^24, then * piay beeithtfc 
}!» 32> 33. or 34, w;{, ic may be any Nunjber betwhtt 30 and 
94 i, by the i$th and 28/i& Seeps, From whence the Values o£ 

jr and u may be eafily found ; 



Let 


t3 


But 


»4 


14 — ^<? 


»J 


Again 


id 


26— tf 


^7 


-^7 — M 


x8 



That is, If 





Then 



n = 7 

i>= s 



And 





Proceeding in this minnei' With all the arfaer Values of 4, ther^ 
may be above 126 Arffwers fountf tathis iQt^eftibn in'virht^l^ 
Numbers, and, if you pleafe |jo puj ^==: ^aFrAiftions, jpbere may; 
J^e'ibund an Innumt^ible Sec of ttnl*ers. ' 
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Thefe two Examples being well Underfiood (efpectally if the 
laft be througbly porfued) may t'uffide to (hew the Method of Li- 
miting Anfwers, to all forts of Qneftions of this kind. 

Sta. ;• <IKue(itonjS( producing j&tmple <®Ua0jattcfii 

&c, iSquationjert 

A certain Footman A departed from London towards Lincoln^ 
and at the (ame time another Footman B departed from Lincoln 
cowards London, each keeping the fame Road. When they met 
A faid to B I find 1 have traveil'd ^ ( lo) Miles more than you, 
and have gone as many Miles in c (€ i ) Days -as you have gone 

Miles in all hitherto. But faid B at the end of ^(15) Days 
Hence I^all be at London, if I Travel ftill after the fame Race. 

S^are the Diftance of thefe two Cities from one another, and 
how many Miles each Footman had traveil'd when they mec« 

,1. Suppofe the Number of Miles that A went daily, tobc = 
a ; (he Number of Days that he was on the Roajd to the time 
that he met.B, = ^; then the Number of Miles that he wen; to 
the faid Time that he met B will be r= s^a. 

2. Suppofe the Number of Miles chat B went every Day = #. 
then the Number i^f Days that Q was on the Road to the time be 
met A is ( fince fi paned from Lincoln, at the fame time thac A 
Pai'red from London) r=: :{ ; and the Number of Miles that be 
went to the Time that be met A, will be 7=1 :^e. 



. 6 = 7 
& reducd 



3 

4 
5 



8 



il^W7arf>i 



10 



.V 



if x^i 




Per Qiieftion* 



/9 



jLz 



10 



II 



II 



7iz=i^cd{6^X i5i^=^xod = loDays) 
d9 ^^ s;e ^h 

if # :=r 



f 



t 



diap. h 

From 9 and it 

And from 6,7 
7, or io/9,> 
8c 15 Seeps. 3 
From 9, 15 
and 16. 



> 



13 

16 



dimple i^Qttafion0* h7 

de- — e sj ^d'=ib 

.= t-^-^( = — ^^^7 -4 Miles.) 

d — sjcd^ 15—^/100 

ijcd — c^ <yioo — 6| 
, b J cd m b J e i 



^ 



J^' 



51013 



4 

5 



^cc 



= aaa 










9'.«»5| 



4 . 5 Feet). 



81 a< 
loo 



\ I 



. • ao^/■Ioo _.:xoJioo 100 . aeo ., » 

Milet) = the Number of Miles chat A and . B went wh^n tfacy 
met i tbac is == t^e Diftance in Miles from Lcndm (p Lincoln. 

■ ' ' ■ 

Sfiefiim 16. 

There is a Wall containfng b (iSiif) Cubical Feet, the 
H^ght is c ( 5 ) times the Breadth : the Length is d{%) times 
the Height* I demand the Breadth of the (aid Wall. 

J Suppofe the Number of Feet in the Breadth 
tof the. Wall to be = 4. 
J Then the Number of teet in its Height is 

{And the Number of Feet in its Lengil> is 
=zdca 
C flow by the Q^ieftion aX€aXd€at=z 
\b — dc*A^ 
b \ 



I 1 



( 



V % 



wCii.': 



C'H-AI». 



■* :^ 



t4^ 
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CHAP. ii. ; 

;. , •.. ,. tm0* ■ --> ■■•■'■ - • 

A B C D fe<#. 
Lemmd. .1^(— I— 1 

XV ,iA«* «itlitiie one thing A, many right Line be pUc'd «y 

' ?r^<.1nS . I fty »te Nuifiber of the faid things'A, B, 
c" D T Ibfon; mo7e .ha« the Number of the In^rwU 

.A B, B C. C P, ^<'- • * ' - • 

. Z' H'emonflratim. 

■ tci .1,* ft?<1 rieht Line,' along witK, «od at any Diflances ffdtn, 

the one ^j""? ^'v' l^Number whadocver ) it is Evident that you 
W to any Whol? wum ^ ^^ Cbnfecjuefctly the Num.- . 



/~- 



tile." 



/ 



r(5«) Soldiers arc to be 
l>Wd in a Square Battle ^n 
^uch manner, that the bol- 
/diers in Rank may have c 
( 8 ) Foot Diftance between 
cv^ry two, and ibe Sold iers 
in Pile may havfe dU) ^^^ ^ 
Pittance between each two. 
How many . Soldiers muft 
be • plac d in Rank, - and 
)how many in File ?• . , 

; ,. Suppofc the Number of Feet in the Side ^f the Square 

~Tht n ( by ihe Nature of the Qieftion, and by the foregoing 



— ■ 










■ 








• 








X 


♦ 




• 
/ 


















; ai The Number in Rank is := -^- + i 



3. And 



•.. 1* 



•J- 



•^^j^m 



3, And the Nuoiber in Fik is = — -f- i :$=^ 

4. Therefore _ \, i :■ •' — ^r fi. 






i*^ 



4Xcd 



Complear; □ 

Sttu2 



314 






+ c</r=: tcrf 



40 



II 



r Stfi^fo tf -{- '^ == i 5 "l^^" ^be foregoing 
r< ^qoadon will bec69>e 

L^^-Jrg^^tcd — ed 
>*• +£^ + 7 ^jf — tc J — #rf+ ^ ^^ 

Qottfequemly the H umber in Rank is ==: 

sjbcd-cd^Lgg^lg 

— ^ * +iC=4). 



c^ 



■i«iaMww«>i«H 



HWMM* 



rihMw^ 



And the Number in File if z= 



Sueftion%* v 

The Sam (i? ) of the Squares of two Numbers being given, as 
alfofc) the double Jrodud of the Multiplication of the ftme 
awo Numbers 3 to find the Numbers feverally. 



From 3 and ^ 



I 

ft 

9 

4 

5 

6 






7X44'! 8 



Solution^ 

Suppofe the greater Number "sza 

And the Icffer Number ziz-e _ ; 

Anda4f = . -^>^^rQ!^^<»-=^?^ 

444 • •-'.•• 

44! -4" C<?=4i4* 



• • «. 



4 « •* • 



-.> 



8 4-* 



*-r^ 
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X4w 2 
And byTranf. 
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i8 iui2 



9 

10 

II 
12 

li 

14 

IS 
16 

ir 

x8 
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*4' — 



ce 



44 _ ^4* =r 



4^ — bA' + ltbz:=Lbt^l 
• 4 . ♦ ^ 



cc 



4' — i i= + 



Wfll^il 






4»r=: i. 



4 = \j+. ^bb — e€ + 



— cc + i ^ — :r 



J 



^ h"^ tj hb — te 



% 



I b ^ J bb — ce 
e = tj — ^ 



SchoKuml 



•^ 



From the r ^h iand i^th Seeps arifes this Carnn for E^ttradlinj 
lb: Square- Root of fiinomial or Refidual Numbers. 

From tbe Square of the giten Sum of the Squares (or from the 
greater pave of the given Binomial or Refidtlal) Subftrad tbe 
Square of the double Produdl given » (or Subftrad the Square of 
ibe lefler Part) then Add and ^iubftradl the Square* Root of the 
Remainder ro'and from the given Sum of tbe Squares (or to and 
from the faid greater Part). Laftly Connedl the Square* Roots 
tbe half 6f that Sum and Remainder bv the Sign 4^, if a Bino- 
mial be proposed | but by —1 if a Refidual, lo you'll have the 
defired Square- Root. 

Bxampk. 
Lcr jit be required to Eztrad| the Square RoQt of 27 -h V 7^4* 



w 



*.. 



M- -* T^^ 



Oferaiim. 

. From the Square of the greicer Part 27, t;i;{. .•:••. .7x9 , 
Subftra(3; the Square ot the kfler Pan ^^ 704, 5^. . • # 704 

And the Remainder is ;•/••«««« 25 

The Square-Rooc of which Remaiivler is • • « • •-4: « • « :S 

Which added to the greaceft Part 27 is •«••«• )r 

he half of which Sum is ; . • • « .•.«««« ttf 

Square Kboc of which is the greater K)unber:rr;4 
The faid Square- Root 5 Subftraded 1 " ■ ' y ^ 

from the greater B%rt 27 leaves ^ •.-.♦.-•• ^ • air 

The half of which is ••.«-.•••.••««; ^ ii 

Arid the Square«Root thereof is the lefler Kumber ==r «gf jrt 
I fay irhtr Root fought (hall be the two Pans fo fotifeidComfec* 

ted by -f- J that is 4 + ^/ 1 1 • 
But if — inftead of *+- be prcfixt to the kflcr Pari, ^hop Ae, 

Square Root fought (that is the Square* Root of 27 — v 7^4) 

will be 4 — i^ I c • 

Lemma. 

If two Men A and B make a Joint-Stock, fo as that their Sums 

of Money are not in Company for equal times : I {ay cbtc a$ A\ 

« Stock Multiplyed by the time of its being our, is to his Gain, fii 

is B*s Stock Multiplyed by the time of its being out, tq his Gaiiu 

- - • Dcmcafirjuion* 

Snppofe the Produ<i9: of A's Stock Muiiiplj^d by histin^ie z=:i^ 
The Produd of B*s Stock Multiplyed by his time ==- c. 
And their Gain =: ff. - . . !' 

Then (by the Rule of Fcllowlhip with time), 

A's Gain is = ■' , . 

0nc 
And B's Gain is^= 7— r — I ' 

• p -f-c 

And^., , I ::c..-T — —» as is evideiu: by iCquating^the 

Produdl of the Extreams to that of the Means. Q^B.D. 

flueftiim 9. ' 

Two Men, vis^^ D and E made a Stock of hiiii) Poundf. 
D's Money was in Company for c ( 1 2 ) N^onths^ and E^s Money 
was in for d ( 8 ) Months, « When they (har'd Stock and Gain, D 



i V 



• 



■•«ft!lv^tJ/(<7)PouiMil, and E,^(i 16) Pounds. I demand each 
Man's Stock ? ' ' 

I . Suppofe ly* Stock ::=: jt - tk«n the PmAbA oT bis Stock and 
lijniei»z=rc«: andhi8iGain = /-*« 

ft. Then E's Siock=-6'— 4 and the Prtdoift «f flit Stock 
a»dTinae!=Jt~<i4: wid lris'Gais = £ — ♦ + « 
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If yon put t for, and =r- ^ T^ ^l' ^^" 
Tben««« + 6- = ^^ 
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Offeverd Methods of Solvin^lBii^ 
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CHAP. I. 



Some Preparaiions fometimes convenient for the So 

lucion of High AFFECTED iEcLUAtlONS. ; 



^ ■ •. ■ ^~ :^ . 



PRO P. I. I • — - 

TO Increafe or Dimihifti the Value of the uiAtlown Roots 
of an iBquation by any given Quantity. - 

RULE. 

Inftead of the unknown Root, fubflitute another unknown 
Root, Le&or Greater thaii it,by the Quantity given. Thu^^ 

Eiuimple t To Augmefit the Roots of thiisr iEquation a^ 

^ba^^dd^sz o, by the Quantity c. .■ -^ 

Put a rr ^ — r, then aa^ha^-^dd^szo 18=/ > '** 
«a — a ec ■+ff 4"^^ — he -^rddz^Q, . 

Whole Roots ( * ) exceed them of the fermer, ( 4 ) by the 
Quantity c ^ that is, e r= f 4. a« x 

Example IL To dimlnilh the Roots of this Equation a^^ 
ha^ ddzziOf by the Quantity r . ^ 

Put ^ --J- f = tf, and then youUl have this -Cquati^i. 
*> -f- 2fr-+-ff -f-itf 4- fcf — dd'zz o. 

Whofe Robts are lefs than thofe of the iEqaatioa proposVI» 
by the Quantityv r. 

a «eHO* 



;*i 
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SCHOLIUM I. 



• mn^m/^m^m^^ »^ 1 



' - ^y th i t maniiCTo f Stt MtitirtiQBs any Termy except the £rft 
of any given .£quation, may be deflroyed. 

So if the ^quat^n given be 1^4 — bx^ -^ c x^ —.Jx-f- 
Vuty H- » =: X, 

-— * '^fc^J. ir^^ jli n)ji^r± ^hf?y TTiifii A — hxxx 
^- cy^'\'icny^cn^':=:J^-cxx 
- - *"- ---• ^- • -— ^"dy^^ in zs::^'^^ d^ 



f 



NbW 'tis plain, that any Term, except the firft, may be 
kJ&en: awagr ffipm this. ^Equation, becaufe n was t^ken at 

pleafiire. ,-. fi?.-/. .- /.. . . 1 ;. i i . / • . :.. i-. ... 

Putting 4 » — 6=0, the fecond Term muft vanifh 5 and 
putting er»* — 3 i» +if =:?loV the^third Term will vanifh. 

^^In^ikemwijer^lipy other, Terjn in thisi^ or any other JE? 
quaribn may be deftroyed, except the firft! ; / 1 

Therefore in taking away the fecond Term of any jEqua- 
tion, let the Index ofthe higheft Power of the fought Root x 
be rr m 5 and fuppofing the Coefficient of the fecond Term 

btt' ex -l*" ^; ■ §^i|baitute^ 4; ^"-^ in . the room (rf)^?^ . eijery whei9 

kv.the' giiirenr*£qbafck)n, ati^ yquUl have another; in whidijr 
tj^ill be tlie Root fought, imi wh4<?h will wtfit the fecond 
Termr fhen after, you have found the Value of jKi you may 

fiijd that of x; for/;^ x + — • 

SCHOLIUM ll. ' 



' * By this way of Subftitution you may add to any Equati- 
on any Term tha:t it wants. 



BREP A^ 



w^ • •*. 



>_ i 



Chap.L Wrgpdrathns. tj<^ 

As fuppofing the iElquatioD to be x* j+- f » x — ^* = o. 

Put J>— f = X. .*-.. 

Then, 

Jf4 — 4f^3 4- ^t2jf2_^f3jf+f4 =;X4 . 

. * + C3j)f --.f4 =f 3 X 



,^'v 



^f*" 



/> R P. fl. * 



.<• . 



Tq Miild{>ly or Ptvid& du? Rooti of .ac^r^^ualmiiiy any 
given Quanfity : Suppofe q, 

'.'TK'V L E^* '••'^ ''^^ •'•■ ' ■ 

' Infioid- of ^e- iminown .Root iubflitu^.^nx^^rt) er f 

jtimesji a^Qth^r «9lciioK(B ^odt :. Thu^ 

f "V ♦ - • 

■ » -» ' 

'EfxamfU I. To multiply tlie Roots of this ^Equation x^^ 

I 
Suppofe — X X =r X J then the former .£quation will be?- 

comC) 

And Multiplying each Part liy ^ s we htt^ i * -4- f 6 ^^ 

^^ jy ti r-a i cax y 3 J J , an iEqaatidn wfierfcik % |fr tj= y 9c in 

the former.. :..''('.•. '• .. ty;, p,i y* :* 

The Reafon Is obvious ^i £» if -*^;ftib(i5:rx, tlioa 



X» — qx. ' '4 • V ^ V. . 



I . \ 



Example n. To Divide by 4 the Rjocjts of this JSquation^ 
X 3 — 54 fa X r-.ii^ 4>3i=; o^ .. , .. I 
Suppofe 3 X it =: X, then the former Equation v^ill become 



^'?' 



i *' .'• ^ :- And 



j8o The Solution of Adfe8ed£quatiohs PdrtXII. 

And by Dividing each Part by a?, we have *»'— tf «■ « t 

tuet 

COROLLARY. 

Hence an .Squation may be clcar'd from-Fraaions^ with- 
out iricrcafing the Cocffidcnt of the highcfi Term j thus, if 

x»4-i-x~^r=05 that 1$, /firft reducing — X ~ -^ 

3 7 .... V ® 3. J 

to a common Deriominatorj if xs -4^ -^x.^ ^^ t=:o. 
*. I put 7 = 21, and — =rx = — , then the former \£- 

qtiSitito becomes = -i^ +LliL_ i£? r:o ; and by Mul- 

tiplying each Part by ^£<^i, we hare t^ -J-V47 x — 525>io=:q. 
iSff ri^ tyi of tfcftr Corollary /« /?tfgtf .. 



ij^ 



C HA P. II. 

The Solution of Cubick iEauAxioNs, by 

. ;, Cardans Method. 

UT^Ien.aiiy Cubick .^uaSttfm baring the fecohd TeniA, be 
•^- pr^p^s'dto be refolv'^dj.by^tfrJi^'s Method, you muft 
firil deftroy its fecond Term (by the laft Chaf..ProPoJkhn I. 
Scholium /.) and f hen you'll reduce it into one of tnefe four 
Ibllowii^ Fdrms^or'Cafi?6,^«j ■ ' > 



I 

2 

5 

4 



tf 3 ♦ ^ p a ^=: q 



< • 



In either of thofe JEquations'the Q?^nti'ty fotight (a) is 

Jnferted only in two diflFerent Terms, in whicn its Indices arc 

\ li^le to one another : Im& in order to folve all Equations 

V thus 



/ 



I 

Ctiap.I7. CuHek, fy CviMs MetboJ, i8| 

tKus qualified at once, let us fuppofe the reduc'd ^nation 

to be equal to »» 41x1 = ^^ In whick tlie Valucof fc and 
r may be either equal to any given Quantity whatfocver, Af- 
firmative or Negative 5 and that afnls indptenninM, but h 
in all original Cubtck Equations = 3 5 Smd generally in 
aU other Cubicks, equal to fome Multiple of 3^ and x« js 
underfiood to have the Sign 4- pr^'d to k. 



If I 



Suppofe 

Fiom I and 2 

Suppofe 

Then 

Now fiippofe 
From 5 and 6 



Fr(»B 7 and 9 10 



SOLUTION. 



n 



4 ^ 

5 ^ 

6 h 

7 



8 



io X e3 J 



11, + -— — f'^ 

Comp. p 

13 fcf 2 



= —$ey 

3-4-3 ^^y + i^yy+y 

znyz 






— ^» 



r f » rr * 



a? 



»» 






i 



f f 



*5 T 



^27 ^ ^ - 4 



14 



I 



^/cc hi c 

y — — = ^3 — — 






^ • • • »i 



' J» 






r 






•1 



lu 



2 



15 



/ 



,^5 «" a 



' i 



'ttoiai6znA.% 



t6 



»7 



+ 



/= 



* '^,4 ' ,^7' . 



From i6t 1 7 & 4. 



18 






, X 



ff 



18 tw — ' 
3 



- V ", 







t^tiry Jf. 



' J 



4 27 







;C:x.=: x^ 



V { 



^ ■1 m\ ■■ 



- / 



T "^ ^ -^^+ -- -^ 



■i-b 



"■a— I, 



>/: 



^ 



41 • 27 



— X. 



SCHOLIUM. 
As the Cube Root of aliiy Quantity ^9 isj not only v^ i^, or 

tx l/k, but alfo — r+ v'— i H '^i^' and — ^--V— i 
X V t- So the Value of i m the iEqu^tiqi x 3>+f 4 z. = r, is 



not 



^3 



^6 



r^v 



4 



fas in the i8th Step nextforeggingj 5 Wt alfo — ^ 4- V — i 



^ 






+ — -- 

4 a- 



'7 *»/'<■ . «/<■ iit 

>^i*M^^^«^'f-k+/-i'«'1?^i^^H*^ and 



\^. ^ 



TZT^ ^ JU 



J 









... . '"fir .■ 



- f - V - ^ x/|. + /j + ^: fc ill- Atee 



are but; dvj fame V^l^es of x difeeptlv«jcSrdi'ai Wfii 
of them being the Simple^, is thewfe«i:rii^B5^.- 

Suppofeir=:-^ J.+. V ^ j. t> =^j— ^-j, aBdws 



?^ 



-^ 



become w~-vl-, « » ~ O—, . and « ip — *^-^— i itefpe^ 
ivelyj wherefores— w + 2i. — o^,x«^i;w+:J-^ 

= o, :*Rd * ,— *i » -tr -^r— =4 o : and'tM Pro^ba dflthdc 
two lafl JBquatii^ wHI be found when reduc'd = 

( U"^ V b^mg = — . I , , V K =: 1 , and 11*:+ 1; ad: ;;:^ i \ 
And this PreduS Multiplied by * -r--»f*4- .J-L 2^ c^ cJvea 

x^ + ti — w3+ * ' ^' ==05 that is, 1 ^+ i;c— r s:Oj 
fi»._ TOj,::t:.ii-p, may be eafily fm^d to be ?^.^^7a 



4" 



t.« 



iB^TbeSohttimtfAJfeffeJJEquatim PartXtl. , 

, COJCOLLJlRy. I 

From the i8tK jStcp next foregoing you may deduce par- 
ticular Theorems ("but not the iaiine with Cardan*s ) fef^ol- 
ving each of the four preceding Cafes. 

So I. If rt 3 + ^ tf = jf 5 then (k in the Canon^ing = 

|i in th^ ^Equation » and r in the former z=: q'mwc latter) 

^ '^ 1 . ^ _. i 



yi^rVi 



'^ 






7^ 



» 
;;; Again i.lfa^^pa^sz^q^ then, 






Examfkh Cafe I. 

If i » +5^ » * -f^* = 1 3 > a?^ one of the Values of i required. 

Firft to deftroy the fccond Term, I fuppofe ^ — i = i, 

then* the foregoing Equation will become rt«-^tf<i=: 26 5 

and hy the firft particular Theorem 4 = V 10 -f- V 100 -f-8 

— i/ /' ^ = 1/ ao-39no484'54i'3> S^^- ~ 

^ V 10 -I- V 108 ^ 

' ^'20•JS^2 304845413, cpf. 2.7^z05> o^r. 

= 2,7 3205, S^f. — •73*05, 6^f. = 2' : But i is ^b^lSuppo- 
fition) = tf — 15 confequently i is = i. The tv:o other 
Values cf i are Imagtnary. ^ 

E)cam- 

% ■ 



r^ 



Chaf.II; Cukicky fy Cit^inV Mfftho4, 185 

- ^ £x/fw/>ftU Cafe lit. 

If <f ^ — It rf =-r 40 J then rt=^— i«4- V' 700^1^345 

-3, H. V — i + z — V — 3 =^- or <» = r- ^ + V" — i K 
, , 7 

4v'^3-*T — tV — 3 = — 55 or/«is = — ^ — v'— ^ 

7 

• - ' ' *" . 

Tho* the foregoinff, and CarJan^s Theorems are equally true, 
yet as to Mattes of rraftice, in as much as Diyifion is eafier 
than the £xtra£lion of the Cube Root, the former are pre&r- 

c c h^ 
able, except only when the Value of \ is -3 o : In 

that refpe£l they were by fome deem'd ImjvaSicable and 
'^^'^ r^-Li f 1^- -. that thofe arc 

em to PradHce, 
^ __ being only by 
Tryals that I came to difcover that % + V%^3 is the Cute 
Root of — 10 + V — *43« I will therefore proceed firft tp the 
Difcovery of that General Theorem^ from whidi Cariatf^ 
are deduciblc, an4 then'.lhew how £^ui|tions, in which 

the Value of —. _l- -^ it Negative, may be thcrrf)y 

folv'd. 

Having proceeded as fir as the i^th Step Inclufive of 
the foregoing Operation, youll from the 7th and 15th find 
for the 



^ : - 17-! 



* 



'< 
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iS 
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10 to/ — 



i/'- 



4-jf» =r 



/^ 




/ 
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t 



"T 




/: 



^7 



'■ • PI-^^= «• 



^i 



t J 



StHOLIUM. 



From tijc s4>n4 ^otb Steps CarJan*9 thw^ems may be 

.'. -/■-'- ■ • ■ • 'C C 

Example/ JtL^y^tch th^ Value ^ [ is. T p. . 

"If ^5 — ;ii^oj 4F^.i(5;.>.. .. . ' > T : . ' 

That Is, If ;?' -'6 <« = 2 5 and th^t ^-^ -^ is —05 

Tis required to' fiAd one of the Values of aproximi hy the 
help of Cardans Method. ^ ^ . 

The particular Theorem for evolving this ^Equation, dcdu- 
cible from the loth Step neW fercgomg, is 
} 



*—«•■>■*■ 



/■ 



By the help of which, one, of the Values o£ a may be 
&and very near thus : * ' 

Suppofc 



* » . . « r- * 
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SuppofeX:=r, andJ/^^—^- =V — 5- then tfee 

Value ofa\ In the faid Theorem^ will become =: f^r^ VTT 

,->' ' ■' ' ■'■ ' • •'.• nO' ;. I T lo .^ . 

+ '*'^*'— V— 5: and(byCfc^./. '?4rrJS:r.) ^ r ±\^^^ 
X . z 2 X »*( X e±v -^^* 4r— >: 

^ ■. . ■ - ' , f.- .., • I- 

^5 ^~p\rj. . K+i?, av, therefore 

X . ^ _^ _ • • ^ 

T. v 5 ■ ' -* iv' "^T •"•2 « X .^ • r 

; ;. •. » :■'■' >" ? ■■ 

. Coofequfi«ly <.ne of the' Values of *, in. Ad n»Wd M- 
quztion,js (becaufc r =.8, anfl ^ ~ . == ^ ^JsizoT) 

= 2X81^^=1X1) +-2£il£i_ ±£11^9 „ __ , 

.9^1401 - 4.(?3io 8p • 

"*" 288 ""^FTtf^V * =4+ .003541 &c. - 

•oooopp &c. &c, = 4.005331 &c. 



b» CHAP. 
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■ :4, • • 

C H A P. III. 

■ 

A Rule of Dis Cartes for difltblving a BiauADRATicK, 

inCO two QUADRATICKS, - 

I 

[A NT KquadratickJEquation, which hath the id Term, 
*^ beihg proposed to be diflblv'd into two Quadraticks, 
muft have its 2d Term firft deftroyed, (by Chmp. i. Pro^. i. 
ScboL I.) -and Let the ^Equation thence produced, be fuppo- 
]^'dequalto x^ * -hyx* -4-rx-l-5 = o 5 m which J!ciua- \ 
tion X ^ is fuppos^d to haye the Sign -+- prefixM to it $ out 
the V/altics 6rj^,r ir or' 5, may either be Affirmative or Nega- 
tive. Let us iuppofe this .Equation to be produced by the 
two following.Quadraticksjc * H- e x +/ = o, and x * — ex 
H- g r= o 5 in which Equations x * is underftood to have the 
Sign -+- prefix'd to it 5 and to the end that the fecond Term 
^ou*d be wanting in their Produ£l, e x mufl have the Sign 
H- in one iBquation, and — in the other, and the Values of 
/and g ate to be determined in the following manner 5 then 

+/ , _ r 

And by iEquating their rdpeftive Terms, we have q ^=^f-\^ 
j5— f*, ri=j— /x ^ and s :zzfg j wherefore gr -f- r ^ = 

f-hgy — =i— /j-confequently ^~— - =g*- and 

■ =/, and the Produft of the two laft Steps is 

rr 
f * + af^*4-^^ — — 

. ( = gf) = / J which Equation 

4 

when reduced gives * ^-J- a 7 e^ J ^ <? • =: r r. Now fup- 

pofe e* z=:yy and then you'll reduce the foregoing -/Equation 

to 



._.] 



r 



Chap. in. BiftttfWri^jwfc, ^jiDcs Cartes. V k^ 

to this Cubick one, ^ » -f- 2 ^ j, « ]+^ J f^' = ^ . ^, ^gofg ^. 

cond Term may be deftroyed, and the JRoot of the iEdudU. 
«n thiis had, otttafted by the foregoing Chab. and ?onR- 
quently the Value of y found j as alfo of / =V>i as alfe 

of/ = ' — " , and lafily of 5 ^s r^^ — U. And 

by extrafting the Roots 6f the two Qi^adratlcks x ^ -|- i x 4- 
jf = Q^ and jc„* ~Ljf. x,^-^.= o^ youIU haxe Jlie. foju^Kfiots 







Example. 



quired. . - . j< . i 

F/V/?, In order to deftr^y the i^ond Term, fuppofe a = 

X -h ^, then the foregoing ^Equation will b^ome x^^ — 

Ax \rT IX 4- a-5.j:=^o, in w*ich — ^^5?f^v-^ x =r, andfi 

— s'y wherefore^ J -ji a jr^ a ^ ^^Jt^^rr ( =b ) =*;^^ 

' — ^;)^ * — ly — 4=0: And liicjjwife ; to defiroy ^fcc fe- 
*^^.? Terjn. of thi^ ;Squatipn> fuppofp%y = v^i, ieii ifc 
ViU become v ' -^ ^r v— 9=0; Whe nce d will be found, 

by thelaft QUp. =^,4^HhV xO\~% "** V;^ -i- / 14 x 
m V 8 -f-, ^ I ?=}. jfc -I- I -- 3 : And v-f-j =^ = 5 rf I 
= 4- Now^ being thiM found> its Square Root = x is ±2 ty 
, r . ... 

and .^-^-^ 1. 3 that u, ~r+^t^„T , or i 4 =/, 



2 - ' a 

r 



and — — ^ - , or 1. is g : WWrefore the JEquatJon* x * 

•+^*+/= c,andx* — #x -|-g.=2o»arfequaltox*+ 2x 
^- 1 1 = o, and X * ^ a x ^- ^ = rcfpettivcly j whence 



,, =?— J +V =i» »nd i - I -t-V i = J * t ? : But - if 
j(by /Juppofitionl,,*? xcrir i } confegaently; the 4 Values of a 




'i>j ' U 



Note. 0«^ b, T. I« ^fif- Srittfif. Ltpf. puhliJheJLa Method of SoU 
v^g J^quatiSns hy deflroymg all the miiMe Terms 5 tvh'ich^ he- 
i.iA >caufe "oery tedioHSi'dfia'as to what states to CuhkkSy tefsPraBi- 
caijU .in every Cafe than CardanV, Ijhallhere omit. 



CHAP. IVt \ 






The Rcfolutioh of JE a u a t i o n s by Stepbinus's 

Method. 

«Ajj g Hoottfof a given ^Equation are by this Method found 
out by /fometinies frequent; ''Tryals : Thus j , 






, ... ' ^.Example I. 

- Sfippofe tl* -grveti Equation tobc^^ — prt* + 2t^^=: 
&4 $rr tis i^iguiTed. to find the Values pfa.. 
' FtrO I fijppofe ^ = i,*and working according to th&'M- 
fli#n,0 find^that >i ' <i) - 9 ^^ (- '9), ■+• ^d i» (^4- 2d) 
^S* 1^ • ' but it bu'ght^o.be :;= 14 ^ wh^efore 1 conclude « 

4'<iyWiPj *»* ^PPpfe ^ = l> then win aj (+ 8) -^ 
9a*i---'m^ 2<JV^+ 52) = 24, which anfwers my Dc- 
firel anT^es tee~dne real Value of 4; after which I may 
Mi?fdfe' the ^quafioii a^ *^9aa^t6a^ 18 tp: o, by « — 
2 = 0, which will bring it down to the Quadratick : Or 1 
n^ay proceed further jin the fame Method, and find alfo, that 
^\and4'are the two other real ^ots.. - 

^ Example II. 

' '-ff'tfcis irtegular JEquation was propos'J (where alfo th^ 
abfoWe Number is a Fraftion) x^ + 5 x = 184658.(^801. 
' -ftan difcover at firft Sight almoft^that a muft be arleaft 
'=i 10, and trying With 10, 1 find it too little 5 but trying with 
jOQ I find that by much too great 5 proceeding again I find 30 



-.1 



too 



too much 5 I try with 20, and find it by fomethiug too fmall, 
but ail find too big $ wherefore I know that x mufl be = 
ao, with fome Decimal Fraftlon annex'd $ and at laft I diA 
cover 10.7 to be the ver,y Root fought, 'or at leaft one pf the 
Roots of thfe given Equation. 






J 4 



L£-ifefi»/^ toChap^V. 

How to find all the DIviibr$ of a given Number or Quan- 
tity. ■■•" •■ , ■ ■: . : ■ '^■■'■"•'A 

RULE. *" 



f ; 



' Divide the ^vca Qaj^vtity or Number by the leaft of iti 
Divifors that is CT i , and the Quotient by the leaA of 
Its, Divifors that Js C r, and xo on till you have i for. a 
Quotient, and yoti'll have all the prime Divifors of the given 
Number m Quantity 5 then multiply each two, threr, four, 
e^f. of the prime Divifors into themielves continmaUy,andthc 
feveral Produds. ate the compound Divifors* 

I. So if all the Divifors of dp were required. Firft divide 
ir.by 2, and the Quotient 30 by a, ^nd the Quotient 1 5 by, 

3, ^nd the Quotient 5 by 5 : then the prime Divifors are i, 

^i ^> 3j 5 5 ^^^ ^^ Compound ones proauc'd by each two arc, "^ 

4, 6/iOj 15 5 by each three are iz, ao, ja 5 by each four / 
for by all) do. .4r 

IL Again, If all the Divifors of 21 a h h were required. 
Divide it by 3, and the Quotient y^ttby 7, an^J^f^otient 
abhhy Uy and the Quotient 6 6 by t, and tn^^ptient b 
by bi then the prfme Divifors arc i> 3> 7, <«, i, ^5 and the 
Ciom pound ones produced by each two are 11, ^ a^ ^b^ 7 a^[ 
y.by abybb'^hy each three, ii /i, ii fc, 3 ^fc, 3 1 1, 7 abi 7 i *, 
a.b b 5 by eacn four, ii aby xibb^ ^abb^ f abb'^ and bj ; 
all five, 11 abb, 

IIL In like manner all the Divifors of i abb — 6 a a c 
are 1,2, a, bb — I ac,^ xa^ %bb'^6 ^c^ abb-^^a* c^ 
% abb '^ 6 a a c, • 



CHAP. 



• I >. 



^ 
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CH A P. V. 

John Kerfe/s Method of finding the Roots of fome 

AdF^CTEPyQvBI CKiBl aV AI>R ATICK^C^C• 
jEQUATIONS. 

PI H S T prepare fhe given ^^uation thus j vix. 

I. If the Coefficient of the higheft Power of the unlciiown 
Rdo't be greater than i , divide the whole Equation by tke 
fiud Coemcient : And then, 




known 

4iifl:> a -^ , - ^ , 

fnfaion lU p7^. I) AttdlfceRodt of the Equation, (whether 
it be at firft, or by dieft Direftiohs thus prepared) call a. 
Then, 

3. Reduce all the Term* 6f this ^Equation to one fide of 
it^ an,d the other fide will be o. 

Then find all the DiviJTots of the abfolute Number in rhe 
jEquia?tion fo rcdacM 5 ariS try whether any of thefe Divi- 
fo^s connefted to the unknown Root «, by — or -}-j will 
divide the total 5um of the reducM ^Equation, without lea* 
iSng a: Remainder^ for wh^n fuch Divlfioh fucceeds, either 
the known Part of the Binomial or Refidual Bivifor, with 
a -contrary Sigh, is the defired Value cif the Rojot <t> or at 
leaft the Quotient gives an Equation, whofe firft Term hath 
fewer Dtfnenflons by i, than the Equation divided 5 and 
if this Equation contains three or more Dimenfions, le:t it be 
examined by Diyijliori as before $ and fo on. By which Di- 
Vifioni, th? Robti of the given »^quation may be ibmetime« 
made known i o^ the given Equation fowetimes reduc'd to 
a Quad'ra^ck ohe^ and then the fought Ro^ will fee found 
by the Canons given for folving Adfefted Quadraticks, 






r 



If ^i * — 1 5 rt ' + 74 tf — 1 20 = o. What are the Values 
of a ? 

/TjIpJJiiKifors of 120, the laft Term, are 1, 2, 4, 8, 5, tf, 
w. Thenl try whether tf— i|<*+i,4 — 2, ^-^■i> <*■— 3» 

or 
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or a^^' 3, will divide the given Equation syitlioat leaving a 
Remainder: But finding tha<f neither of th^m wilf do, I try 
next with <i — 4, which will ekaffly do 5 arid therefore 4 is 
one affirmative Vdlue of the Root a 5 and the Quotient being 
a^ -^ II a -^ 10 zz o^ the two other Roots will be fouad fo 
be 5 apd 6j by dividing ^»-t-ii^ + 50 = o, hy a — 6^ 
or by /I — 5 =r o, or by the Canon given for folving the 
3d Cafe of Adfefted Quadra tick ^quatiops. 

•Example 11. 

Let it -be required to fin^ the -Roots of thJs ^^uatlon f * 
— 5(^«* 4* za-f- 72 =0. ' ■'•/'''".'" 

Its laft Tei-m cin be exaiftly'dividejd by t, V»:3/4, .<f, 8, 
9, 12, 18, 24, 7,6y rnd 72 5 wherefore the prbpbs'd'JE^uation 
IS to be divided by ^ -h aad —r i, ^ -[* andr--.2ji; fee. -tpiind 
f4ch of tKem 55 will exaftly dp it ? But iiac^ nece a.rj?'^ |5i:eat 
mai^y rVvifors, jand th^t /j&y the\Compofiti'on of i^auarw^^ 
there can be, 'at jruoft, but three fwch l)mixita^ ymkhw'iX 
. exaSly diyid:? the propo§'d J^ii^p^n i you jpiay tiy wilji ,a 
great m^ny pf thofe DJv^fors Dcforc, you fiiwj >|iy of tt^e 
three fought : * Wherefore, itg fa v^vpurfelf'..'- v .^. . 
.^ great dejiUf this Tr9uble/tr?insform thp:*5;-J^f '^^^ 
given ^qv^atjpn into another^ eaeb ofwhoie * • 
Roots ih.all be more ox lefs yhan Aofe of the proposed one 
jby a given NM.mber, i is generally the .moiljconvenichtj 
fuppole thejrefore az:z % — i , then the pcopos-d ^quat^oh 
will become x ^ — 39 x * -)- 7 7 x ;^- i u = .0^ an iE(|uation 
yi^ofe Roots are each by i more than thofe. gf the propps'JJ 
one^ andtbe Divlforsof JtslaftTerm a;i:e i^ ^^^7tf a^^d ixi^ 
Bvt fince ^ziiiic — i » it is evident that if any of the Values 
©f xbe I, 3, 37, III, or -T- I, -r-r^, — 5.7, r-T m, (as it, 
or they, muft be, if it has any Rational one/ that of a will 
be o, 1, ^6y no, at — 2, — 4, — 38, — 11^5 but (by 
what was before faid) all. the. rational Values c{ a are,in(ert- 
.ed among the following ones , vl%, i, 2, 3, 4, 6y 8, 9, ii, 
18, 24, ;(^, 72, or — 1,-2, — 3, — 4,&'<'. Confequently, 
if /« has any Rational Root in the proposed Equation, it> 
or they, muft be 2, 3d, or — 2, — 4: Wherefore you need 
now try to divide the proposed ^Equation only by ^ ^— i ==: 
o, a — 35 = 0, tf-+-a=o, and a 4- 4 =r o : Wherefore I 
try firft to divide it hy ^ — 2 =05 but that not. exaftly 
fucceedmg, I try next to divide it by <i— 3^=0, whica 
exa£Uy does, the Quotient being 4* H- 2 = 0, an ^quattoft 

c wherein 
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wherein <i Is = -^ i^— x,and — v' "" * 5*?^^ confequently 
the 3 Roots or Values of <f, Ik thet>roT%s'd JEqiation, are 

3(r, V - ii and - V - ^• 



C H A P. VI. 

The Stlution of /E au a t i o n s, by Sir If- Newton's 

Method. 

THERE is an univerfal Method of Extra^in^ Roots, ei- 
ther in Numbers or Symbols, Invented by Sir If.NewtoM^ 
which you may find in Pages 381, 382, and 383 ofDr.Walih's 
jigebra^ which is to this Effect. 

Ftifty Find the firft or greatefl Member of the Root fought 
(^), and if it be not =:^, let that Member +•/' be (up- 
pos'd=jr5 then having fubflituted this Bipomial and its 
refpeftive Powers for jy, and its Powers in the Equation, 
collecl its fcveral Terms into one Sum 5 then find the fecond 
Member of the faid Root, which is done {in fome Cafes ^ hut 
mt in aJU in the beginning of the Operation) by dividing the firft 
Term (or abfolute Number or known Quantity^ of the 
faid Sum, by the GoeflScient of/? in the fecond Term there- 
of, and let the Quotient, afFefted with the contrary Sign 
to what it has -+- f > be fuppofed = / 5 then proceed with 
this Binomial or Kefidual in refpe£l of/?, as you did with 
the other in refpeft of^ : and fo on. ♦ 

Note^ When you have found 3, 4, or more of the firft Fi- 
gures, or Members of the Root, you may ftid as many, or 
almofl as many more, by dividing the firft Term of the laft 
Sum, by the Coefficient in the fecond. 



i 



Exan^ 






{ 
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Examplel, 
Ify ^— ijf— 5=05 What IS one of the Values j? 



jy 3 _ 2> — 5 = o /x.i — 00544852 == 2.057455148 

\ = jf very near. 



Z + p ^=zy %• 



— 5 = — 5 




Suni — i+io/^-l-d/»*-4-/> 



• !+•?=/'•.• 



lOjp = I. -t-io J 



Sum .b*Ji-i-ii.»? f + <^*3 f * -+•?'. 



— .0054 +r=jr'.'| y^= — .0000001-+- .o©o7 6^f. 

tf.3y»= .oooi8j7 — .odS^Xr 
1 1.23 f=— ,0^0^41 rHil.23 3 

4-.0dl = .0(^1 



Sum -f- .0005416 -f- I i.i52r, ©•r. 



I 



-^*oooo4852 -Ar ^ = r I 



Example \h 



proxime. 



— J 8ic. Sfne fine. 



+ 






*+• 



1^6 Tbtf SdIution^fAJfe3edJEquatms Part XIL 



« •+/ =y ••• 



i^ 



i f t l\V 



axy 



a^ X + axp 



= a? .vj- 4*f 



X ' zz—xi 



— la 



\—ia 



Sto'l^^ttV^^+a-r-H/' 



itm 



^ I 



4 



pi =: — i^ x' + -V5cx'^&c. 



axpzz — ^ax + 4X 
\a^ p,:=:^ tf * x + 4^' 
4*X= tf^'x 



xy, 



a 

X 



o — -Ty<^X'' ^ V o 

bum ;;_«<., **- r^x^dft ^c. 



I f ■» • ■ n n 



-f« tVx* 



■rf ■* 



;■* 



64<» 5IX a 



The greateft Difficulty m this Example II. i$ to find the firft 
Member of the Root, which is done thus. 



/■ 



Let aParallelogramABC 
D be Cor fuppos'd to he) • 
defcrib'd; and let it bedi- 
ji^tdedinto as iftaiiy liftiitar 
Imall Os as are requifit ^ 
then Denomiria^ each of 
thefe fmail CDs frcrm iht 
Dimenfiohs of the two in- - 
definite Quantities of the 
JEquation, as x and j^ in- 
creafing regularly (zs in 
the annexed Figure) from 
the imall 



A 



I , of which y denotes the Root to be ex- 
tra3:ed , and*x the other indefinite Quantity. Then mark 
eackfmall 0> which anfwcrs the Terms of the given ^- 

quation 



B 




' 




n 




X* x^y 


x'^y^ 


x^y> 


x*y-* 






x^ y 


x^y' 


x^yi 


x'y* 




X* 


X* y. 


x*jr* 


x^jyJ 


X*Jf^ 


« 


X 


«j'* 


xy » 


xyf 


xy ^ 






y* 


y' 


y'* 


y* 


• 
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quation with an Afterisk ; and at Ae lowcft Comer (or 
Angle) to the. left Hand of the loweft fmall C3 to the left 
Hand thus mark'd as a Center, fix the end E of the ftraighr 
Line (or Ruler^ £ F, and turn the other end F , from Ay 
towards C, till the Line E P touches one or more of the 
fmall C3S thus mark'd, and with the Terms of the Equati- 
on anrwering them, of the Imall ds thus touch'd, make a 
fuppos'd Equation. 

Thus the propos'd Equation ^'.-l- axy -\- a^ y — x^ 
— aa * =: o, exhibits — a«*-H4'jf -f-ji ' = o s and 
therefore you have y.-z^a for the firll Meinber of ikt Root 
to be sxtTKted. fi***-. ■ 



Part 



( 1^8 ) 



I I I li I'l ) 



Par t XIII. 

« ■ • > * 

HoivtoraifeCamns forfindingthe 
Sums of the Powers of an Arith- 
metical Progreflion Continued. 



THEOREM I. 

IN a Series of Units ("as i, i, i, r, ©pf.) if the Number of 
Terms (w) be multiplied by either of them, the Produft 
(n) will be equal the Sum of all the Terms in the faid 
Series. > ' 

Thps is evident from the nature of Multiplication. 

T H E O R E M II. ^ 

In a Scries of Niimbei^ in an Arithmetical Progreflion ip- 
crcafing, whofe firft Term is rz: to its common Excefs ^ i, 
and number of Terms n: « ("as i, 2, 3,4, ^fc. and «) 5 
if to the laft Term («; you add the firft (1), and multiply 

the Sum by half the Number of Terms [J^J , the Produft 

( n*,^n \ .^ ^^^^j ^^ ^^^ Sum of the faid Series. 

TIhs has been Demonjirated in Arithmetical ProgreJJton. ^^^97 f^f^ 

^ THEOREM III. 



.i y. 



In a Series of Squares, whofc Sides or Roots are in an A- 
rlthmctick Progrcffion incrcafingT whofe firft Term and com- 



men 
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mon Excefs are each = i, and number of Tienns ^ », (zb 



I *> 2, *, 3 s 8Pf. and » ») I fay that 



«»+|»*+l.» . 



?. 



IS 



to their Sum (x.) = 1 + 4 + 9 + i<J-l- &c, 4- « «. 

DEMONSTRATION. 

It is mani&fl that x. is = to the Difference of the Sums 
of the two next followine Series, each of whoie Ranks is in 
an Arithmetical Progremon continued. 



Sum of the Gredter Series. 

"1^-2-4-5^-44- &c. -f- n^ 

I 4-2 -4- 3.+ 4 4-&C. -4-n 

1^-2 -f* 9^-4-4 t4-&c.-|-» 

I -i- 2 -I- 3'*-[- 4 -4- &c. -|- n 

' J 



' JViw ofthe Leffer SM'es. 




11' 



8? 

69 



Difference of the Sums of the Greater 
ana Leffer Series. 

' r£ 4. 2 + 3 -^ 4 H- &c. 4- « " 
2 -|- 3 4- 4 + &c. 4- If 
3Hr4-+:&c. +« 
4 -h &c. -f« » 



L. 



"v — 
9? 

Is 

5-8 



Fpri = i»j 2H-2 = a*3 3 -|-3 + 3 =5*'} 4+'* 
4-4 +4 = 4*,£ff. 

Add 



apo How to find the Sum of the Powers Part XIl|. 

; Attd X -H * -+ S -h 4 Hr &c. ^ n (or the Sum of i, 2, ^, 
4, fipf- co^innued to n Terms^ is (by Tb^or^wthe 2d.) =: 

HJldLl? . Wherefore the Sum of the Greater Series (being 



r= If times i 4- 2 4- 3 + 4 •+■ &c. + ») is = — . 

Ixj the aext Plaq^ we are to fiad the Siujtv of the Leffer 
Series } m bxder tp which confider its ift Rank being o, its 
ad Rank i, its jd Rank, i 4- 2, its 4th Rank i + 2 
-+- 3, 8^c. that theretore 

Its n^ Rank fljuft be =1 Ti- 2 4- 3 + 4 + &c. 4- »— i 

Alfo Its » — 1*^ Raijk =;> + 2H-5+4+&c.4- ». — 2 

Again Its n — 1^^ Rtijlc =:i r -h * 4- 5 4- 4 -h &c. -f « — 3 

. Therefore die 6um| of t^e »th Rank of the faid Leffer Se- 
iries is (l>y fubftituting n-^i^ for n in the Canon infcrted 

«— ill+M I 

in Theorem II.) zs^ i » : Auo the Sum of the 



il 

2 



" - fl •""- 2t \ ' ft ■"■ 

n i*^ Rank is = : Again the Sum of 



2 
1 2 



the » — 2 '^ Rank is r= ^J .2 &c. Wherefore 

2 



II.' i-|^ ' ' ■ -|- '' ' ' ^ 

2 2» 2 

-4- &c. is eqiial to the Sum of the aforefaid Leffer Series : 

n — l\^ 4- » — 2]* + » — 3f -f &C. + I afx. « * 

But — ^ ; '~ = T T ' 

2 . 22 



••-"•ir 



atid -— — ' *s (hy Theorem IL) 



2 < 

n 



5 wherefore the fa id Sum of the Lefler Series is 



itr — ^ jL ■, confequently the Difference of the 

22 4 * ' . 

^ M^^. <»rO ;;?^-n* a^'^M^-^y ^ • Sums 
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Sums of the Greater and Leflcf Series Is = 



»3.J|-»* X 



J 



^ . r:::t (by Sufpofition; =r r , T^ J— 

— J and by Tranfpofing , we have -^ x. == 



2, « 5 -I- 3 w » w|- « 



: and finally by multiplying each Part by 

i 



— , we will have x. 

3 . . r <^ J 



fii^.A 



THEOREM IV. 



. Ji 



_Ij> a Series of Cubes, whofc Roots are in an Arithmetick 
Progreffion Increafing, whofe firft Term =r'com*on Excc6 
IS I , and number of Terms is =t w (as 1 S 2 S jS 4*, &c. » ») 

H H"*" 2, W ' — [— ft * 

I fay that •; — ^ is equal to their Sum (t.) 3 that 

is equal to i -f- 8 + 27 4-<?4+ &c. -.j-w '. 

DEMONSTRATION. 

The faid Sum z is manifeftly equal to the Difference of 
the Sums of the Greater and Lefler following Series, each of 
whofe Ranks is the Sum of the Squares of an f^ 



Sum of the Greater Series* 

I v^ 4 4- 9 -|-i<^-4- &c.4-«* 
I -i 4i^ 9-i-i<^H-&c.- 

I -H 4-1-9 -l-i<^-4- Scc- 

is- 



Sum of the Lejpr Series* 







^ 



tc2 HcfP tojihdtbe Sums ^ika Powers Part Xtll. 

Iitffeftnc4 ^the Sitms offbe fi»« mxf 
pregoing Series. 

^ -j- 9 4- x5 -f. &C.-I-II* 
9 -^ id + &C.H «* 






— V — 

R? 
S ^ 

09 



^f 



N- 



Fori=5iS 4 + 4 — 31^ 9 + 9 + 9 = 3'» &c. And 

^^^ 4 4- 9, -f itf -h 8fcc. -h » » is, (T)y Tfc^orm HI.) = 

a.»* + ?.»*"H^ wherefore the Sum of the foregoing 
Greater Sefies (^being equal to « times i 4-4 + 9 + *^-l* 

&c.+ «*) IS = J — ^- 

A2ain In orier to find the Sum of the Leffer Series, con- 
fi4e^ o hebg the fifft Rank, i the id Rank, 1^+2* 
the ^d Rank, i -♦- x * + ? *- the 4di Rank, &c. of the faid 
Lefler Series 5 that therefore the »th Rank thereof wll be 

^ J ^ j^ » ^ 5 » + 4 * 4" &c. -1- w — 1 1 . 5 alfo the »— i * 

Rank will be = 1 +• x * 4 3 * "^ 4- * ^l-Scc. 4-'» - xp : A- 
gain the JTirith Rank will be = 1 4 x » 4*3 » 4 4 » 4. 

gQc. 4 n — 3|=^ : &c. Therefore the Sum of the nth 
Rpnk of the faid Leffer Series is (hy Theorem HI.) = 

♦Alfo the Sum of the w— i *^ 



2 « — I r 4 5 ^ — I 4^"^ ^* 

i ■ ' f ' " ' 

6 



Klank 



Xfg-rx|'4 3^-- ^1 -1-^—2 
is = ' ' "^ ■ ■ . V ' 



Again the Sttm 






.f 



" - •> )r 



*• 






It 



J ♦Ai** .•/ 



of 



» 1 



V ,. ♦^ \**^ '*••"' / ^ 



.-<'' 






of an Arithmetical ?rogreJfion cohlinued. aoj 



mmmmmam 



of the n — x^^ Rank is = ^\ -\ :> — 2j_i £^ g^^^ 

Wne»erorc ■— ^ •M-* . . 






^^ &c. is equal to the Sum of the faid LefiCer Serl^ : But 

•O.J ' 5 -f^'f'^iV 



— — • '^" ^ * I ' • I 1A 



>r- 



_ ^^-i|'-f?*i^-^i|' + i»^y _ , 5 



{hy tb£orem HI.) r= 

is (by Theorem II.) = 5 wherefore die Sum of the a- -f 

;a 



1.2 



forefaid Leffer Series is = - - 1- + ^^'-jn^+n+nn^n J 

3 3 la -4 



2 n^-^m n 



5 wherefore the Difierence of the Sums l 

^ r 

of the Greater and Leffer Scries is r= ., "^3^ "^^ ^ ** 

-_+ — J- — = __ Y^'^'^y^"?- 

pofition) J ind by tranfppfiog — — we hive 4 t = 

9 

—J pi: and by multiplying ea<$ j^att >y A, we 

■ "I • 

liave 1 = .i,--L IL-^, fie £. A 5 



t » 



^^ft>Vw^ic=^,„^V*.*tW%^ 



*^^^ -^^?i ?^ j^H^o/ 



45 •» l^Ctl^lL±^^ ^^em- 
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■ THEOREM V. 

Ija I Scries of Biquadrats, whofc Roots are m an Arith- 
m^dck ProgrefEon increafing, whofe firft Term is z= i = 
common Excefe, and nmij>er of Terms n w fas i**, z\ 3*, 



common 

4\ &c. «i*)}Jfay that 

equal to their Sum ft). 



''4-»fft*-|-if«»— * 



■>**»> 



5 



IS 



. DEMONSTRATION. 

The faid Sum t is manifeftly equal to the Difference of 
the Sums of the two next following Serics,^ each of whole 
Ranks is the Sum of the Cubes of an ~ 



Sum of the Greater Series. 

•fi+«+274-^4-4-&c.-h»^'» 



' 8? 

CO 



> 



iSifiii of the Lejfer Series. 
I • 

1-^-8+27 . 

o o 

P * 

CO 






DifercKce (if the Sums of the tv,o 
forezpmg Sines. 

r 1 +8 + i? -4- «^4 -i' &c- + *^ ^ "\ 

8 -I 2 7 -f <5"4 4' &c- -I- « '^ 

27 -h 64H-&C. -i- m' 
• 64 -i- &c. 4- » * 



4Lo « • ^ « > < 



r> 



•V — 



2 o 



3 

■ CO 



V- 



Por 






ofm Amhmetkdl ^rogreffion continued. 205 

Fori =r 1^5 8-f»= 2^-27+27 4- 27=5*5 &c. 
And I -h 8 + 27 + 64 + &c. *+- »«, is (hj Theorem jr.") 

— — ..i— .— .....i.^ • ^eretorc the Sum of the foregoing 

Greater Series ("being = n times i -f 8 4- 2 7 4-^4^- &c 

' ,* «?^ -4- 2»'*H- «* ' - 

H- « '^ IS = ——J ; S . 

4 
Now for,to find the Sum of the t^efi&r Series, confider, 
fince o IS the firft JR*ak thereof, » the 2d Rank, i » +^ * 
the third Rank, , » ^. ^ » 4- 3 3 the fourth Rank, &c. 

that I :• ^z I -f: 3 ^ _j- 4 » -j- 8cc. iTirri* wU be =: wth 
Rank 5 alfo I J4-2» + 3f +4! + gcc + iTirij* = 



the«— f I ^'^ Ranlc,alfo i +i» +-3* 4.4? +&c.+ »— 3I* 

r=: the tf-% '^ Rank &c. of thefaid Lefler Series j wherefore 
^c Sum of the »th Rank of the faid LefiTer Series is (^by Hw^ 

rr. . _ ^ -- ij^ 4 X l> — f \'. 4- f^ -^ l|" 

oj-^ IT.; = J^ . Alfo the 

•.4 

Sum of the w — i Rank = — ' ^ *y 

4 

Aga}n, the Sum of the »— 2*^ Rank of the faid Leffer Se- 

* — — — — — — • 

nes, IS fby theorem IK) = ^^ — iL—L IL 

4 • 



&c.thereforc"-'''-^"-<-^>'^^'> ^'^^ + '" 



4 



. i» — 1|^ 4- a» — 2r -h 2 »— 3|' -\- &c. H-x Nf 1 

4 

the Sum of the faid LelTcr Series : ' •* 

P„^ >^ — if 4- >^— M^ -H ^ — ' sT-^ &c: 4- 1 X ' %^^ 

4 ! • 4. 7 



• ♦ 






J 



t 

I 

^06 Hew to fin J the Sums of the f ewers Part XIII. 

4 • 

Theorem IF.) = . ■ ' ^^ ' = 



8 



Alfo III- I II ■ I III 19 (byThe* 

^ a.>f-^. i|* -h ?,» •- x|*-ih <^— I 
•r^mlirO = ' , ' ' ■ ■ ' = 

H.I 

%n — 3» +», ^ercf^e the Sum €f the faid Le£Cb Stft 

|i^^^ ^« J^ -r-r mmt — •^ 1 ,>[» '■ ' *■* *!| ■ ' 1 |i Htf *» f < 

4 4 P - . 24 

confcqwntly the Dififcrence of the Sums ^f the (aid Greater 

and Lcffer Series is = i - — H — 

4 -44 




4 

^4 H 



"^'^*^ — •^ = t ^y Suppofition) 5 and by tran- 

fjofing "^ — »nd then multiplying each Part by ^ we will 
4 



have 

5 



&c. <^«,/»^«^^^^> 

.^-^IbJi-i'^-^ ^ ^^i TART 



ife! 



i 



( ao7 ) 



Part XIV. 

« 

Of Polygonal Numbers. 



^ w >■ »mmmmmmmm0»^)itm»mmttmmam 



FAygonal or Mukansular Nunfibm are the Sums or Ksr 
gresats of a rank of Numbers in Arithmetical Progtem- 
on continued from Unity, and are fb called, becaufe th^ 
reprefent the number of roint^ that.arewrdquiro^ \o ^tt fuctt 
regular Polygons at equal DiftaHces or Lines drawn f^afalld 
to the fides of the Figure : as 



• . .' Sec. are Triangulars. 



• . . • • • ft 



• . . . 



k 



... 



• .• • 



. . &c. are Qtfadrangularsw 

• • « • 

&c 



And aie tha» formed. 



« 



* 1 . - '*• 



\ .♦ 



■ • 






, ^ 



■* '. 



« 



* -• , . -'-^ '• 



^ ' ■*•• '"'*»•; ♦' * • -"♦• • 






* I*.' 



I*. • 



i>^ '*J ' *■ 



^ 
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f4umhersinj4rith' 
mettcal Progref- 

fm. 

i»x, 3. 4»&c. 
i,3»5> 7»«<^- 
i»4» 7> 10, &c. 
It 5. 9x I5»&c- 


wo» 'Diffe- 
rence is 


Sums added from i. 


Polygon. 


' - I 

► » - -2 - 

3 

. 4 
&c. 


I, 3, (J, 10, &c. 
If 4> 5>> X^. &c. 
It 5t ii> 22,* &c. 

I, d^ 15, 28^ &c. 
&c. 


Triang. 
Quadr. 
Pentaug. 
Hexang. 
&c. 



- Hence, by InfpeSton, thefe two Obfcrvations arc evident 5 

I /.That the common Difference will be always lefs, by i, 
than the Number of Angles. 

2. That the Side of the Polygon is always equal to the 

* Therefore putting d ~ Common Ciiterence. 

n =z Number of Terms. 
/ / = Laft, or Greateft Term, 

z. = Sum of all the Terms. 
- ./»-= Polygon. 

'<<= Number of Angles. , 

nn ^ n X d 

We havcp z= : 4- n. 



■ * 



DEMONSTRATION. 

Since every Polygon is the Aggregate of Numbers in -^, 
whofp firft Term is i, (by Pdrt mi. Chaf. i. SchoL 1.) /^ = 

I -t* / X » 

• , and (by Theorem III. of the faid Chapter,^ I = i 

% 

^ n d -^ ^, which fubftitu te in the former Value of/^, and 
yqu'lL.have - 



I -h« H — J X n n^ d -' n d n 

- — :; =P = :: +n. 



L.m.. J 
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An4 bccaufc i is given, (by Ohfervauon i.) if its Value be 
fubftituted in this General Theorem^ we may deduce Particu- 
iWr ones for each Polygon : As in a 

TnangA ^ - r- r> n ^ 






Quadrang. 1 y J_nuJ.nJ ,^ 

( \ \ — :^ — r -nr'^f ^ 

Fentang\ 



Hexang 



.^ 





SCHOLIUM. 



The commoh'Difterence In a Rai^k <v SerieSvoC.FoIygons 

is always = — , which have the fi»me Side, or are com« 

pos'd of the fame Number of Terms j therefore by Virtue of 
the faid Tbeorun i. the Sum of any fuch Series or ^ank of 

Polygonal Niimbers will always bci = ->— ■ i-, 

_ I _ _ 

putting f = Greateft or Laft Term, and a z=z Angles 
of it 5 then 4 — x = Number of the Terms, and n = 
£rft brieafl Term. And if we (ubftitute a in ^umbers in 

' ) I • ' , we have particular Tb^wems for any 

« . • .1*1 

Series : as in a 
Triang. \ • • 

Quadrang, \ || 

" ;^ Pentang. j 

Hexaog. ' 



^ 




But 






^ 



2IO Of?ofygmdVtimhtrs^ Part XIV. 

But bccaufe n may not be always given, fince we find f = 
"^ 21 — • nr will therefore be found (by Part X) 






And bec9ufe i h 



given ^y OWl i.) if we fubftitute its Value, we Aall have 
jparticular Theprenos iix this Cafe likewife 5 vit. in a 

' • V ... 
Triang. ^ <*> - 

Quadrang;./ .^\xA /f-\a4-v'</»— Arf-f-A 4-8* 
Pcn»ng. /**— <3fand«= ^-=- ^JT"^ 



&c. 



f— 1-+- V I -+-8;^ 



1 



wmmmm 



o 4- liS^jp 



Therefore n = - 



V -If I II i ' ' m ill 



^^AMta 



: s ■ 

Tlm& halving £b^i{ bow fi^m; tbe Side gncn la find the 
Polygon, or from the Polygon to find the Side^j. a5.:^{b the 
SMm of any Series^ of Rajik of ieguUr Polygons from a La- 
teral : I ihall now give an univerfal Theorem for finding, 
any Triangular, firft Pyramidal, or other Nlimbcr under- 
iiicntio*ie4 : af ^ *^f«^ikf <»^*5*i(4^ 

Units i.i. I* I. « .1 ^5^^ I ft 

Liiterais 

Triangdiars 

1 ft Pyramid. 

^d Pyramid. 

3^ Pyramid. 

V 



t.i. l» I* < • I 

t»2. 3*4* 5 • ^ 
l.j. (f.ro. 15 . 21 g^^ 

JI.4.10 .2o/'55 • 5^ 

3fv5.i5 .35- 70 • 12^ 

&c. 




Order. 



OBSER* 



Of ^olj^ofutl Numiars'. a 1 1 

OBSERVATION L 

Here 'tis evident that each figurate Number h tlie aggregate 
of the preteiing Series fo far, or of the prdcceciing figurat 
Number, and that above it felf. 

OBSERVATION U. ^ 

It is alfo evident if i and c be fupposM =: any two whole 
Numbers, that t figurate Number at c Order, is e^ual to c 
figurate Number oti Order. 

«^ LEMMA. 

If « be =; the fide of a figufate^f umber of . fuch an Order 

as that I, I K «, I x-^ X ■ - \ t X — X — i— K — ^— ^i, 

^ X -^ x'--^^ X — 11- X -^11-% &c. r; ft (^Since -1 H 

^ : .* 3 4 e 

y ^ y la I ^ 

P^ ^~r"^^ir'^~7^^^* ^^' bee; the re. 

fipeSi ve figurate Numbers of that Order j an<} if w be = « ^^ i 
the Side of a figurat Number 'of the next Greater Order s I 

fay, thati, iX^,iX^il2x!^±i . k^i±^x!^ • 

w+a w 1^4.1 w4-x W-+-2 

^' . , % ' ' ? 4 

be = the refpe^ive figurate Numbers of that Order, whofc 
pide is m^ 



DEMOrf STRATION. 
It ?» evident ('by the nature of Multlplicatldnj that i =± i, 

^ X-^^iXi^+isr 

1 • . . .' . - 






. I X 

3 



^^1 



ai3 OfPolyghnkWumbers*' Part XIV. 

»»H-» ^ «* + » __. ••+•1 .w+.a^"* [ /'♦»4-3^ 

I 134 I a, 

3 I a « 3 4x4-/ 

&c. Therefore, If I, «, ixl±i X J^, i X l±Ix 1±-* X 

II I £ 

Ji, ,X^+-£x!^^x!L±lxi!.,&c.bc=rtherefpe. 
i.' I 13 4 

Aive figurate Numbers of the Order whofe fide is n,^ 

I) IA»^I, iX ■ X — r 9 I X ■ X — X 

12 12 

i, , X J!J+lix2±lix!L±J x!i±3,$cc. and will 



3 I 2. 3 4 

be = the refpeftiye figurate Numbers of the Order, wfaofe 
fide is m (hy the Nature of Polygonals.j 

= I, I Xm, I X — X — IL-, I X — X -7-1-- X ----i--, 

I 2 1 2 3 

, X — X — Jl. X —-!— X --^. , &c. refpeaively, (fince 
I ^ 3 4 r ^ 

. SGHOLltJM. 

c 

It IS evident, that if « be = the fide of a figurate Number 
of the firft Order, or that of Units, then n will be = i\ 

and I X », I X -r.X 7 : % i X — X —^ X — — , &c^ 

. ' ^ * 2 I 2^3 

will be - 1 , 1 X f, I X 1 X I , I X 1 X I X I , &c. refpeftively, that 
is, each figurat Number of that Order will be =: i which 
aiiemanifeftly the refpeftive figurat JSf umbers of that Order: 

Therefore ^by the preceding Lempf^) i , i X m, i X -^ X 

— ! — I X— X X — - — , &c. (m being always =^ 

«+0 



r 
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-If -4- I ) are the *cfpcftive:figunitc Numbers of the id Order, 
or that of Laterals : And if n be = the fi^e of a figurate 
.Nqnpiber of the id Order, then, fincc i, i X», 1 x « X 

.'L±J^ , x«x'^:ilx !L±i, &c. are (^by this Schohim) 

= the refpeftive figurate l^umbers. of the id Order, i, i Xw, 

xX— X — !^, I. x^ X — I— X _31-*^&c.willbc/by 

the preceding Lemna) -3= the refpeftive figurate Numbers of 
the 3d Order: Again, Jf jr be =: 3, the ^ fide of a figurat 
"Number of the jd Order, then (by the preceeding Lemrna^ 

fince I, I X», I XiiX— m, I XnX^-ZJLx ---\-?,8cc.arc 

the refpeftive figurate Ntimbers of the 3d Order^ i, 1 X m, 

,x!iitj?x:i±i. ,x:ix'2±ix:i±i.&c.wiiibe 

IX I X 3 

s= the refpeftive figurate Numbers^ of the 4th Orders and fo 
on : WK^ce may be deduc'd the following 

COROLLARY I. 

» 

If » be =: the fide of figurate Number of any Order, then 
I, I X », I X >f X — m, I X « X -aUx — ^! — ^, I x^ ~-il- 

a ^ X . .3 .1 

X '^ -"^i X !i±i X "t^J, &c. will be = tft, xd, 3d. 4th. 
» 34 . , 

5th, &c. fieuratc Numbers of that Order refpefiively 5 which 

is the umverjal Theorem I fromts^d to give. 

• • • • 

COROLLARY |L 

Since n being fuppofs'd = the fide of any figurat Num* 

ber, I, I X », I X -^ X -3—, 1 X — x — 1~ x -31-, 

II I X 3 

Sec. are = to the f ft, xd, 3d, 4th, &c. figurat^ Numbers of 
that Order, whofe fide is n refpeftively 5 therefore the fol- 
lowing n being fuppos'd = number of Terms, i, i X »« 

I X»X 
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M ^im I H n -I- I n •4- % 

jXnX inn, , X - X ^^J X ir»--* 8cc. fhillbe ^bt 

Olferodtim i. laad r& Cir^fitfiy) c2= tht «th figumte'Number 
pt the. ifti xd, 34» ^-th, &c. Order refpfflivdy. 

. SCHOLIUM.' 

Hence alfo may be had the Sum of the Powers of an -r-, 
li^lK)ft firft Tcm and cornmon Excjefs ire^ach =r i j thui, 
Suppofing n =^ number of Terms of any Order, i X » x 

M r I f. n^ r i If 

, — , «vill be (by' (»/. i; ^rid id Coroff.) s Sum 

of the id Series, or of the Scries pff LeteraU to th? «th Term 
inclufive, or =: nth figurate ^Number of the jd Ordefj there* 

ta» Places Continued, ("the Figures under each Line of Con- 
junftion being what is here called a Place) ia s= the Sum rf 
the figurate Numbers of the 3d Order, to the »th Term itt- 
clufive/ or = the »th figurat Number of the 4th C^der = 

a 3 ^ ^ 6 ^ 

Jput — — r— r — to n rlacesx or Terms continued, 

I ' 

is ( by what has been already faid ^ ~ ^ — —^ — 

to n Terms continued, is = ''*~^'^" '-^^'* ^lilliii! 

r= _ _£— 3 confequently i*-l-2»-|.5i^^. 

+5* +^c* to n Terms continued, or the Sum of the Squares 
of an *f-, whofe iftTefm and cdmmoft' Bxceis are' each equal 

to I , and riuMber of Tenns equal to i b :::t ^■rv/'^^ - ji^Ti i v 

-^ ' i\ ij '' ^ . i. . • . ... ■• Agaixt> 



ApMi Since —— — ^ ^^^ is 2= «th figurate Nam- 



b«r of the 4A Order } therefore *' +^ *^ ' * -t- * Xi-I^ 



• * > 



x^ ^3 xz'-+ zxi.4- j? + 3X3»-t-xx^ '^- 
4^r^■^.^^* -4- 2X4 4:j8kc» to « P laces cdntuiui.i< . , 

~ T ~r » '* ^ 

0^/ «0=,to t^« Sum otthe figurate Numbers of theiaOf- 
^ J^-j Places contmued, or = «th figurate Number of the - 
Xtt Oi'derx which is {t»f the; tjvb fdr^oo^ GtrtOiu^ef) i i X 



* / 



■ * '' 3'' , , 4 . . . V: ■.*4 .-. 

But (by what has been faid in this Scholium) 
3>fi»-»-a'.4-a".4K4^H'&c; to _<» Tfans fon^nueJ: 

And ^ ^ ^ + 3. + 3 4-- 4 4' &c. to » Terms contin ue, 

6^ 



Z r 



t - !i . • • ■ - ^' u^' ^ 



6X1^ = ir^** wherefore 

r^- +• z^ --H ^ 4r 4 ^. f .&c. to « Terms cdptiotigd , 



'^ N ) 



. ' /• ' ■■ I ■■ II > I I 1 ^ p I. — -• - ) I ■ -1 7 1 L *«to 

H - • ;:♦* — ■ 

;;": T^. TTi .cdnfeaucntly ^».+ 

» * + 3 ' + 4 ' 4- 5 ' + &c. toir Terms continued, or the 
^um of the Cuibes of an -4- wjj<i& firft Tjerm and cooxnoift 
Eicei* are each eqa»l t»t<i and mnabwr^l^my Moat « 

. _ w"^ + x «' -+ n» ^ 



n IS ^ I, . . , .J— _ I. 



*\ « 



An4 



1 

J 
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And fince — ?•— — ^ • ' ' ■ .tf-n ^e jith figurate 

Number of the 5tli Pr^cr, it is evident ^by Ohf. %.) that 
l^^.6Xi»^-iiXi»-*.6Xi+2^ + 6Xz*4.iiXx*4.6Xi 

• _ ■ ,• H - 

^ &c. continued to n Place. ^ .^ _. ^^ ^^^g^ ^^j,^ gg„. 

^ate Numbers rf the 5tli Order to » Places continued, 
= to the »th £gurate Number of the 6th Order, which i« 

(by the two foregoing CoroUams) ':;^ iX—X — X 

3 4 5 »*" 

But (by \«hat has |)een already fald in this Scboliun^ 'tis ma- 

• ^ , 6 X I ' + 1 > H- 3 » -V- 4 ' + &c. to » Terms 

nifeft that r— ^ -r 

14 

• " ^ ■ 

continued 6Xii^-4"iii^+«ii 7 111^4.1511} +7^11* 

14X4 '^ ■^""" IIP 

- Atfo "^ < 'T~ ^ "^ 3 * H* 4 4- «C' tooTerms con^ 

tiaugd, _ nx»)-^|,|,.a^j.i, i^;^ir> -f- 27f»^^fJ-9£ii 
~ 14X3 , ~ . , iTo ' 

' , 6 X I •!. 2 Hr ) 4- 4> &c. to n Terms continued^ 

ana ■ ' ' ■ . • ■ > zzz 

*4 

.^ . I . .='■!' ' ; wherefore ■ ~ r , "^ ^ 

' 14X1 ' 120 ' ^^ 24 

-*^ 4^ -+- &c.to n Terms continued, . 11 * -+- lO «* H- 

• ■■ ■ ■ I 'IS rs '■■ 

I lo 



it* ~v 



iS 



I 
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35 n * + 50 n;* ^ 24 w 7 j .»^ -+ 1 5 n * JK 7 i !1^ \^ 

120 liO 

n^4^2i»->4-i f»^*~:^». confequently i * -f a * 

120 

-I- 3 4. 4- 4 ^ +■ &c* ^^ ^ Terms continued, or the Sum of 
the Biquadrats of an t^ , whofe firft Term and common Ex- 
cels are each equal to i, and number of Terms equal to n is 

»* -f.2 4«^-4- I 7 n^ -^in 

5 ■ " "^i* 

And laftly, If/? be = any finite Affirmative whole Num- 
ber > I, and » = an indefinite Number 5 then it is evi- 
dent, fi-om what has been already faid, that the »th figurate 



Number of the />^- x^^ Order is = 



pXf.^i Xf—%x8u:.Xi 



and the Coefficient of »'"* * 5 that is of the id Member of 
the Numerator of the Value of the faid nth figurate Num- 
ber of the /? ^- ith Order is = * 3d figurate Num- « seetbi 
ber of the f — 1^^ Order = ^by Corollaries id and 

*d; I X tZLl X i. =: t!^=J . Therefore 



r7^ V. " ., o i» = the »th fiauratc 

^X/? — I X/?_2 x/?_3XScc.xi ® 

Number of the p 4- x "^ Order 5 therefore ('by Obfervation I.) 
I ? -^ 2 ' -+- 3 ' H- 4 ' 4- &c. to » Terms continued 



«£=fxt'-'-fi'-'43"' +4'- •-!&?> totTcmw 



« _^ 



f x/, _ 1 x/i — 2 x^ _ 3 X &c. to/? Terms 
continueil 



is 



$i3 ^OfVoljgonal^umjbers, Part XIV. 

•& \^ ~ Sum of the figurat Numbers of the f 4- 1 1^ Order 

to n Terms continued, or == «th figyra te Number of the/' 4-.x i^ 
Order, which vis (by Cov^Xiary the firft and ^cond ^ 



„• 4-^4i=ix»'-* -e 



n 



^ X/ ^ I X/ .— X Xj^ — 3 X &(^. X I /» -M 

^ — ^ — — — — ■ TT"^ Rut 

/» + ! x;?x/? — iX/?_2&c.Xi ^x/? — 1 xp— a X 

. 1^^ 3'- * 4-4'"-* +&C. to » 

' ", Terms continued, is ^v this 

^^3 X&c. tof ^^ 



■**■ 






l*""?'^*" 



° Mii^iHM>^M i^^lMB^^i^M •^^■MBWBI _ 

^^ I XfXf — I Xp -^ 2 Xj? — 3 x&c.tof ^i Termscon^' 

^ i^4-*^ + 3'+'4 ''^ &c. to n Terms continued 
wherefore »■' « ^ m '^^ j»< ii .«> ^i-w w > •m mnw *^ .in .h i i 

p Xj7— I x^„2 x/»— 3 X 8(c. X I 

. - » 

li . ■ 

M^-»-' ^^ ^ ^ -I- I X »^ (j) '• » 



~ yTTx/^ Xj;— I Xj; -— 2 X/?— 3 XScc. Xi ' 

confequ^ntly i'.-^„z'-+-.3' + 4M- ^^- continued to n 
Tetms IS =' :^ * \^. \ — ^— s;= - -j — + i, X « ^ cb. 

Canop. > 

«. ' . 
N. B. Altho* the 2d Term of .this Canon, namely i X « ^* 

be indefinitely lefs than the firft, vix,—r- , yet it will be 

/I- 1 



convenient 

/ 



^ ' • 



r 
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convenient to have it inlerted, , for the great Ufe we have of 
the faid Canon {'which wiU appear in Book^ II.) t And fince 
the jd Term is indefinitely Ids than the zd, and the 4th 
Term indefinitely lefs than the 3d, &c. it will be ncedlefs 
to include cither the 3d, 4th, &c. Terms in it, only hy -q , 
and therefore the frii Canon will fland after the moft con- 
venient manner fonoar^Ufe, as «ie havCalieady deiign'd it. 



f 2 Part 



( 220 ) 



n 



Part XV. 

I 
I 

Of the^ Nature of Series, or of 
Approximations. 



CHAP. I. 

The Demonftration of Sir Ifaac Newton*t Theorem. 

LEMMA. 



I 



F w be = fuch a Number, as that i, », — X 



n u — I « 



_ >^ 



!!nIx^^^iix^:=^xl:=^xl=li, &c. be = 

3 1 * , ? 



the Unci« of the «th Power of a Binomial or Refidual, and 
iimhep n-hiy I lay that i, w, y 



m m 
X — 



X 



% 51 * 3 4 • * 

•^Zl! X ^mi' X !!!^^' >< ^^-^, &c. /hall be = the Un. 

X 3 4 5 

ciae of the with Power of the,faid Binomial or Refidual. 






* V..- 



DEMON- 



Chap, I. Of the Vatuu of Series ^ a a f 

DEMONSTRATION. 
- It IS evident by the Genefis of Powers, If i , », — X — ;— , 

be = the Unciae of tie wth Power of a Binomial, or; Refi- 
dual, that the Unci» of the » -h i *> Power of a Binomial 

or Refi^ual will be = f, » r\^ i., — ?< '4*^» »^ ' 

— X X , &C. . 

I 1 ^ 



= I, »+I, — X h I I U — X r X ^ 



n — % 



r ,fl±i\JLxlJiix!±i2xl.i:4+t; 

^ V 3 y I a 3 4 

^^iLiV&c. refpeftively (by the nature of Multiplication;) 

X — X ^~ ^ X ^-Uli, &c. refpedKvely ("fince 4, f, x andjr 
2i 3 4 

J)eiiig equal to any four Quantities — H — *« = 7";^ T ) 

— X , --r- X — A , — r ^ ' 

I XI X 3 * 



^— ' X "IZLlx ^L=li, &c. refpeftlvcly (fincc m i» =r 
X 3 4 

And that they will be fo in IttjmtHm,^ fufficicntly appcart 
the nature of the Operation^ 

SCHOLIA 



i 2 2 S/r If. Newtoii'j Theorem. PartX V. 



SCHOLIA. 

. 1. I£» be 3=: I, the icudex of the Root,, and mrszn^ i 
= 1 the Index of the Square : Then fince i, » ( = i ^, 

^ X ' f = o)^ — X X /= o), — X : 

I 2r ^ I 2 3 r 2 

\ 

X . X 1 (z=i o), &€. are = the Unci« of the Root 

3 4 

of a ^loorial or Rcfidual, r,m, -r- X — Zli f -^x^Zlf v 

"T"i' T ~~- ^^ ^ "^^ *^0 Will be (by 

our Lemma) = the Unciac of the Square of a Binomial or 
Refidual. 

Again, If « be = ^, the Index 4>f the Square, and w = » 
, -i*- t = 3 the. Index of the Cube^ then fince i,. n (=a) 

-T^ X -— X — — ( = o), &c.; are = the Uncia; of 

. z 3 4 

the Square of a Binomial or Refidual, i, »^, ^ X ^~^ 

^ ' * 3 * ^ ^ * ? 4 

&c.; will be (1)5; our Lemma) = tKe' Uncia; of the Cube of 
a Binomial or RefiduaL 
Ag^in, fufpafing « = j the Indejt ©f *e Cube 5 then^ 

fince /by \^hat has been already faid) i, «, JL x iTli, 

f ><— >< ^*- (f X —' " '-^ '" — ^«-•) 

are = the Unciar of the Cube of a Binomial or Refidual. 
ty nh. — X — 2 — 9 T ^ ^ — *" — , — X X 



^J 
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^IZL. X ~?> (Sec.) will be (by oar'Lenmta) z=z the Un- 

5 4 

ciae of the 4th Power of a Btno^ia|> or Refidual , 6cc. 
Hence the nth Power of aoy BincM^Eiial or Refidual a ^x (h 

Wng := any Affirmative whole Niatnborjisrrrt " 4- » «• "• » X 

±x-4 X 4'-*X-fx*H X X- 

I 2 1 X 3 

tf»-5 Xix' + — X-^ X X ?.a"-'»x4 

I i ? 4 

&c. ^ 

Again, If » and w be = any Affirmative whole Numbers, 

then rf+ixl" IS fby what has been before faid^ rz ^"ri: 



» . n 



» tf*' » X H X a""** X*, &c. and a itxl"" = 

12 ' 

*■ + »»«-'-• x-h—X -^ a--* x», &c. and 7+^ 



X tf 4:*r = tf ixl*-^" = tf*-*-" + m H-w tf*"*"-' X H- 



■f ■"■■■ 



m^+^n — f 



m^nX — '-^ ^«Hr»-:» 3f .^ &e. Whence 



a'^ "Xm <•■*"" ;cH X 4'"'"» xS &c. 

I 2 



X <i" -f »a"-' x4- —X ' a"-->xS &c, 

IX 



Produces d ""♦^ J: w -f. » <* mH-.- 1 x 4- - ^- X 



w*+.» m^n^^% 



I a 



4 ""+•*■'* x», &c. 



The Truth of this will appear from Algebraick Multipli- 
cation, as far as you are pleas'd to continue the Operation 5 
and that it will be fo ad infinitum ^ is (I think) manifeft 
from what has been already iaid. 



* Now 



r 



224 Sir If. Ne wtonV Theorem. Part XV; 



. "t" Now (iilce this prodaft is fuch as I have cxprcfs'd, it 
muft be fo, altho' n and m were each, or both =:: any Num- 
bers whatfbever ^ for this Multiplication does not diftinguifh 
what Numbers they are equal, to, but on th« contrary, being 
Syn^bols, are to be confider'd therein only as fuch, that is» 
as UniverfaL Hence « 

— n I % 







X » :± — X ^: X i— rt •" ' xS &c. In infinitum j 

1X3 



for this multiplyed by it firlf is (•== <« rt x| " ) cz 4 ■ 






» 



X + — x-2 4 * %\ &c. /1>y what was 



before faid), and this multiplied by « Hh x| " is (= ^rt*^!" ) 
= a~-^~^" x+— x: ^. x%&c.& 



therefore/-*- — 4 ' ^ x -♦- -^ x ^-^ a" ^x\&c. 

— » I a 

isrrd » -h— tf ■ X + JL. X -^^— ^^* X*, &c. 

— n I ^ 

thajt is 5C ^t -+• X. \ 



•, 



Hence it is manifefl that a h- xj • (m and n being = affir- 

Jl m -5L— -1 JS. jl! I 

mative Numbers) is = rt*zt — a " x4--L ^ JL-^ — . . 
* " X X, &c. s Wherefore 



— i. — w J!L_J 



3. rtH^xJ • h = a -J: — 4 • x + 

n 

i- X ^ " a * X » , &c. For this • multiplied 

by 



Vif- 



> 
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by d^x\ T when evolved as above,, is ^by what was before 



faid; ^za"^-^^^ — Jlx-^T""^^^^! &c.= ' ^ 



n n 

m 



^ ^O -=±1 (— a±^x[^ . • ). 



CbRO LLJRt. 

If any Binomial or Refidual a ^xhe raifed to aify Power; 
Whofe Index is w (n reprefenting any Number whatfocver) 
the «th Power of that Binomfal, or Refidual, \yill be = 

n h -^ I • r n n •— i] 

^ .: <*" — 5 X Hr X ' -f- — X X X — ^ 

n n — I «— 2 n — 3 »— 4. 



a 



« 



-4x 4.5f*H X : X X ^X 



I a • 5 4 5 

^»- J x*-+ x% &c. 

X X 

Or putting jr =: — , then ^Hhxrr^jH^ax — =:i^H-rt 

ft • •• ^ 



>ej'fi=:»Xi--h ^^^ and i^ Hh ^» j|" IS ^<^» -^ ^ ^* g Hh 
X . X — —2 rt " ^ ^ i &C. 

Or putting A = ift Term, B=ld, C =r 3d, C— 4th, &c. 

then it will be ^rt^j'l"'— a» -4- » A X ^ ^ ^-, ^-JHf B 

2 

>cr±f4-^ ^^ C X rhf 4-^—^ Dx. :-*.?> ^• 

3 4 

Or if it w5ere required to raife aTritiomial^QjaArinomiali&Ci. 

or Infinitomul to any civen Power, it may be done by tl^e 

fctegomg toroUary : As tor Inftance, If it were required to 

g raiftf 
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raifc the. Trinomial a +h + c to the nth Power : It may be 
done thus ^ 

I z 

&c. Or, 

Suppofe the Infinitomial az^hz*^cz^ + Ji ^+ &c. 
were to be rais'd to the Power whofe Index is wj then, 

tf Z.H- fcx* -J- f X * + dz"" -^ Sec. Sinefnel"* = 

dj* X" + » rt t|*'^ ' X fcx»-f.rxi ^-^^^4. gcc. Sine fine ^ 

• A * " I • 



Slnefinef -f- &c. 



»i i^ ■ Iff I f 



C H A P. II. , 

Of the Converging Series. 

^tfeP«^j65 Ti^R. Rtt///fc/o»'s Method m raifing particular 
Mni 66. IVI Ti^rems for Extraaing the Roots of all JE- 
quations whatfoever, is as follows, v'vl. He fuppofcs the Root^ 
in any Equation, which h^ calls 4, to be =r a pinomial of 
g a known, and x an unknown Quantity j and then fubfti- 
tute^ the faid Binomial ^ + x, and its refpeQivc Powers for 
/a and its Powers in the gi^u ^Equation, and then rejefls (oi^ 
leaves out) all the Members of the rtew Equation, wherein 
there is any Power of x ^exceeding the Root) ana with the 
other W[embers he makes a fuppos'd ^Equation, and thereby 
fmds the fuppos'd Value of x, or thefirft Theorem required. 
But if , this Method be applyed' to an Univerfal ^quation^ 
an Univerfal Theorem will thereby be rais'd,. which will in- 
clude all his firft fott of Theori?nss, and indeed nil iMibers of 
that kind, for extradling the Roots of all Equations what- 
foever : lit lis therefore fuppofe the ^iven Equation to be 



a" 



o 
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In which N IS != the given abfelnte Number. - 

n = Exponent of the hitfhcft Power N. B. n «j(/l6tf 

bfi» the Root fought. ^n^Ufsl. 

a = Root fought. ' , 

^^fy 7> ^i &c. = refpcftive CoefEcients of the Members of the 
given ^Equation. I 

Let us alfo fuppofe g«*+- ^ = ^» which g is the knovm 
Fart of the Root {ought a^ and ought to be taken as near 
the fought Root as may be, whether it be Greater or Lefs 
than the faid Root, and x i^ ^= the unknown fart of the 
Root foughtt whofe Value may be Negative or Affirma- 
tivci according as that of ; is taken Greater or Lefs than 



Then g -h ^1 " ^ t^&^ ^1" 
r X JlfTl"— ^ ^ &c. = 



i*> »■ 



?X«+xl 



«— .a 



N, 



That i«» by Sir i/^ar Mhcroi^'s TI»otem» 

g* 4- «;?•-"' x^' 

+ &C. 



«•+•«/ 







/+- X — e--5x»-+.&c.V 1 

I' ll I 









&C. = &c. 



Now, by rriefting all the Members wherein any Power of 
;, exceeding the Jloot, is contain'd j we haye 



^^ 



«• 
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.-.gf ■■ -t- Kg'*-" ' X 



is'-'it^* 



— *5'S"~' " f'~ ^-^r 



N 






r 

;Aj)4\fey Tcanfppfition wc hav^ 



»r'^' '^if « T^/'g*"* *db 7 ?» — f 75""' y 

« '^ I < I / » . • • I" 



75 



.j^l*^.'*.* :+ &c. = -v N~g 



n — 1 



rg*- ' ::s:&c. 



And by JJiyifion wc have 






.•-? 



&c. 



— I 



.1- » 



which Theorem exhibits all pdflibie Particular' oiics-fer ex- 
traftiqg Roots, according to the firft fort of Mr. Raphfons 
agreei«JgCexaalf^J(^Ith'the6l,' as will be found on Tryal 5 al- 
ways Ireaienibring that the Sign« in the.Dividcn4 niuft be 
contra fy to tbofe ^ih Ae "Jfiquatjon, and in the Divifor the 
fame lef^eftively : And likewife ic will be proper to take 
Noticd, that if any Term be .wanting in the Equation, the 
fame muR4>e -omitted In the Tb/'or^wf. Thus, . 



.. , i{ a'.^—^U, then ^q.= o^ znd 



&c. 

• ^ -v "fl which is ^n UnJverfaJ Canon or Theorem 

for evilfing th^ Roots of all Pure Powers whatfocver. 

Noir ^e Method of finding the Affirmative Roots pf any 
Jlquaiiqft -wKatfoever, by the above univerfal Theorem' is 

this. • ^ 



I ft. Deduce 



\ 
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I ft. Deduce firom the faid univerfal Theorem the Particu- 
lar one for extrafting the Root for Rooty/ of the gtven ^- 
* quation y then fuppofe g = fome Number, as near to the 
^ required Value yot a^ as you can guefs 5 and by Ae faid 
particular Theorem, fina the fuppos'd Value cf" xr, which 
add to the faid fup|>bs'd Value ot ;, and call diat Sum ^ 
that is your xd g j with which id g (by the faid particular 
Theorem) find another x, ^nd call the Sum of the tafl found 
i* ,and of g the id, your 3d g 5 and fo proceed till fome g 
DC =±: if , the true Koot required , or as near it as is 
fufficient. ^ ' 

Now that this manner oJF proceeding will give the true 
Value of a Prtfxlme in the foregoing uni uerfal fimple Equa- 
tion, I demonstrate thus : 

The fuppos'd Value of g muft be either =: to the * AflSr- 
piative Value ^, or lefs than it^ or greater. 

Cafe I. If it be ^ equal to it ('that is, if g = a) iixcn the 
Theorem, which we are about Demonftcating, to wit, x =: 



U £« N a* 

^ will become x z= — ; $ that is to fay, x m a^ 

as it muft, in that Cafe, evidently, be. 

iJIy. If the Value of g be taken Lefs than that of a 5 then, 
I fay, the Value of the id g will be Greater than that of 4 : 

N — e" 
For zd e =^ J -f "^ ,. >■■ 



S 



And << = g-V* ■ ^ 

But fince the Value of g (which is fuppofed to be Affir^ 
tnative) is Lefs than that of ^ j the true Value of x will be 
Afl|rmative 5 confequently (n being fuppos'd not "^ i> 

N— g- — » X^^-^I^^'-' x' +&C. 



«^""* , ' ♦ «g: 



n— t 



* For it is man'tfefi h hath hut one Value that is Affirmative^ 

'^hicb is what wefeel^,: * , n 

therefore 



/ 



/; 



/ 
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therefore g 4- --rf-(=»^«) 




N -^Z — « X ^^* g»-» 31 * 4- &C. 



rfiii m*i *i»i 



.J 4,, j7v=T ^ (-«)• 

■ \ki. 'tf Ac Value of any z be fereater than that of ^ 5 I 
{ajr$e.yaltt^,<>f ^ next following a; will ftill be C" * > out 
735 the foregoing g ': fo^ , 



-•• . . 



And tf r: g + 





^•-j ^* .^ gcc. 



But fince gisC a^ the true Value of x is Negative : Let 
us therefore defign it h^f e by a Negttlve^Sytfibol, v/t, — tj 
then It IS evident that- 

That isg — X is cr g' — » g"* ' xl" } wherefore 

w — I ^ w^x ^, g^^^ is cr-g''— »g""'x: 

Whence ^ X !L^ g-* t^ - -^ ^^^-T" >< -7- 



S 



•"^« 1^, &c* is C o. 



* For * . , of ^ = , or ^—, — , or S^c. is = Negative^ 

3 4 5 

*;bVfc ?f Affitmathe y — z produces an Afrmathe 5 ^wwJ f b« >< 
w^xr friceJtr^g Term^ vihicb is Negative^ mUfraJftce aNeg<Kive. 

And 
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And by fubftitutiag ^- x for — x, we have — >^ ; ^ I 



n _ » #^ I » ^^ X • . * Its, 7^^ it n^ 

■ • V • 
.J ' . J 



4- &c C" o. 



^ ■ « 



NM ^ — I. ^" 

N — £"" • '••-/.'. 

Therefore^ 4- — ^17- (^ followingg^ c* 1 - •' ; 

That IS to fay, if the Value of the foregoing g be c* ^i 
dK Value of the following g. Will be alfo-c a, ' - • ^ * 



« 



But :!^- ^ --3 o. 



Therefore ^ -4 r^=^ •( r= following g) is '^g^ 

That IS to fay, each followii\g g in Ms in Value thgirthc 
foregoing g 5 but (by what has been before faid; ftill Great- 
er tfean the Vabie of 0:^. Whence f'fince.die ad Cafe is rc- 
duc'd to^the 3d, as it is by one only Renewal^ the apr 
protkche^ in the ?4^^{1 jd Cafes ^^r^^nipnftratod. . 

iFrom the foregoing Demonftration'it is obvious, that asi 
18 fmall in refpeft of ^, the Series muft Converge Eccordinglf 
quick 'y for g wanting ohly x of being =r tf , the next g wiU 

want. but "^^Jg'^' X ^ 4. &c.;whrcbrJLf x be but very 
fixj?H m rcfpeff of J, is but iftconficferably more 'thai 

n — I 3C* 



\ 



. Now this Quantity muft be by much lefs than 
X, i{x be much lefs than g. 



\. .• •.^■j. ■* 
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This Scries Con vo-ges fo fwTfi, not bhly In the foregoing 
Simple JEquations, out alfo in all Adteftcd Equations 
when you have got fo many of the Figures of the Root you 
are about Extracting, as to free it trorh the Intanglements 
and Incumbrances of the other Roots, as intirely, or al- 
moft to doubli the thie Figures in the affiimed gy by each 
renewal. ' 

Having thus demonftrated the truth of our univerfel Ca- 
non for cvolying the Roots of all Pure (or Simplej Powers ; 
I will in the next Place, endeavour to dempnftrate (as fei* 
as it can be done^ our univerfal Canon for evolving the 
Roots of any Equation whatfoever : Thus, 

The Value of g muft be taken either =r one of the Value* 
of tf , or greater than the Greateft, or lefs than the Leaft of 
its Values,.. or. lefs .iban the Greateft, and greater than the 

Lcafi'Valueof rf. 

' ' ■ • 

i. If the Value of ^ be taien = any of the Values <rf" « 5 
then the Theorem, which we are to Demonftrate, being 



Will become X =:^' — » ■ ^ 

— s — That is to fay, x := o, as it muft, m" that Cafe 
manifeftly be. 

IL If the Value of ^„be. taken greater than the Grcate^ 
Value of tf 5 and that' the faid Greateft Value of a is not 
* Imaginary, rby. which means it will be poffiblc tp.esetraflf 
{t, at I6aft Proxime 5' then I fay, the Value of id g will ftHl 
be tr greateft Value of a : For 



HMIIk^* 



< - » - 



*, Thus '4 — » V — I ti deemed r' 4- 






«^g""*4:/'^ S*""*H:fX s'-^-^&c 



And each of the Values of 




g' - ■* X * ^I* &c. &c. 



•I < 



?> -^ . ..' J ..M ." '^ -Ti 



Now fincc the Value; of -^ Js cr.grnteft Valufe of ^, it h 
tfiaiu&a. :thju g' + pg!' - '• ::fey*? r » ^ Scc^.^j^-il \cai b6 

C- o i;^94 (hy ift of aroff^ry, to ,th* j l^,v%^^pbs in 
+ &c. will be tr o : AftdCby,^* «d (jjf theCwdfiSfrsflWy; . 



— r-s." * dt f >< — r- s ;* ± &c. V X 15 -a o , finofe 

the true Values^ of x are each ^ o i And the;f efpte the Difc., 
ference of this Quantfty ^d o * « see Fage laa^ 

« « H; & x^ zt/x > >c--«-^^'-'3x»dS:tfK 



X ^^-T^g""^ .^ "^ ± &c. &c, is c-03 .Wherefore, 



I^* 



N 
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»S-' :±>X -p g— » =t f X _-J:^-i -t 



&c. 
&C. ict. 



$ tRat IS g 4- the ephverging » — a Number 
than, o ( ^ ^ch of the Values qf ^J is "^g 4-. 



greater 

=i: N ^ g.* = g ^g* " ' :^i ? ^'- * =g &c. • • ' 

that IS p ^ 4- the Converging x (zz id ^). ^ 
But the Value of the Converging x 

f ZZ iT I . I ■■ I II I I II II 1 II I I I ■ ■ 



: '"• > • -^ \ 



IS "^ •.' \ 



'' -■.►••• ^., , J • . ' '^ - j • 

That is to fay, If g be taten' greater than the Gr^teft 
Yalue' of a^ thni the. Valn^ of the ad g will jftill be c faid 
Value of ay always provided that the greateft Value of a i$' 

not Imaginary^ but-3 iftj^.s whence an, appro;ich in that 

Cafe, towards the greateft Value of a^ is Demonftrated. 

• ♦ ' • ' ' ' . . 

III. If g be taken lefsr than either Value of <<, then the ad 
% will, ' in fome iEquatiops, be greater than th^ Gteateft 
Value of 4, and in others, lefs than it 5 but in 'all Equati- 
ons greater than the ift 2- 

IV. As to an Approach in the 4th Cafe, v/x. when ^ is 
taken greater than one, and lefs than onother.of thp Values 

^ of ^1 it admits of £xcepti9ns, and therefore cannot be de- 
monftrated. 

Whcrcford 



t 



Wherefore the fureS way of ExtraSing theRootsof Adfe- 
ated JEquations, is to begin the: Operation by the Numeral 
Exegefisy and fo go oh with it till the Dlvifor tales Places and 
t]>«Q purfi»rTt--by "this Method, or1>y eittief'5fDr.Hrt%'& 
Theorems, elthjer of which will fervc to find as many Fi- 
gures of the Root vou feck, (it beii^g, I prefumc, not Imagi- 
nary) as is r^<jiii&e. . » . 

» . • » « 

N.B, It/iplU^for the mafi partj,he fuffiatfa )^o.fikii thefirfl Mem^ 
her oftbif Kooi yoti jiekj for to aj^jjl this 'theorem there- 

ro. • ' , ' . 

From our foregoing univerfal Theorem another may be 
deduc*!, which will include all Mr. Rafhfon's ad fet of The- 
orems 4 thui, vit* . . ._ 

Our firft univerfal Theorem is this. 



«?•" • db/« -^x'-' zt i » -r »f 1*' ' 



o*"^ 



Therefore g-^x (=: zdg) - '" 



Wht^h laftTheo^emi in(;Iudes tu them ofMx.^aphfon's id 
fort UiSiverfaily : fiat in diis ThfOorem t^ Sign) in tJtr Di- 
vidend and Piviforwill hi the fa»e as ti^ the ^en i^quatt- 
on refpeflirdy. ;. ^^ 

Note, Tfc4]r/6f Hf iwi; id Umverfid Theorems im the fame hi 

in EffeB^ and therefore J "will Jl^duce imiy from the tji ffthem 

, fome f articular Theorems^ and thereby extraB fome of the 



1 4 



K 1 Equation 






• 
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Of J^^ximAtmty 



1 




5. 



f.i 



«4 



.J 






if tf « srrt $ whtirit » eq^ftl to I ' 



* ■» * 



5«i . '* \ / . . y! 






• • k 



* • 



Sdppofcj = 1, then X < =;: --^j-i ?? .— ^. =s. .J ^ 

/ ' •' • ... ^ • . ^ . • ■ . * . ■ : ■ . ' , 

»«i / J X * —2.25 * 6 . - ' 

Then x for 2d 5c^ = ^•;r: -4* .<>8| ; i ., 

Thcjrcforc I. f-r^ .083 5^1.417=345: . ... 

• " ■ * 

Then/x = ' 2=3 *— .002785 j therefore ' 

2.834. 

1:417---. 00 17»3,!2: 1.414217^ 4th.SA / < 

^, i — 2.000009725089 ^ < 

Tkcn »= — -.^^-__ = - .000003437^2* 

therifore 1.414217 -^ .00000^3457(^22 = 1.4142135(^2371^ 
tn g the 5 th == a Ibught very near. ' Anfwer. 

Example 11. 

If <**— 441* =2 13824; *tis required to find one of tlje 
Affirmatlvie Values of a. 

FJrft 1 fuppoie << — 10 j then i ©000 — 4060 Q-=z « ^ .—. 
4rtf) =60003 But (Jooo-'— I 13824 5 therefore tf c* 10, 

Again I fuppofe n "=: 10, then kToooo— ' 32000 (-rzaaaa 
-^4<i,^) := 1280005 But 128000 cr 158245 therefore 
^ 20 J therefore the Value of a (or at I^ft one of them) 
is ^ 20» but cr to, but nearer to 10 than to 2o« 

• Therefitfefuppote^ = 105 

X atti .X iz3 . ■■ ■ ■ ■ ■ ■ J ST ■' ' I I ■ ■ n 

4S ~5/« 4000 — 1200 

= -=-:^<= 2 ; therefore i + af=io + *=x»=Jthc 

ad ::^^ ibught 

Dr. Et^Hud 
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Dr» EJmmd Halley found two otkcr UnivcrCtl TJicorems 
for Evolving Equations, the one Rational, and thc^other 
Irrational, >)^ich9 1 thinlc, arc better thin Mr; Kafhfm\ Theo- 
rcms 5 for every Renewal of each of Dr. Honey's Triples the 
true Figure*^ in the Value of g. The Method of fin^ipg 
*rhich laid two Theorems is as follows. ' " 

Let us reaffume the foregoing Univerfal Equation, w.- , 

And fuppofe g + « =: ^ J 



Then g4-*r^i^>^«-+-^r^' rt ? X g-bA""^ 



That is, by Sir Ifitoit Newton's- Theorem, and Tranfpqfi^ 
tion. 



S'^I-WS*"' x + nX'*' g' 



^•-«£. ^ % 



•+.&C, 



^ x^"" ■ •+• «-^ 






r±?^5*""'+'^-*^ 






g«-4x»-J-&C. 



^?:^0 



':4^r>?g 



• —I 



.11-4 



X + 



&c. rsN. 



»-:lJ«zi*^- ... 



r~ 'x*+&C- 



Now m this ^Equatjon for the Sum of all its Mcmbcr«, 
wherein x, or any* c? its powers is hot inferted fubftitutc — h^ 

that IS to fay, let — tbc=^» zt/'fi*""' i±?S""* :±v. ' 

' Alfo for the Sum of the Coeffidfehts of the the Root x, 
fubftitute •+• cj that is to fay, Let -|- c be = « j""" * zL 

Again, For the Sum of the Coefficients of xx, put d» 

Alfo for the Sum of the Coefficients of x S x % x % &c. 

put^-jF, H-.b, 4- )t, &c. refpeaively. 

Then 



Thcn.the. Wotng Ration ..will become — fc-u «• x 

And, By rgcajng all the Members, wherein any Pbw«- 
ffix^oieeimg tts ^a?e. is, included, we h»ve -hJLtxZ 

^; And by Tnafpofidon, 
" And by Dwjfibh, ^ 



*£ — - 

1 i-. •. c^ix '■? 



• «« 



But X. by Mr. R^i/«,V ifi Sett of theorms, ^that is by 
our foregoing ,ft Univerf;fl Tlieoirtn; i» = i. 5 thwe&rc x 

C 

, "which is .Dr. H«0^> taubt 




..!■*•"» 



ml Theorem for Extrka*^ the RootI of any if 
whatfoevcr. ;. 

Again, — fc ^,^g ^_ ^, . ^gjci isYby what was be- 
fore ftid; == o J tbere^, l>y«4fa«ng alt tlie MembaTof 
this iEauatioD, which includes any Powet of *,. CKCcedine 
X X, and afterwards tranfpofingi We hate "■ 

And by Dividing each Part by «4. we have . , 

X "4- — X ^2 •«• - • • - « 

^ d ■ '■ d ' ■'■ ■ '■ '■■"- 

By.comp:D ■;x/+f-i-,^-4H. 

- , c r - t^ .{- i c r . . N , • .. I ...» 

By Evolution, :«'>+.-— = , — ,^i_^ . .^ ^^^ 









Arid by Tranfpdfition"; " ' 



Whic^i 



« ' - 

- WKIch Is Dr. Kt%*s Irrational Throrcai for Jlyohlng all 
jEquatidns whatfpever. * - ♦ 

Since.toih of Dr. Halley*5 Theoremf i^ae^JH ffearer to tJ^ 
Values of a, than Mr. RaphfonV, "which I have ttlreaJf^ iff 
Come Meafures, Prov% I thkk it neeJl^jtW.t^lAkf^ 
proving them j I ^i^ thet^ote only teU ^ou. That Dr. Hallcy s 
Rational Theorem is Errineous in point of DefeB^ hndhis Irm^ppuU 
m Excefs. , 

By a few Examples tlicfe, wo.Univerfal Theorems will 

- . i ' , *• * ' 

/ 

If ^ ^ r= 1, '11$ jeq^tured to find the Value of ic by Dr* 
Wiffg^slTvh'corem*. -; i---" : , ^ *' . . . * 

Suppofe « = I 5 *^h ;^ • , 

eT^henby pr:Jy4c»>RatI(malT^^ ; : .: , 

f -J — — - ■ •% .^ «•_ ^ 

• 5 . • -^ . 
And by his IrrationalT^heorexn, / 

Therefore g 4- x is |^by th^ Rational Titeorcmj s= 1.15, 
er (by the Irrational Theorem) = i.uf.. 

Either of which values of g + x n:my be taJceti for 5 the 
id. 5 But the Latter Js nearer the value of 45 L^et us 
therefore fuppofe 5 fofad^) = i. %6* Then 

» 



r^ 



Chap. II. the Convetgtng Serlet. 241 

g +x[* = 2.600375*+- 4.7618 X -\- 3.78 X V-V-'x' 

• 000376 -h 4.7628 X -h 3.78 X * -h X * 
i That IS — h "V- . fX-+-</x'+/x'==Q. 
Then by the Rational Theorem^ 

. t '^ ^ — V 0003 7^ . , 

"" ^^ ~"T3^ ~ .00037^ X 5.78 

r-ij 4.7628 




f ' 4.7628 

'SI — . 000078950104; therefore g+ x = 1.26 — .6006 
78950104 = 1.3559921 0498^5^5 = a very near. 

Or by the Irrational Theorem x Q= — J ^ ^~^0 — 

r» 

V^.3968oo529ioo529io©529ico5i — .63 - .62992104989J 

— .63; therefore 5 + X = 1.26 -h;62992 1049895 r- -^^ll ^ 
1 .2 5 992 1 04989 5 = rt near enough- 

Example II. ' "^ 

Let It be required to find one of the Affirmative Vklue^ of 
a in this Adfedled Cubicle ^Equation. Viu 

^ 3 4, 438 ^ * —7825 « — 9^508436 = Orf 

I. Suppofe^ =: 300, then 

jqjjjs er27oooooo+2 70000,3e'4-9COx*-t-xJ 
438 XJ+*|* = 3942opoo + 2^28oox-f-438x* Srro 

—7825 X^+x=r— 2347500— 7825 X 
^- N = — 98508430 



— 3443593o + 524975^-i-i338xM->'''— ©• 
That IS — i -f fxH- ^x'-f/x'= o. 

Then by the Rational Theorem 

X ( z=2 -— J z=: ^6 ^ therefore 5 •+- x =r 3 56. 

c 

i Or 
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Or by the Irrati'onal Theorem,- 



357- ' ^ 

a. Renew the Theoremi and! fuppbfeg for g the id/ 
= 357, then, ^ 

458xg+xl* = + 5 58zi'd62-|-3ii73ix4. 43^^* _ 

-78i5>^i+^ = r- a7P35i5-- 78x5* 
— N= — 9S5o84?o 



+ lOoocH- 687i545c-t-i509x * 4-x '=ro 
That is— fc.+ c^ •+- ^ 5c ^-t/^'i^o*. 

Then by the Rational Theorem, 

3c (= — - =— .oi9i03i8i(r5^5 

c ^ 

' Therefore g + x = 357 — oi9i05i8i<rp=35<r.S)7o8ptf8i8j 
r= a very near. . ' 

And by the Irrational Theorem, 



•- c 



iJ^ — 

xr=- — J 

..Therefore ,5 +- X = 35^*97o85>^8i8i := 4 very near* 



^ /'sr: 0191031 8180 J 



Exdmfle III. 

Let it be required to find one of the Affirmative Values of ' 
\ « in this Adfecled Biquadratick Equation 5 Til. 

rt* — 80 ^ ' -4- ippS a^ — 14937 ^ + 5000 = o. 
That this ^Equation majr be the eafier manag'd, fuppofe 
a r= ~V ^5 tlien the foregoing ^quaticm will become near 

==: a* :— 8 a 5 4- lo a * — 15 a + -J = ©• 

And 
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. Hi 



And for the firfi Sappdfition, let g = i 3 

+ apx^^-4-xl^ = aoH-4ox+aox^ 

— 15^?-^^ =—15 — 15* 

+ N = + •5' ^. 



>=9 



mmm^ 



— ii,5 4-5 x'. H-4X* — <^x*-^-^ x-^zro 
That IS — tH-f jr4-</x'+/*J4-6;c'^=:o. 



. Then by Dr* Halley*s Rational Theorem, 

# (= — - 



Y2) = *— - — = '^^5 wherefore g -f- X =r 

^+T 5 + f 

Or by his Irrational Theorem, 



X f = *■■' J ' ^' =» ■ ■ "T^: ©.27. 

Whence 'tis manifeft, that 1.25, or L^jy 15 n^r = a, an4 
^onfequently i2.<5, or 12.7 near = ^. ' 

Now let us fitppoJfe g = igL*7 5 
Then5-hJpr= 2^0144^414-81^3.532 ;k-1-'> 



5>^7-74*'7h5o.8;c^4-*^ 



3048 :?: » — 8 



ox 



H- ipp8xg4-^|^ = * 322257.42 -+-50749.^x4- 

ippSx* 

4" N =: 5.000' 



>-o 



82.2<J Jf ' — 2p.2 x"* 'Y X^ ^ o 

r?i Then 




V. 

* V' 
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Then by the Ratipnal Theorem, 

/ 519<^.I3^ 

,05(^44 5 therefore^ + x = 12.75(^44, which is »car = 45 

Or by Dr. Halleys Irrational Theorem, 

/_hd-\' \cc\r'r^l.c^ V<r987tf86.ro6o«— 2648.066 

=r .05(^44080331, which really is lefs than the^ true Value 
of X 5 but in ordcf to Correft it, Siubtraft ^•^ '^ ^^ ^ '- 

=^ ^ = — .00000099117 from It, and you will 

have .05(^44179448 = X Corre&ed. 

And if you defire yet more Figures of the Root 5 from the 
jc Corrected, let there, be made — dx Jx'-J^h x"* = — r 

.45io5(5'o24X5, and — I ^— — -^ 

_^ — i6^%.o66 "Y ij 6 987685-^749^597577 

~ — 8l, a6 "^ 

^5644179448074401 = ;i:. 

Wherefore 5 -f- jp =: 1 2* 756441 79448074402 ::= a very 
near. 

The Reafqn or Demonftration pf the foregoing Correftin . 
^ns is this 5 vtx. By what has been already laid and done, 
Any ^Equation may be .reduced = the following one, vtu 

— t + rx4- ^x* +/*' ^^x* +&C. =s o. 

And by- Tranfpofition and Divifion, 

, r h — /^' — hx^ — &c. 

^.* + 7 * = T-i " 

By 
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By Comp. D, 



c c c 

d /^ ^ d' 



cd 



dd 



4- 



x-^ 



b — fx^—hx* — 8ic. ice -^^ dh — df X* 1—db x^—icc, 

d. ,■—■ dd 

' ByjE volution, 

And by Tranfpofition, 

— f <• -4- V^cf-+- db— dfx* -^dhx* — StcT 

* = ^ 3— ' 

Which is t^e laft Correction. 

And by Sir Ifaac Newton's Theorem, 

V icc-i-d'o -dfx''—dhx*^SK. i^ = Vi77+5r^ 

'^S.c^ ^ J^cc^hd—dfx^—dhx'^--S<c. 

' d 



Therefore 



I I I • 



' Now the Value of x being very fmall, this laft &c. may 
be rejeiled, as being abundantly lefs than 

2i- — . ^ ," ^ — - , and fo you have the firft Corre- 
£Hon« \ 



CHAP, 
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c H A P. ra. 

, > * 

DEFINITION. 

Seethnto&ierwife T 0^a>vVh;w5 are a Sett Of I^ani of artificial 

' ^ff/iblMt *" N'imber.s accomnxod,ted to a Sett of 

ivTc'sThewem. natural Numbers, m luch fort, that the Sam 

of the Logarithms ^or artificial Numbers^ 
of any two ("natural) Numbers is equal to the Logarithm pf 
of the Produfl: of the faid two (natural^ .Numbers.: And 
confequently the Remainder tif the Logarithms of any two 
Numbers, is equal to the Logtritbm of the Quotient of the * 
faidtwQ Numbers 5 asalH) twfce three times, four times, &c. 
orttnoiialf, one dird, one feunh, &c. theJLogarithni ©f 
any Number is equal to the Logarithm of the Square, Cube^ 
Biquadrat,.&c. orof the Square Roqt, Cube-Root, Biquadrat- 
Root, &c. of the faid Number refpeftiyely, 

** * ■ * * 

LEMMA. • 

/ 

If you extraft any Indefinit-Root oat of each of two^given ' 
Nombefs, and from each of thofe two Roots you fubtraft i 5 
I fay the Sum of thb two Indefinitely little Remainders 19 
equal to the Indefinitely little Remainder of the faid Inde- 
finite Root of the Product of the faid two given Numbers^ 
an Unit being from it fubdufled. ' ^■ 

la Order to Denaonfiratc this Lemmef^ I will fuppofeany 
In4efinite Nuftibdr to be = «. ' ^ 

.DEMONSTRATION. 

Either of the two given Numbers muft be i or not 

. !• If Either of the given Numbers be 1, and the otl^er sr 
(fuppofe) dj then, ., 

i|^ •— I (•=: o) + a]"^ — 1 == I X ^|7 — j, which is thd, 
firfi thing I prppos'd to prove. 



.« r 



k 
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. 2. Ifnrither.of the two giren Nuriilbers be i, it will be re- 
quifit.to fuppofe one of them rr: fomc Binomial or Refidual>- 
whofe fkft Member is vy as" (fuppofe) i z^ Xi and the other 
Number* r: fome (finite) Power of i rt^^ a«( fuppofe/ 

I H: ;cr: then, al^:ho* the Value of x be determin'd, the 

Value of I z±.xC ^^^^ ^^ equal to any Number you pleafey 
but I , fince x is not = o, and m is ind^termiaVi. 

^t ^ \_ i fih • T t ' . : Logarithm o£a, . 

Thus I i± A?| ^is = <«, It m be =-^7 ~- , ^>>r 

L9ganthm of i r± * 
Now wHat we are to Demonftrate In this ad Cafe, is that 






, By Sir Ifaac Neiv^on's Theorem^ 

*. m -m* — mn 

^ =tx\ " IS ==: I -^ — ap ^ •: — ^ »~r- ;i: * -^ 

But fince n is (by Suppofitioti^ Indefinite, ^ny^^nfteNum-^ • 
bet being added to, or taken from it, will ndt fei^bly m-i 
creafe or diminilh it : In like manner any finite Hupbcriof ! 
times n being added to, or fubtradled from w % or any finite 
Number of times n * bjcing added to, or taken from « 5^, jSic. 
tPiU not fenfibly, that is,' will oidy by way of * increafe or * 
diminifhyit: Wherefore, 



■t- (T^if m ^=^^^ >^^^ »n..^^-f 1+3 



anJjfo ^en-ef Ltxl -ZzZfft^^d'' T^4Ti 



*J 






^ 
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t=±x\" (=i±- Jf 4- •x'±^ i— -I *» 



n 



zn 



+ 



m^ —6m^ «+iiw*«* — ^w«5 



in 



m 91 



24 If 

«4) 



r^;e'*,&c.^is=IHf^ 



zmn* 



n 2 »* 6n^ 



6mn^ 



jc'* — — — i;c^*, &c. * 



24 M 



= I z±.—x r-x^ rt~ x^ *% &c. * 

— n in 3» 4» 



5 



Therefore, 



m 



l=i±-— X r«-** —X 

n %n 3 » 



4» 



7» 



xS.&c>. 



From the 5 d Step it is manifefi that 

^- • _ ^ I * I 

-i-+':vh — ^i is = ::+ — j{ -^ x*H 



Alfa that i :±x\ • -- i Is 

1 11 






J» 4« 



ili-4kf 



n 



4: — 



m4- t 






!±~ *'•— AT**, &c- i, which is equal to 

3» '4» 

the Sum of fhe 3d and 4th Steps, that is, 

SCHOLIUM. 



/; 



Hence If i be fubtrafted from the Indefinite Root of any 
Number, the Remainder may be taken for the-Logarithm 
of the faid Number, had it not been indefinitely little ^ but 
if it be multiplied by loooo &c. indefinitely, ('which loooo 
&c. \ indefinitely in the following Operations, is fuppos'd to 
confifl of as itany Figures as n doth) the Produa will be 
Finite, and as the faid Remainder 5 that is to fay^ the Pro- 
duSl '^lU he the Logaritlmi required V A^ for.ExImple. 



fru¥i 



^^axl±x\ n- H-iiTtxIVtt* 



^)(Lt±xf\ 



R U L E. 
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R-ULE. I. 

» J 

# 

If the Logarithm of any Npmber = fc, that is, if the Lo- 
garithm of the Ratio of i to any Number =r i, be requir'd. 

I. For the Value of h fubftitute i d: ^ 5 ^^^y by what 

has been already fa id, the Log. of i h- x (or oft) is = icooo 

■■> ■ , T 

&c. indefinitely X U- —x x»:i— x* x\ &c. 

■^ — « . in 3w 4«^ 



*oooo &c. indefinitely ^^ -t \ — \ \ — ^ « 

= ^ X-4-X — 'x'H-J-x' — -^x*, &c. 

n . 

z= e,X rb X — 4 X ' :+: f 3c ^ — i X ^ ^ i X % &c. . putting ^ 
^ loooo See, indefinitely 



n 



By thifl you may fee^that Lbgarithras may be of as many 
different Forms as the indefinite Number =r n can 5 Thus 
if » be fuppos'd =:: loooo &c. indefinitely, then^ will = 1, 
and the Logarithm of i ^ x == ;Hh x -»-.f x * z± f x * — {-x % 
&c. which is the Lord.JST^iVs I^ogaritKm of i rt x 5 But it 
» be fuppos'd. ::::: X502585 &c. indefinitely,^ then /S will be 
= .434294 &c. and the Logarithm of i ::± x =r: .434294. &c. 

X ^»— {.X* ^ 5 x» — ^x\ &c. whi^h is Mr. Br/gx's Lo* 
garithm of i ::+- x. 

Again, Putting the Terms of any Ratio ^ r arid x, of 
which i is the greater 3 and ^ •+. r = x, and 5 — r = ^, we 

have the Logarithm of -^ ("== Logarithm ef ^- —rt^ 



t 



Logarithm of 1 4- * ^ ==: Logarithm of i 4- ^) ra 

^ 2.5-HJLr -:? 

J ■ 

Logarithm of i H , which is ( by Sule Ae firft) = ^ 

*• 2^X* 3 I* 4 X^ 

■ , i5->'4r-4-i^~ii^^^/+kr . ^i~^r And 
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And the Lc^arithm , 
<^ 7T ( = Logarithm of ^ ^\_^ - 

^,^^ ± ^ r=: Logarithm of i ^— 7—) = Logarithm of 



= Logaridiqi of 



^r + fs 






i?? S^"' 4? 



Now if from the Logarithm of 7- you fubtraft the Loga* 
jrithm of T— you will have 

RULE IL 
The Logarithm of ~) -;— ( = Logarithm of — = 



%y 



ii*4. ifL! * + JLil * ^. &c. =ipx 



3 * 



5^' 



5 -f-r 



I + fx' 



5-1- r 



+ tx 



5 + r 



+ &c. = A + f B 



H-f C + ^D + &c. putting2A>^^-r-^ = A, apX 

5 ' J * F 



5 



5 -4-r 



=B, ^^x 



s -|- r 



= €• &c. which is an excellent 



Rule for finding the Logarithms of fmall Numbers : But m 
titiicx to find the Logarithm of a great Number by it, it 
will be very convenient to confider the faid great Number, 
95 the Produft of fomc fmajl Numbers, fuch, whofe LiOga-- 
rithms are moft of them (ot all, if you can j alrealy known : 
For the nearer any Number is to Unity, the fwifter its Lo- 
garithm (^when to be found by either of the two foregoing 
Kules) will Converge. 



Ajgaii^ 



r 
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Again, by adding the Logarithms found hy Rule ilt of 

r ' ST 

-r— we have the Log* of-— -X-^— =:pX»— 



-— and 



-4- -^-^ + -rr?> ^^* and by fubtrafting this Loga- ^'^ 



i\z i^t. 



6Z. 



rithoi) frpm the Log. of i , that is from o, we have the Log. 

of II) , (= Log. ofti^ = ^ x+ ilf + ii:+ ^+&c * 

And half this Logarithm, v/x. 

RULE. IIL 



■ * ■ L e. of the R^tio of the Geometrical, to the Arithme- 
tical Mean between r and ;« 



And 



13 -s 1 » I and its Logarithm is found f bv fubfti- 

tuting \Ai'\'fs inflead of 5, and r ; inflead of r in K^fc 2.) 






♦ i-ix 



i^^ 



^</J-ha»'^ 



+ &c, that is (putting i =1 ^ J i, and y =»* 



• I £ I I 

4 1^ ^ r* ^ ^j,j ^y^ ly^ . 



\i% 



Wherefore 






^ 
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WherefcMTc the Logarithm of- ' (/. e. of the Ratio of 

V rs 



= Log. of-} & —Log. of V r 5 = Log. of 7 x, ' ^ . ^ ^ 

(by the nature of Logarithms) : Confcquently, 

* RULE IV. 

L, r 4^ L, f 
The Log. of f X IS zr — 4- 






^ - • 3jy* "5^* ly 



I . I 



A + B^-C+D-'l-&c. putting p X — =.A, ~- A=: 
B; X. B = C, — C =: D, &c: whkh (Rtile ^.\ is of 

'5yy lyy ^ ^ ' 

cellent Ufe for finding the Logarithms of prime Numbers, 
having the Logarithms of the adjoynbg Numbers given. 

'Note that '^ z is always = Nurnber^ . ^whofe Logarithm youfeel(^ 
hy Rule 4. and {Jince :| d d =: i 5 therefore d n: 2 and) 
confequently {- z + I = s, and ^ z — i = r. 

^ Examples. 

^ . • ■ 

I . Let it be required to find Napier s Logarithm of a to 1 3 
Places of Figures. . , 

- Suppofe r = I, and then s Will be = 2, and .(by £«& i.)' 
Nafier's Logarithm of x^iU be (fincc js, in this tafei is= i) 

■ , 

= 2 X 2irii + — + ~—j + &c. Wherefore the O- 
peration.will very advantagioufly ftand thus 5 



r 
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*iXf = A. z= .66666i66666666 
iE 



f 



\ 



} 

I • 



- B = 


74.07407407407 


= C = 


8a3o4J267489 


= D = 


9i44P474i^5 


= E = 


10161052685 


= F = 


1129005855 


= G = 


125445094 


= H = 


1 393834* 


= I = 


154870A 
1 71078 


= K = 


= L = 


»9"? 


— M = 


1124 


=^N=: 


136 



Therefore, 

* 

A r=: .66666666666666 



/ 





VB = 


14691 J 5802469 




f c = 


164609053497 




i D = 


13064^10595^ 




i,E = 


1119005853 




t4-F = 


1016)6895 . 




tVG = 


9649611 




^H = 


5^29211 




lif I = 


91109 


' 


T>K = 


9056 


,. 


rf L=: 


910 




'»5? = 


92 


« 


TfN = 


9 


Nafiers 


Log. of 1 = 


.693i47i8o5599L- 


* '&« Rule 


2. 


■ - > 



\ 
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Exam^leJl, 



Let It be required to find the Value of the Index «, in 
Order to make Briggs's Logarithms, the faid Br^s*8 Loga- 
ridim of I o being i . 

The Queftion proposed is the fame with this 5 vh.. 



1 0000 &c. Indefinitely ^ ^ ^ 10 



If 



1X9 
* j^ _ X — 

J04-1 3 ^11 



II 



^ &c. r= i^ that is (by multiplying each^art by 



^0000 &c. Indefinitely 



91 9 

) 2X~?H — X-? 



5 n 




m » 




» » 



1 0000 &c. Indefinitely 

* 

rithmof 10 being == 
to? 



5 that is In Words, Napiers Loga- 



n 



1 0000 &c. Indefinitely 



T— ^ , what is 9i equal 



mmmmk 



Now becaufc ^ x -? 4. — X -^ 

II 3 II 



I 9 
5 " 



H- &c. 



converges very flow, it will be convenient to cdnfider i o z$ 
composed of the Produft of fome Power of a lefs Number, 
multiplied by fome other lefs Number j fo 10 may be very 
advantagioudy confider'd as = a » X i ^ : Then 3 X N^ter s 

Log. of X + N./.VS Log. of , i = ,,ooo&c.'lndefinitcly ' 

But i X Nafter$ Logarithm of 2 is ("by Example jA = 
2.0794415416797 3 and Napier s Log. of i ^ may be found 
thus : 



r 

r 
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X ^ ■"• I' f 

* — — } wherefore Nader's Log, ox I ^ is (by Rule i.) 



I i-fi 9 



J55_ J X _ ^ ___ -J- — — - -f &C. 

9 3X9* 5X9' 



OPERATION. 

1 X ^ =r A = •iii2Ziiiaixiii 
Y-f. A = B = , 47434842x496 

yiR — C= • ^338701^5$!; 

t|C=D= 41815031! 

.yj.D=E= 516234 

xfE = P= ' -. • 6375 

,iP = G=z 78 



T-: 



Thercforfi 

A =r .12 22X22111222X 

I- B = 9144947416s 
^ C =r 6774035 1 x 

T D,= 597?57$ 
i E =3 57359 
-iP = ! 579 

rf G = 6 



■*•«' 



Nafier's Log. of I J = .22314355131421^ 
3 X Napier's Log. of 2 = 2.079441 54^^797 



mm 



Hafiers Log. of lo — 2.30A585092994II 



as ^ — ^f- , ^ . 1 : and by multiplying each part by 

10000 &c. Indefinitely ^ r/ & r / 

•joooo &c Indefinitely^ we have 2302585092994 &c. In- 
^pfiqitely =? n. 



Exanyit 



1 



9$6 



Of Appr&ximathns, 
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Example III. 

Let It be required to find Bri^s^s Logarithm of i, to 8 
Places. 

Note^ That the Index = p> muft have a Figure or two, at 
Ictft, more dian the Intended Logarithm is to have 5 there- 
fore in this Example 3. it muft have 9 or 10 Figui^es in it 5 

lOOOO&C. . / 

that IS p (= :::_ b.l / = •434*944819- 



45025 &C.* 



And (fuppofingr= i; 2 jj x~+ j X i- 



s 3 



J|_ &c. is |by R»'« a.^ = Br«ggj's Logarithm of 2. 

/ 

OPERATION. 



2p,Xf = A =.2895*9^54 
^ A = B = 52^^9961 

^ ^ 357444? 

^ : 397i<5o 



|d = e= 441x8 

j E = F = 4903 

.L F = G = 344 



A = •189529654 

t B = 10723310 

i C = 714888 

t ? ~ 5<^737 

> E = 4903 

»';^ = 445 

TT G = 41 

TfH= 4 



Bnggs*s Logarithm of 2 r^: .301019991;;^ 



frr-r"* 



' . ' 1. *-^ 



■*■■*■ ^ ^ 



Example IV. 

Let it be required to find Briggs\ Logarithm of 3, to ft 
places. / 



By RiJe 1. Brlggs's Log. of 3 i« = 2 p x ^qp-j +'^^- 



^ i V i- ^- &c. But fince Bri^s's Logarithm of 2 is al- 
ready 
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read^ known, 'tis eadcr to find ^r^^s Logarithm of j^ by 
confiderine 9 as = x x i i., and men finding Brig^s Log. 
of I f , wntch is by RulezJ) = 

OPERATION. 



' .» 



% pX 4= A = .i737i77P» 
,^A = B= ^94871 1 

^B = C= _.a77S>48 
y}.C = D=: ..J1117 






A = .f737i779» 
f B== ,i9i6i;7 
i C == ij.i8sL 



TT 



E = F= 17 



' F = 
1 1 ■■• -"• 



Br/ggf*s Logarithm of i i = .17609115!;;^ 
: ^ V '; . : ^ri^'s Logarithm of x =r .'^oiox^i^sl^ T 



u ■ ' ■ an n f 1^1 



<i-^i 



f ^ A 



»"». ' » W •- I 

Brig;g's Logarithm of 3* zr .4771x125 



Or 'fince Brirg's Logarithm of x, and therefore of 4 (% *) is 
already known, Birigg\ Logarithm of 3 may be (boner found 
by Rule 4. thus, 




3X17I* 5X17! 



^=r-+&C* 



5 ' * 



r 



• \ 



1 OF£aA' 



♦ 
1' 



358 PfApprommattontf fl^ttXVi 

OPERA.TJ0N. 



!»• ;» 



•45»5449'>J 

. » 



• 1 - 



^ • > . 

' BW^'s Logarittiin of j 3"^ ±i '.477 1 x 1 1 5 JI, 

Let It he-.rfqirired to find Sy!^'«^Lc|g^fthm of the prime 
NMftber -1^ b^ifJF 4< • ; -•---. — - — 

Here J x ?)errig =ri 7, ai\<rtf i^ 2. 5 r \»iH be = 1 6, and 
s == iSl and therefore t x x -p- ^ ?"= J 77 rtjrj 

And the Logarithm, of 16 ==^ X L,.i? ^^d the Log.i?f 1^8 
zzi^i^hf. 3 ate gfven hfBxampkk 3 aitd 4 j whetefbr** 

.;-... - . ; ; O P R R A-1 IAN. • .,• ■ -■■ vf.;'. J ■ -• • " 

~ 1^ =±: lvai9^<X4 

Brigg's Log. of 17 = 1.130448911 



c ** 



• scholii/m. 

Jtence'. afllo* the Logarithm of ^ny Number being given 
along with the Indbc, », the Number it felf isiay be found 

thus, 

- 1 * ■■ ■' ■ " ■ ■ I ——ill II ■ I 1 1— — .i,— — ■— — 1^ 

* See Rule 4. 
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P5^[ r — ^ I X IOOOO.&6 Indefinitely is = Logarithm of 

which fuppofe = / 5 then t zt^l • = i 4-' ^ ao4 'C t)y 
cquaHnvolutioa) irt^rri + ^r ^^•^«''+'*^ ■ 



M.»i .^ _ ii«— I .» — 1' 



i» > ; I « 



/» + »>(-— ^X- ^/' &c. =i^r.i/ + 






niteJ 

Noff, That as n is indefinitely great, fo / is indefinitely 

Kttle-x and therefore » /, •-~^— tl^ •— — - /^, &C. arie = to fi- 

2 tf 

nite Nunabers. , > 

But thiy Series cotit»erges very jQow, efpecially in great 

Numbers $ wherefore when the Logarithm of .any Number 

is given along with the Value of the Index », and the Nitm* 

ber it felf required, your better Way is this, viz. Seek in the 

Tableof Logarithms the * next nearefi Logarithmi without 

their Cllatacterifticks, to that which is given, and call its 

Number t if left, or s if greater than the given Logarithm^ 

and th^ Number fought, or that whofe Logarithm is given, 

ifuppofe = 11 1 Arid if the Logarithm of ^ or r in the faid 

Table be not exaft enough for your Purpofe, vou may, by 

. feme of the four foregoing Jlules find it to wnat exaSnew 

you plef fe; , . 

Then the. Logarithm of w — Logarithm of r, or Logarithm 

4^.sr^ LogaHtfasn of » :sr Lc^aiYithm of— ot of — m ( by 

what has been already faid in this Cha^^ ) •=: 

^_ ^ * . - - , " , « 

— • — T-^ 

• -^ 1 X K)ooo &c. Indefinitely ot r:; -~J " ^-iiXioooo 

•^^■.: ..r , / 1*1 

* " ' T ■' " • ' - - 

* ThAsl^i neitf Hforejl Legarirhn ftKSjadtfz? in theTahletf La» 
^afithmsfff^fWi^NuifAernot exceiJin^ioooo h ,Sjt6€iyi'whoJe Na* 

looo 

1 4 &C. 



q6o Of Approatimations, 



■A ^ > ..... 

the Log. of 
&c. Indefinitely i wherefore _^^ j_ \,^ \ .^ or 



> occ*. Indefinitely 

the Log. of— 
- ' ^ u 

ioc>6a&jC. Indefinitely ** "^- r 



iooooocc*.in 



u , " u 



" ^ 1 n 



^ i,or=: — — I 



= / 5 : . Vrfkajrfare i + /|" = -^or = — is ^hy Six Ifaae 
ffe7utoii\ Theorem , and finoe* « is Indefinite J ^= i * 



w * ,, «' , .»^ 



I - •■ 1 iiiM. I M. H I i fMjL .am.i«___ 

. Whencew i,5~=;r X i H- »/ •+'i «»/• -f. '«•/», &c. ♦ 



Or u is = 

1 






OrfirtceirhC is= — 5 



< That IS, by Sir ijr<t4f Newon's Theorem, fince « is Indefinite 



■ — . -. 



f WhenceVrt:^ X r — w/+ «VI* - ^ X «/)» , &c: 

y jAgai^ thefo Values of h )my Ue contraOeAthus 5- for In- 
ftance,. u being = r + ^ «/.+ r r *^^ I* + irn} Ir*^ ^ 



> i 



c Fii^ftfind a Frafttonal Quantity, whofe "Nutner«or ("In 
order to the dciign'd contraftionj muft confift. only of one 
Member 'a&rw./^ and the Penominator mufi ba^e an kafi two 
JVlembersy . but we will fuppofe the faid Deoqaiinator to have 
only twoiMenibei-s, which fu]>pofe;r=rf-|-^. Now the two firft 
Members of rhe Quotient of- the faid FraSional Quantity 

rnt 



Ghap^ HI. Logarithms. 



ml . .ml mle ^, it, , t , 

, to Wrt — mutt be =r ml';\-i r n* Ir} re* 



fpefHvely 5 whence 4 is = i» and f isrr^— 4.97/$ wls^Ctefore 

• • ' * J ■ 

the required FraAioii is =r — • And its Quotient is i 

r » * / * -t- &c. from which fubtra£l the above Value o£.», 
•fKcept its firft Member r^ and the Retti^^-U ^^rn^ P 
-h T^r ^ ^^ l^-h-r^rn^ / ^-)- 4^ r » * /* + &c. whence 



.. '? 



... ml ., , . ' f ul 
uis -nr-i^ -1-1 that is » isi=r H — , — i. 

r'^mU' —^\rn*l^ ^^^mn^ — :^rii*/* — 
&c. 



Again the Denominator of another Fra^on, whofe Nu- 
merator is Y^rn^ n (^the firft Member of the foregoing 
Remainder) and the two firft Members pjf„whofe Quotjent 
are ^j. r » ^ / « + J[y r « ^ / ^ will be found by the foregoing 
Method, to be I — n /$ and (therefore^ the Quotient is ^^ 
rn^ n 4--i.r »^/^+J^rte» / ^ 4, »V r » * /« 4: &c. 
from which fubtradiing the foregoing Remainder, there re- 
mains, x^rn ^ l^ T^T t^fr rn* /* ^^"8Lc. i wherefore' thc^ 
next Fraftion (tv-^»^ '^ being its Numerator, and ,^1^ 
rn^i^-^r rtlr rn"^ l^ the two firft Members of its Quoti- 
ent) will be found . (by proceeding as before taught) sr 



> 



I ' , 



Whence 



. ■ ••^ft'. - ' < 






\ 



I.'::".:0 



x^fo Of Approximations f 'PartXV. 



I — ^ if7 I — »/ 

^^ ., . 1 &c. Of % wiU be found (by a Proccfi like the 

1 "-^ ITS • • • • r . 

— . t'. f 7i T }...*..., » , , - 

?V^T , f [*^ -.^^c^ tlwr^^fl'St^p. of wkich, talJadyfi = r 4- 
I—- 7'*' 

— -, tar » = ^ — — : ^ is,an ap)pioach near enough 



(or Practice. 

fc^ote, By fcon^ tnwrb tf?/» /(?/i tl^e Logarithm of u — Loga^ 
rithm of r^ or the Logarithm of s — Logarithm of U> iSf 
-::>• : fy.fo^miub the f^^iigr the SuriiS wH ronvergt. 



• f • I . 



ja 



^f wiH give yodohe Example of th?s Scholium, 



- * i • • ' . * 

. ' - • * Example. • 

• If '«**^ =: ijo< 5 the QudMofl 1$ v^zt a is equal tof 

The Val^e of a may be with a great deal of Facdity, itt 
refpeft of otlier Methods, found by Dr. HaUey\s Rational 
Theorem for evolving the Roots .of Aquations (or which I 
have treated in its proper Place, to wit in the CoA verging 
SeriesJ by fuppofing ^=15 for by proceeding by the Tai^ 
Theorem with the laid Value of gy the Value-of x will be 
found = .0001596 and confequently the Value of g + x 
(=,S?he2d.) is = 1.0001595 which is pretty near 



* See its Ufe in the folloTving Part, Chap. l. 



^ttal 



« 



Cl|9|i. III. , LegaritkmrS ) 2i6|t 

equal to the Value of <« 5 but if k bcf^t^npar eoop^f^^ ' 
yo*r Purpafe, rroewihe ^rtd Theorem with the 0i ViW 
of ^ the ad z= 1.00015969 and the followi^ig^'^or ^([^ttfe 3d) 



vam barve^Ae mt ¥igv»»ttt ft to a great riiiiiy 'Pbcc^,fl4rr^ 
it will be near equal to the Value * kT^ l)tit^flte^FaiHi<(iF%* 
may be more exaftly had, or (boner, by fiippofing g-^z 1^ 




and by Dr. Halley^s Irrational Theorem and its CorreS:iqji 
of which I hate' treatedsS? the Cowctgft^ Si^M- " / ' 



But I will now jfhew how to find the Value of Uy expedt- 
tioufly and exa£lly enough, by the foregoing Scholium* 
Thus, 

a^^^ -=1 1,06, by Hypothefis 5 therefore ^by the Nature 
of Logarithms j 365 x-L, ^'1:=; L, I. otf. - .^ . 

= .0.155058^51^477024084(^731 5 where;forc;, 

_ .ai53058<^52^477<^i4o84d73i " 

L, ^ = ^ — = .opoo(J^933i| 137 

711(^9928959^. 

• * ' *^ * 

Having thus found ^e Logarithm of tf, a itfelf may be 
difcover'i'by the latter jPart c^ our Scholium, by. the nelp 
of the Table of Logarithms thus : Seek in the md Table 
the neareft Logarithm without its Chara^teriilick to the'above 
Logarithm of a^ and you'll -find it to be 4.9000434 5' whofe 
abfolute Number in the faid Table is i.ooof = r :, But the 
Logarithm of i.ooor is := .Oooo434i727d&tf'^(^^'^373i3, 
which fubtrafted from the above Logarithm of ^r, the Re-« 
maindei- is .000^5 903 8itfo849oi96'5l67?l 

Therefore 'QQQQ^59Q 38(^d84J^i9^ 52678 _ 

1 0000 &c. Indenmtely 

And » = 4 IS = r H- : — ; — ^ — > --, &c. 

I — \nl 1 -^»/ 

- .000059^ 518084 2^3519587^919 &c. 



\ - • - 



I —.0000198219119109838809 &c. 



0000 
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;'seoo6oeeeoeoer7^49054ffj7 6cc. 

,_:Uoow«4,8«&c. =-"-"<«" + .00005!rf, 

Sj87470tf534Q20&c. — .00000000000001 7<8s9ff63 &c. s 
i.oooi59«J3s8745«;47j|417 &c. • 

"N.R >«« itf. iistfofage i8j. Signature i» f, .; 
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PART XVL 



.'.y/ 



•#« 



Of 3nwcat, 



mmrmma0»mim>mtmmmmmmm^^*ii^i^ 



/ * 



C H A p. I. A 



Sntefcf > «t~tiiv1Bft paid for the i,«an tf 9fia»^ maj 
■ iie eitlMir f^iiitjfitt pt €ompimnit. 

- - « WS. i: Of IMiiijple Jitfewffi 

O the Loan of any Principal o^Sum of *^;^/5^7 P^4 id 
Moneys lekoitefcf feme tfab;fc.at^^^ l^/iL rW^/^.i 

per Cent. agrctd^hb^vf(feth^i$o}Botttmtv m^ Mr. ward> 
and Lender; "OAiitb, ^ccbtimi Vht Yomig -Matl^ma* 
Laws of EngUrid^ <ntghl^ to' be bur Six ticians Guide, %» 
Pounds for the Ufc of i t>o P&iinds ^r one ^^^'^^ ^f J^ok is i^- 
^» VAff, and qt^ Poiuids for the Ule of i oo Mf^for finuMhr 
• Wtmdg fKHr<t«^Years, and fo on fof a great- ' ^^^ ^ ^^- 
^ror Icflfcf Stim, proportionaWe to the time propofed. 
» Thete ipe'ftv^&tal ways of domputing H(or anfwfering Ouefti- 
Hny iiboiit)^iiA^bIhter^ft; asbythe fingle and double Rule 
v«f 3;br4d 'Orte^ thake nie of Tables composed at ieveral 
Rates pfrCi^;- Al Sir Samuel 'Morelani^ in his Dodirrtne of In- 
- -lif f«ft,IbotM f Jkplednd Compound, iSall perform'* by Tables, 
^^«tfber«in htf'hafff' Ifap my Autht} ^etelfted feveral material 
ErMM 'toidrrtelrt % Dn Nrti^rtf,^ Mr. J&t/9 ^P^ ^«>ff-»^ 
I and Mr. CUviS, &c. id the Buftnefi x>f cbmptrting Intcreft, &c. 
! 4y :tb^ 1?*!«;-1ft»' fedious to be-hctt repeated;' ' 
I . But I (hall in this Trad take other Methods, and (hew, that 
i . ali Computations relating to Simple Jntereft, are grounded up- 
on Arithmetick Progreflion ;^^na from thence raife fach gene- 
ral Theorems as will (iiit with all jpaCes. In order to that, 

r ^ = any Principal or Sum pfii to Intereft 
Yaj J r =s the Ratio of the ^atc fcr^d /. per 4nnfm. 

y ^ = the time of the Princif^lT^ continuance at IntercftJ 
^A^ |he amo)mt of the Printipal, and its Intereft. 
fit-t ? P ^**^* 



ipo Of %titm& i^irt !Jc;VL 

Ncte^ The Ratio of the Rate is only the £mpk latettft 
ef I /. for one Ycar» ac any given Rate, at\fd is thus found/ 

Fi^.ioo .. 6:: t •• e,o6scheRatioat6/frCMr.^jfmf. 

Or too . . 7 : M •• o, 07 ss the Ratio at jfn Ctm. &c. 

Again, loo •• 7 . 5 : : 1 •• ojj^the Ratio at 7 if^ Ctnt. 8cc 
And if the given time be whole Yeart;^ then ti» the number 
of thofe Years : But if the time, given be cither pure Pans 
hi a Year, or parts of a Year mixed with Years ; thofe Parts 
ihuft be tufh'd to Decimals; &nd then ^= thofe Decimals, ^c. 
Now the common parts of a Year may be eafiiy nim'd, or 
converted into Decimal patts, if it' be confidered. 

rDay is the^^ part of a Year zz_ 0,10^174 ffn. 
That J Month is the iV par? of a Year = 0^081^393, fi^«» 
one y Quarter is the 4- part of a Year -zr o, 15. 

CHalf Year r: o. $ : god threp (^tPfVter^ a 0.7^; 

Thefe things being .premiledy we may proceed to raifinf 
the Theorems. 

Let rz= the Ihtereft of i /. for one Year C^s. before) 
thenirrz the Intcrcft of i /. for two Ycarft, .,. 

3 tzz^ the Intereft <tf i /. for three Yeaw. 
and \r'sz the tntereft 0^1/. fpr four Year$<:^ ; , 
And 10 on, for any numl^r of Years. proppfedi 

Hence it is plain, that the Sioople Intereft of one PotttKl if a 
Series ^f Terms in Arithmetick rrogrefHon loci^og, whufSi 
firft Term and common Difference is r, ai^d d^e number <^ 
all the Terrnj is t ; therefore the laft Te^ri will always be 
aitfy = the Intereft of i A for any given time fignified by «^ 
•j-jj^^/^sone Pound •/ is to t^ Intereft of f/. n foliiuiy 

C Principal or given Snm •• to its Intcffft I 
That is, I A . tr :: f -- jfir ±: the Intereft ^^? *fhen tic 
Principal being added to its Intereft, th^ii* $ti|ii will be z^sA 
the amount required : Which ai ves this KenefilTlteorcmi 
I -Theorem Jrf -f- ; "= ^^K:p3Ctr>H • 

from whence the thcec §)Ilpwing tUoremHV «tflly 4c*' 
diiced. . , . ,. . 



^ ^ 



Thcrorcm i. —•>- c: V 
Theorem 3. ^""j^ ->-. 



A. ^ • 






> t r. ' ri , f -.•• • 1 



. Th^ofem 4:!±!::i-*it:Ti 



• < »• 









■i -i theft 






I 4 



Sar^. I. Vbarjivitt %$6i. tor^.ooj; amonm to in xhrct 
Years, one Qinurer, two Moaths anji dgfetccn Dayi, a? 6 ^ 
Cfmi. jit Jbmfoifk ?■ " • 

'■'..'■ • , .... . • 

Here is given / = %^€. 5, r = ©. oi and r i= 3^ 4^599 ; 
l^or 3 Ycaif ;p 3*. , ., . . ; Qpere -rf. i^i^' T^<^^*^ '• 

x8 Days =>. 049^=: o,. ^W+x 18, , 

Hea^ir'- 3-4(j59t9 •• 
And <r-~ 3 . 4^1599 x o^* oij = q . 2079 J94 
Thtn-o. Ao7959ULx256Us=!: 53.341586 =r,<ir/C - 
And 53.34M86+-56.5=: 309.841586 ='/r/-f/=3 

' jHHift. a. Wiiai Principal or Sum being put to Intereft will 
raileaScock of 109/. id*, i^d. in 3 Years, 1 Qganer, \ 
IMomhs and 18 Prf% zi6fet Cent, per Annum f 

6r the jBimc Qneftion othcrwifc Stated. Thus; 

What is 309 A 16 s.^ 10 J^ due at 3 Yeats, 1 Quarter^ % 
Months and 1 8 Days hence* worth in Ready Money, abat;n^ 
or difcpmpting 6 pr Cent, fev Annum Simple latereijt. 

Here is given A = 399 • 841186 
jr zr 0.06 (for 100 ••6 :: i **o.m6) 
1=^ 3.4^599 (found as before) ihenct to find/ 



9 . 46*99 «e o • 06 = o. 2079594 =: ir. 
Tbon tf^t tz 1 . 2079594 

I . X079594 \ 309 . 841586 f 156 . s =1: -^:^=/- 

s= 256 /• 10 s, 00 i. the Anfwer require^. 

%: 3. At what Rate of Intereft /vr Cm/. C^c. will 25^6 /. 
]|oV. amount to 309 /. 16 s» tod. in 3 Years^^ t Q^rter^ % 
ftl^nths and 18 Day* > 

• * ' 



^9^ OfiMtlM PariSiVO 

Hew is gi^n ;i *=: i'5fi • 5» -^ r= 3<>9 ;«4ii*8*>' Md ' * ^ 
# = 3 .46599; To find rfer Theorem 3. • :' 

Flrft, 309.841586 — 256.5 =53.341586 zzA-p. 

Ana 889 • 026435 ) 53 . ^At^u{o.o6 = ^^J r. m 
Then 1 /. •• o • 06 :: 100- 6 the Rate required, . 



•••' *' 



Ji^ 4, In viiat tkhen^ill 256 /. 10/. riife a Stock, of (or 
amount to) 309 /. 16 /. 10 d. at 6 ftrr tAni. Sci:." '; 

He ^ '^ ^ 

Ac 

Fifft, - . . 

That 1$ * = 3 Yca«, and 4*599 Decimal pato of a Year • 
. which may be brought into the common parts^-of a Yey ^ 
Thus, ' \ - / ' '* .' . . . .- 

I Quarter ^^ 25) . 46599 (» Qhai^cfJH^nCet^aYcat^^ 

r ir Otiittdr, two 

I Month = , 0533) . 21599 (2 Months> Months 18 Days, 

• I ' the AiiWrer rc- 

I Day = . ©0274) . «>4933 (18 Days. J quiwd. 

It muft needs be eafy to conceive^ that vul^at is kera4oM 
at 6 pet Cent, may be done at any other Rate of. Intereft, bf 
forming the Ratio," v/j{. r accordingly. * 

S C HQ iiv H^ 

''liljkho* it be according to the {^ws and Cuftem of Ei^lsnd 
to compute Intereft at the Proportion «^f 6jm'Ccf^^ (at a- 
bove;) yet he that takes up Money at Interefl; for any rime 
lefs than even or* compleat Years, paya s^oee {ri^^rcA than 
ieems reafonably due, accordiag to the miei ^Lulei^of Ait. 

As for Inftance j If 190/., be fbrbom at V^tereft one whole 
Year, it amount^ to io6/. But I fay, if it be paid at the Half- 
year's endp it flxQuId oQt amount to. 103 4 as appears from 
this following Proportion: • .- . ^ 

Let 11= the amouot due at t))e - Half-year's en4 ; ih^ it 
win be 1 00 • . tf : :'4 • • 106, the Amount . at the XC4t*s ead. 
trjtf, aa±: I odoo'and' 4 rrv 1060032:104 .,QJ<^?:; loxf. »9/. ii 
Which is left than 103 /. by u>d^'/ Arid if it l)e paid 10 Idl 
than Half a Year s time, the JErrof muft Reeds be the greater. 









- » • f *, 



li.: ) 



Annuities or Pcnfions, &c. are faid to bcv in Arrears j when 
Act afc^ payabft 'or^Ai*y citfeer Y^lf^c* MlFf-Ve^rll^^c?<^. 
and are unpaid for any number of PaymlntS; tfce^ft«^ the 
Buiuie& IS ni>:aompi|te «ihac aJiL. tfaofe Payments: w jU ^IMi|nt 
titito, allowing. lahy Rate oi Simfltilntm^ fovtbcir ^r%|r* 
ance, from the time carh particular Payment hecao^ic Ay^ • 
Now in order to that,' " T ~ i ' ' -'' 

C^=: tl\e^i^Mxt% l^enfion, or Yearlj-Rcnt, ^tf. 
p Jt^ the rim^ of its continuancf fct^Bcl^g) uripafdl 

/rz=: the Ratib,br Intcreft of i /. for op^, Year, as brfo^t* 
XjIz;: th« Amount 6f the AnnvMty'^nd itslntercik. ' :" ' 

Then.- If u -z^ the firfk Year's Rent^ pue withqut Intercft ; 

airwtheReiit 'V w- ^ u 4^ r u r j v\;. ' ** 
r« » the Intercfti: '^"^ ^^^**^ ^"^ ^^ *^ ^^^^^^ ^^^^ > 

iiri^the Renr - ^^Due at the^end bf the thlra Vcar; 
r» + i^«.r= the Intcreft J . » / 

41/ 5:i the Reik '-=- - . - 1 TJu^ .at 4h^ e^^^^ 
rtt-far«+3''««thel[9terefkJ_ ;T^>. , . 

3«s3 the Rent * •• * •• *- * v>Dtie sir\heend of the 
wr 4^r«-f'5»^4'*¥ r ^?*^ |ntereft T, fifth X^?^ *'^ : ^^ ^ 




- — f^^^ — /^ tuts A. 



Hence 



>> . * 



Theorem i. : — xru+fu e i*B3 — ;; — ^^'T *^ 



Theorem 2. ±2-; — 5- ^ 



Theorem 3. ~3^eti 



Theorem 4- }- -r- 



1' 



ix^^ii^ivm$ ^ 






* - a/ >N. 4 ^^ • IT' 




%P4 ^ 9Nmft Pact HVf 



SjfiJI, r; tf%$o I Yearly Rent for Fen(Ho» &c.}htfsAoim 
cr vnpaid Seven Years ; what will icamonw to in that time 
)i wc6fer Cm$. for each Payment as it becomes due ? 



^ 



• • 



I . Here 19 given ii s aso^ 1= Tandrs o.o6 tofind -4* 

f /rrTbeoitm.i* 

^ Firfir X50X 7 = tys© « ^ and 1750 >< 7 = »MJo = ««: 

Again, iiaS* — «7So =» t^soa r= aa^m^ 

And —A— X 0.06 =1:315= — r — 

>ft; lo^S /. is tfic AnfweF required. ', 
JB,ttt if the Annuity,' Renr^ or Penfidny ^ to be paid by 

Quarterly or Half-yearly. Payments, tSc: thea— ^ — » o^o) 

• •' . . . ' * * ' 

.e« r fcr Kalf-yeady Payments ; And — : — . a o . 01 j a r Ibr 

' ' ■ 4: •' 

Qjttneffli » pr a . 94s e; ip f9r |hree Quarto-^ Paymetats. 

<P^f^m{^/« of itlalf-ye^Iy PaymciojOb, 

Siq>pore ISO /• /er Ammn^ to be paid by HaH'-yearly Txj^ 
jBienti; were m Arrears, or unpaid for Seven Years ; what 
' would it Amount to, allowing 6. fer Ctn$. pt Atmma tor each 
f!a^menr as it beeaqtie due i * 

In tbis BjNmfte there is gtveA f q i%$^iSZ^$st 14, tli^ 

Number of Payments; a^ ir»o«o|fia t^ ^ca^ ^ 

find 4^ • 

Firft, iij<t4'a i75ostf#4r; 1750 xr4«j4jooBSllit , 

Again, 14500—1750 ss ixfiosatur-i^ J 

Tben^^^cs 11375. 

And Ji}75*^.o» «341*JtS»2~2fxf; 

taftly, 341.25 + ii?5ow 1091 .is^ — : xr-f-#ir&s4 



Tkat iS| Jf is » ioVt ^ 5 '• o«^ ^e ^l^^cr reemiksech' 



1 



^ 



N. B. Hence it may be obfenred, ihac tblf-yeatiy Pay« 
Mitttti are more adVaniagioos tfaan Yearly. 

For 2091 /.. s '• > 106)/. by a^/, s^^ ^oJ. Confeqtseotly 
Qparcerly Payments are more aavancagious cban Half*yearly 
, Payments. . 

SiiMlft* %. What yearly Rent, Penfioo, &c. being forbpm or 
unpaid Seven Years^ will raife a IScock of 1065 /. aUowioig ^ 
• fer Cem. per 4nnmm for each Payment as it becomes dne. 

Here is .^ivea A si ao6s, ^s: 7» and m. od, co looA u fef 
Theorem a« 

Fifft, 7X«odsa.4aeiry and .42x7 m%.$^piiir^ t^ 
r^— /res a • 5a, and /#r— /r-f aip: 16 . ja« 

That is. %%ol^fn Anmum^ Sec wiU raij(e 106$/. die Smdt ft-^ 
quired. * 

^if^.l. In What time will 150 1. Yearly Kent, raile a 
Stock of 1065 /. allowins 6 per Cent, &c. for die fetbeafailtc 
of the Payments as thc^ become dise^ • 

Here is given h&i^o^ Atsio6% and fMo^oCm find r 
per Thtttetn 4. 

Firft, —cs^— -aji . 33jj and 3]«$13}-^f <ss3a<r)i}3tt 
r r o . 06 

jt ss ^ -• r 

Then 1^.1666 ts{«; ttidi6fl .^tfosestfjcjc. . 
Again ^K » 175 . 333 » t-€ -f •t'- 

And 175 . 3333 4f 261 .360s Bs S3**^938io hlxx^ 

^«nV53< • 6938 ss IB • 166^. 

Laftty, 13 . i666-i5. i666taZ^}± + ixje-^^wy ta: i^ 

m 

the Time reqaited. ^ 

Shffji. 4. If fjd A yearly-Rent, b^iag forbsm im* Years,* 
^lUampttnt to 2065 /. allowing Siotpkt lateteft for every 
Paymeac as k becomes due j wJUc iii«ft the Rue <»f Iqteteft 
ie >«• C«ir. &c 

Jiere is given ^saajo, 4s zo^j aad^si? »> find r#«r 
Theotem 3. 

Tims i "J"' »«5° • 4«»°«» »^ I . 

., »a«-S £•• ? .f < : : i»^ .. i the Rale tegutftd. 

Jfff. 



99^ Of %m&sfM p»t xvi; 



il' .'■ .* '■'"•: • . ^ 



* ^ 



amautei at ^itUj^t ^vtent* ' 

* > . . . ' '. < , . , . . , 

The Bufinefs of purchafing Annuities or tzk\ng <t 1}CL ^ 

iSc for any ailigned titfie, depends apotH' the true ^utfdk^ of J 
the Princip&l, or Money kia oilc o<i the PiAdkAfe, with die ^ 
Anntttcy Of Yc3rt^!y-llcnt, by alloiwiflg ^ fHk&mpii^ Ac 

" ikme Rate cf Intcfefe tolxnh Ptffiiefl: WWck mty be «afilf 
perform'd by duly applying the refpedive Theorems of ihe 

^'cWo^lk SeOiem together ; as will fufly af^pea^ by tbe-feKow-^ 
ing Queftion. • 

Queft. What is 75 '• Yearly-Rent, to continue ^in^.lj^ars^ 
worth in Ready-l^fifif^ >c.6 /^ Ctnf.jkr Annum KmpK la- 

I. P^r Theorem i. of the laft S^fi.^nd ^hat the propolcd 
f Yj^My-,!^^^ woa'd.^Lnaount to^if it ^ei^ ^9Fbofn Nine Years 

^ ^Ww^» m #^ .*' ••« '■.•.'■'4 • • 

Thus, u t=: 75> ^^ 9 aad raa* c^;. 'Qaens A 



tu 






1^41 ^11 r=* 54c o« ■ i&t 

675 s=/tf 



>«-<»«i^h 



» • — '' • 



•«i7«^^ai^-=5?'+ft«. 






i.^hen by Theorem i. SeB. t. l^ind what Principal being 
put to Intereft for the fame tjuie, and wd^ £iae kate %tiU 

amouiTt to 837 /. _tz 4^^ 

-, -T{iU5/» /rsa 9tXo;,o<5^"v -J4- * ' i 

Therefore /r-(- , ;i i .^54 

And 1 . 54) 837 (543 • 50^54 » ;^::p:7^f 

' .: Tlwtw /W54.3 3> i'ti#: i^;i,whfchisth«Woith-or75/. 

' 1?ioiri1i#'1roA^thefc'cwoOpetations^^^^^ 

it muft needs be eafy tq conceive, how tb^ twd xheoreftis^y 
l«*kh tWy wreiptf formed, limy W 

For, i« •- ■ — . ■ ''oi A • •. *. 

... . -. .f.'. .A •-•; *v I*.- .'cpnTc* 



Cpoiequendy /t^r4^/ 89 — -H 



ip;^ 



Andfixm this Equation may be deduced tjie Mowinft 
Theoxtm- ' 



' ' t 



v^^- i ""-JZt'^ ''i' 



t^f^^tr-^U 



By this Tbeoieth zU Qaeftioiit bl the fame kind with the 
litfc (W:(. that above) inay be eafily and readily aofwtfed at 
Olie Operation. ' . ' 

« 

* ' , •>" - .. .. .. ■ • 



. • « 



I^, :f>w2jPwtfc;r,theav.m i'^^i^^ 



thecJrcm 4: -CK^-f— -f 

.^ rii 4 *" 






2 



By thfe Seioi^ af)d Fovtth THcoteihi, two vciy ifefiil Oyie^ 
Aionb ma V be (Sifily anfwered. 

I. As fbr :li»/4iic# : Ifit wcrertejuiWato fihd what Annri-' 
itjL'Or Yeariy^Reni; ifi?c?. may bfc piirchas*d for ariy propcdedf 
Sam, td eontbfuei aify ^gned Time, allowing ti^ Rate of 
Istcreft. T 

. ^Thk Ql»^on may be anfwered by Theorem a. 



/ ^ 






»^3 Of%S$mft' PartXVIv 

. 2. Agiin, If it were required to find how long any Yearly 
Rent, Pcnfion, or ^Annbii^/ ^» tnay be purcjiafed (or cn- 
" joyed) for any propcrfed Snpi at any fiVtn R&e of Infcfeft. 
All Queftions of this kind arc eafily anfwesed per X^eo- 

In thclc Qneftion$ it is fuppofed, that the ?vfdlit&, *^ 

Yearly Rent, is to comjpenCj&jr..* WJair^eSi^ly entrcd w- 

' on. But if it be required to find thrTValu^ of Purchase of 

any Annuity ot Yearly Rent, (Sc. in Re^erfion j that is, when 

. it is not to be Enter'd upon juntilAfi(Brtfoai^me, o^ number 

of Years are pafs'd; theri^yotttnuji ftrftjndrwhat the Sum 

propos'd to be laid out in the Purchaie wou'a amount to if it 

ivereput to Intereft, during the time the Aimuit](, £^c» is 

tb be fft't>t^^i^ P^ffdliort ; kttd n^ake that Xmbiiik thb 5 

f6f thdPiii<^haI^, proceeding' With it as ki timti 6t ^e t 

^' laft Qpcftions, &c. 

^ Note, Firom the firfi Qgefifim^ e/ihitJ^hionUf yfiU [jb^W WY 
^ Author^ be eaj} to conceive how t^fe^filMf th^Equnting ofFdy- 
« ments between Debtor and Creditor^ at any ^ftte of Interefi^ 
without doing any Damage to either Partyz] - •* ^ 

That is, when feverai SutMS d^Mpt^^y-^^fo b^^aid at fe- 
veral difierentTimes, to find the time when all the Payments 
may be truly difcharged at once : Af if^<^n!^ Sum were to be 
paid at the end of two Moetbs, anot&er anfii; Mwths^.9^ 
perhaps a third Sum * at eight Mortths • end, ^c. And it 
' were required to find the time when all thoft Sums may be 
truly difcharged at oi;e Faymenr, wifhOu^Lif!^ &s» 




CH^ !*.^n* 



.7 -i- - v/. -r- 



V9»mtit8: 



*\ 



ry>mfottnd Intereft is that which arifes from any Principal 
y and «s,Interta^uruyi5i|jcy„ia^ tjie l^x^tsfkm b^?*«s 
due ; lo that at every Pay menr, w^i \\^^ tjim^wkf^ntbeAqr^. 
mencs became due, there^'i^^eattd ^ .i^cjm^ J^idteipikt^ and for 
that Reafoak is called fnu^tfijAfo^^^^^o^ fim^/imdttmcfh 
-As fot inftaucf 5 \f««l^ »f>pA wwt ]biaffiK;miS fer.ciM 
Years, at 6 per Cent, fir Annum, Compound Intereft ;jite»;ail 
' the End of the firft Yearit will only amount to JodL as m^Sim- 
{ie Intereft. SW ftr ihe^'lfeWiiff Ttar, ttei'^^^^ftte^Prin- 





cipa!, which will amourv to fiiJ.js^ idj ^xxhffccond 

Year s end ; whereas- by Shnph inie^^, k'Vfoxktd iiavc a- ^ ^ 

mounted to but 11*2/. . . ,, » .t 5 

' Aftadt!ie''*be^rt<»tfii^furtdf.*t * 

Jntereft ; yet in purchafing of Annu)beS| or Penfions^ £^c. and r^ 

taking Leafes in Reverfion, it ii^very< pvftz\^aiS6^^rnpound X' 

Inter^ to the Purchafer for his Reaay-money, and therefore a^ 
it is very requifite te undei^andur* •^ 

Se3. I. Of CompmtiB'^nteteff. ^ 1^ 

-•..\ lift *nB rfi«^ri»idp«f pot 16 IritiertKlv ' :': 'X ^ Li IJ i 



i:'»' 



t^ the titrt* df it? cotttitoi^^cej^ . / V^^d^^ a - 
I^^' »;/i/far 'dife IbiUittiitrfthiPriiicipd and Ij3i^^rW,.'3 v ^ ^Jfe 
^^^ J the Amount of il. and it.s fotierwfer^ ,^far, ^^* 
^'^ A «c aiiy^ben Rate ^ which Eclayjk^^^^ i**" 

Vis^pioo**io6 i:i**i* 06 the Ans^imt ,^ f /. t\6 /^r C^h/. ^^ 

Or, 100 •• IC7 :: ; •• i * 01 i)^tmm% JpL^if*" 7 
^ Cent 
Then 

i(s_ ,-, ,.,.,..,.._,,.._ 

J^' =^ the Amount of 1 4 for five.yiars. Here Jf^s 1 ^^ 

For i-lt::lt-^*:"it*- JC ::il*" iC.::^^"^%€^^.in44- 

^ As one Pound *• istojtHe AsusuDt 9fM)e Jl^und at 
.That is < one Year's end :: So is cliat Amount •• to the A* 
i mount of onp Pound at two Years Epd. £^c. 




j^ *= the Amofinr of i/. for three tYears^ 
1? *= the Ankmnt «if i /.. for four' Years, 





Whence it isj^Iairii' tftat Compound Jnkreft is gfounded^^p- ^?ftf ] 
hn 1 Series of Teans Inttezdnfi in' Oeomett^ical Proportion a^?**^ 



continued j wherein t {vi:(. the Number of Years) docSi al^ tS'J^l 

the O^r J 

Again, T- Hf t : 71 ♦• /i<f= if Ae Amduiit off hit the time J 



ways ailign the Index of the laft and higheft Term^ W;{.-the ^ x- ^ 
Power of H, which is Hf. ffl^' 



^af l{f ;= khe Amount of 1 /. ^ 

C Aspne Pound •• is ra the J^m^m pi U.for ^ny gi. 
;3*6at js< ven Time : : So is any propoled Priappal (or Sum) 
C. ** CO its Amount for the fame Time. / 



/JPi^m tb^ ftremifts the Reafon pi Ac fc^lowing Theo* ^^ 

irems may be very cafily iinderftood./ ' «; ., 

---' (iq * ' Theorem li 





)oo Of 9tltmft Part XVt 

11i«i«n i. /J{f = -(i as above; ; 

•■ ' • •. ■ . • . 

From hence the two^foUoi^ring Ji^pitqoi, arp ^7 ^e4iK^<}> 



A ^ 



Theorc» 3. "{"T"^^*' 



By tbefe three Theorems all Qjieftiotis, aMut XmfwmU Ini 
UreS may be truly Refolved by the Pen only, ^i(. without 
Tables ; thp' not fo riadily as by. the help of Tables caJcuW 
ted oh purpoft. 

' SUfhef^€ tv^illfhewhmtpfohefucb figefiitmshy the kelf.^ 
'a Tuble tf Logarithms: i%u^ ; . 

-/Hfx^, as before/ - ' ' 

• • • . ....-•- T . "•'. * 

' Jhcrefore (by the Nature of L<>^ifr£fi6ji^^ * • . 

■• - • ' ■ •> . . . ,- 

iTfacorem x. t,^ + * x x, !{.=: L,4 
' iTbeorem 3. -' "* ~ ^' ^ = L, J? 

. r ) - • . ^ . . nr*? ^ ■ " ■ 

•t , 

fitf^j?. i; What \vill 375 '• lo'. oo^/- amount to' in Nin^ 
.Years at 6 /er C«»^. ><?r 4»«mm«, Co^npoupcJ Inpereft ? ./ Y 
Here is given fz=. 37 S . 5t *= 9» an4 i^^ J^ . 06 to tod 4 

jiei^ Theorem i. 

' •♦.■., 

The Logarithm of 375 . 5 is= ^574:^^.^^/. ,./ , a 
9.^..Lv£^ritl^ of I . q^ ^S 5= .iiipii y 



> t i i 



Thp $um a • 801363^0 = t, ^ rf- ^ x t, ^ 
=3fZ,, A ; Therefore ^ is = 6^4 . 4' - —' »34 A 8 /} 00 rf. /ifr(, 
the An^ftver required. ' * ( • / 

Ott?^. a. Wh^t Priiw:ipal Tor Sun:\ ) mj|ift bcout to Intei;^ ft,' 
totaifea Stock 0^654/. §/. oot^ih IJWe^ If ear^/ at 6 m 
^enf. fer 4?inm, 8cc? •* ^^ '~' / "' '. ^-^^ ^ • - '-^ .* ^' ' -'^ 




Chap. II; ^ €omptittnti. jot 

Here is giy« ;r^ =;; ^34 . 4 , i^z^ 1.06 and i ta 9 to find / 
^Theorem a. Thus; 

The Logarithm of 634 . is = 2 . 801363^ ^ 

The Pi0erence is sr i .5746101 =. 
Xf A ^ t^ L, J^^::^ Ly p ; confecjuently / is = 375 . 5 + ; 

that isjp = 37S /• 10 •'. 00 «. + which is the Principal (or Sum) a3 
was required, 

ftj 3* In what time will 375 /. 10 i. 00 d. raifea Stock of (or 
iatnountto) €34/, 8/. oo^i z\lomn% 6 per Cent, per Annum, 
Con^und InHreft ^ 

Hereisgivcn ;4t=: 634.4, ^zr 175. S and r=ri.o6 to • 
$nd t by* the foiiriji Theoreto. 

The Logarithm of 634 . 4 is = 2 . 802363^ 

Jhc X-^4>:ff*w of 375 . 5 is t- 2 • 5746099 



.• ^ • ^ 



The JDi0preni3e is >* 1177533" 

And .1277S«-f 0,0253059 (the'^^^4ri^^^ is« 

l^** ^ L, H^ ^ ^^ thatis,f is cs ^th^ number of 
.Years required* \ * 

a??/f. 4. If 375 '. 10 s. 00 d. will amount to (or raifc a 
Stock of) 634/. 9 s.. 00 d, in Nine Years ^ ^hat muft the 
Rate of lotereft be per Cent, fer Annum ^ 

• Here is given ^sa 634.4,>-j 375.5 andf = 9. ^ 

Ctuere ^fer Theorem 3. 
The Logarithm of 634 . 4 is =j ^ . 8025632. 
J*he Logarithm of 375 . 5 is =J i . 5 746099. 

The Remainder is =3 . 12775331 
3^ich Remainder Divided by 9, gives .0153059 =3 

.t '^ 

i 

And the Natural Number that anfwers the Logarithm] 
\ 0253059 will be found in the Chiliads to be i . 06 
Then i -m . 06 — 1 ? ; 100 .. 6 the Rate for Conf. required. 



— JSfo^f, If the Loearithm of the Given Number, or if 
|he acquired Number of the Given Logarithm be not cxa<9: 
f wua^|br youVpurjptofe k your TaW^ of ^ogarirhais, y€M 

^i'^' ' ' '■ . ' ' mav 



may 



0iay make tkem as cxadas you pkdfe by' CH A P:' 5- 

Pare XV. ■ ■ : s^ : r. ' > i--- 

• - • • 

Nmr, JriErini<, ibe Method affoiving Qjittti&m'in^^Ookkpo^ad 

Intereft by the foregoing manner (that is,,bji^ the heif ofLogSL- 

" ntbm$) freferrabk. to tbat tffitvtng themh^fbe&ifofTMcs; 

fofsSo mak^ 4 Tabu for e^ery^ Hatf ^ hagreft (hao tnaylb^l ^ 

that r^Uy isV/edf is too trq^bl^we, ., .V :-' . . ': 

But *fny Author's Method i frettr aoodk whiek 
\Mr.V/zxi. is thus. 

^ He makes a Table for the Atxiodnc ^ liHt 6 
fcr Cent ^ for 49mum^^ Conipoond Interefti «his:^ 

The Amount of i /. for i Year at the aforWrkl Htw^ bet^ 

« J - ciS t^ 5 the Amount of i <. for two Y^trs^ Wfl^b« r.. ii^6 

(J^*; ; the AmouBt of j /. for three Yeari WiUlii i . ijioi* 

And this TaUe he makei luuvertally UCtM fyf afl Rates 
c( Compound huerefi. Thus; 

Let * be =^ the difference beti9«en t i o6^h j(khe Amount 
©f ^ A (or one Year in tjie T^i/e^ and aoy o^if -pnoptfed'. A- 
meiint df i /; for one Year. \ ^ 






CASE I. Then, if the propofed Rate^^ GneatcrAjo 
1 - o6 =5 i^^ , H^ 4- X will be =: the true Amount' bf 1 1 for 

one Year, at that Rate. « ' . 

' • ^' ' ' ^ •■ . " ** 

* C USE %: Bat if the propofed Rat^be kfstl^ftKi •o^z: J(; 

then it will be ij - ;if =5 true Amoijnt of x A for one Year at thai 

Rate. . ••• / • ^ •- • • c '•• - -'-__ ' ^ 

Wherddrefby the i "Th eorem ipthisf iJ/^^Jl+^V^-^ 
inCafei. And/it /(, — jr|* == -rfin C^/f i.. .]; 

^yhereforc, by Sir //44c AVwronV Theorem, 



II I ' i 



'•' ' f^K +.^ <'"^ jc + ZKi::;! n i^t-a s'- '^.t x 



t-^^.K. 



2 

1 



X 



A . ' ■ ^ 



This 



r 



y 



Tllit Equation Wing Soly'd\by the.coQverg^Seriea^ che 
Vj^ of 4r will cher^eby be foiiii4| ^d then it4- jf oc i^—* 
w id fhcw the Rate of Intereft. : . . 

Aod if the. Time given or fpugltf be not terminated by 
^6Ic Years,' bat by Weeks, Months, Quarcefs, or Half- 
yiax$$ 61k. For iRdbtving fuch QneftiaOiS^ lediice diofe. parts 
of a Year into Days; that donf, .find an Anfwer a^ording 
to the demand of the Qiieftion(and agreefrig to ril a^ beforej^ 
lot thofe number of £>ays; and in order to that, the Atiioans 
of I L for one Day, at ^ |^ Onf. fer /fiwiiMff^as,. already 
found in the^ ^$^ .p4rt of the L^aritbms) will 6e very 
Ufefal ; for by it a Table fcr the Amount of i L for any 
number of Days zi 6 fer Cent, fer, Annum, may be calcu- 
lated, thus; .,.--' ^ . ^ 

The Amount of i/. for i jDay u 6fer Cent. fer Annum^htin^ 
t • coo 1 5 965 J6, £^. The Amount of i /. for cwp Days» will 

bc'i . ooo3i93^A^|jQ^.su'. t)o.9i.S96^36^er«.)' ; r|fe Amount 
of i/. for three Days, will be i •oo<^479o372,(]^<:,=: i .00015 

\ rJopy in or^ei^' to, m^kf this Tahle of Amount $ for D4iy$^ Vfiful 
fir ^ti t(atei of tnterefi, you msy. ftoeeed sis bifore in tbft for 
Tcdrs. 



S^8. 2. Of jSunttitits or pritSow in Jnear^ computed^ 

Cfmponnt Sntftdt 

"^ When Anniiities, £9c. are faidtdbein Arrear; v See: Bag, 29 jC 

And I fhall here make ufe of the fame Letters to 

re^refeot the fi^me things as before in that Page, fa ve Otily 

Qiat 1( is here ■—' the Amount of 1 4 for one Year, as ia J. 1. 

ol this Chapter. 

. Suppofe u,z=.^ the firft Year's Rent of any Ammity without 

ihtereft, . ./• ' . : ; : 

T^, / • . I ♦ CThe AfnauntSoTthe fiift YeacslRfeht 

T&h wilt i(f/ 4-^ = < and ialRter/eft ; more rhQ lecon4 

• — 4v ^ Yeat 's kom^ ^. '^ I . 

^ • • * - • ,' • 

cTh^ Amount of the.firfli and iecond 
^nd jR*i^-f'/l»4*t:=< Years Rents with their Intereft; 

L wore the (hir4 Yea r's Rent, '&c. 

Here 



,1 



I t 



Theorem 3. < Mil«4±«i:i« ^ , 



theorem 4. -{~-il- i^' = ^^^^. 

\ 
% 

If this Equation be refolved into Numbers, one of its R«o» 
will ihcw the Value of it ^ ^ 

fitftf)?. I. If 30 /. Yearly^ Rent or Annuity, ^c. be forbom 
(vi^. Remain unpaid) 9 Years j what willit amount to zt 6 
fer Cent, per uinnum^ Compound Int^reft, 

Here is given u = 30, > '± 9, and i^r: i .c8, to find A 
fer Theorem i. 

Firft, In order to find what J^f is ^L to in this Qpcftion, I 
procced^tfaus by the Logarithm^. • - *• » 

The Logarithm of i(,^ ^r ' Logarithm of i . 06^^ = 9 « 
Logarithm of i . c$ » 9 x . 9Zj3os9 « . ii77jjT, 



JC4 Of gititereft Part xyi» 

* • • 

Hereiti?.ir4-J^^<* +«* = -^ the Amount of any Yearly. 
Rent or Annuity, htxnf, fi>rborh three Years ; and from hexlhi 

may be deduced theft Proportions. ' ; . 

r/^. n *^ F(ji:H{^u**^u::^tt'* Hju, ahd/io6nin49 
for any number of Tcrmi or Years deifoted by ^ M^heceiit 

the laft Term will manifcftly be ^ulC""^ 
WJierefore by Part 1 Chaf. 1. Prof. x. 

Hegce Theorem 2. S — t == " 

theorem j. ^ M±l^lA.rztiK 

V If I . t 

If this Equation be continually Divided l>y 1^ until nothihg 
remains, the number of thqfe Divifions will be = f. See 
P4gc " ' I .^ : -— Or rather from the Nature of Loi4* 
ritbms. : ' • ♦ 



I 



And clie j^tuabei^ lA tbe Chiliads that anJRverS this Loga«* 
then -Ba« » 



iM»' 




50.68440 — « ||J>^ 

' "^O- S3 -0 - 

. 06 ) 20 . 68440 ( 344 ; t4 •-' 5s= 

y^ ""^ = ^ s= B44 /. 14 /. 9 </. x the Amouot fc(jwi 

. -JSh/*- 5. What ycaiiy R^eo? ^|- 1 Ano^dty, €&. being Fo^:? 
bpim qr Ufipaid 9 Ye^r3, will raii^ 11 Stock <rf J44/. 14 i.9^;T 
^ ^44 • 7?95 -at 6 /^v" Cent^f^r JHmum, &.c. 

Here is given -4 = 344» 73j5, * ax 9> and J^ =5 1 ^icjj5 1^ 
find «i by Theorem 2* 

A^^— 344 .7395 X 1 : 06 - 36s ; 4238^ 
, " ^= 344-7395 



■IM 



^A-^ Azz 020 <. 68437 
Jt<— I = I , 689479 — 1 . =: : 689479: 

.689479 \ 20 . 68437 { 30 =: - M "^ 'J = n 

2««f/?. 3- In what time will 30/. Yearly-Rent rail# i 
Stock of, or amount to 344 '• 14^9^ y. allowing 6 /o- QcnJt^ 
fmr Asmum for the forbearance of |he Faymenti^, 0c. 

Here is given urn 30, ^ = 344.739$ # and l^=r r-,06; 
to find ; /^w' T^icorem 3. 

Firft> ll^--rf4-«= 3^5 :4«^387 - 344 . 7395 4- 3<> =5 
.}P*6«437. 

And the Logarithm of 50 . 68437 is == 1 * 7048743 
Jhe Logarithm <)f » =: X, 30 z=: i . 4771212 

^/^^ — ^ + ^ — i,li= .22775}! 
. t !?.= •''> 1*0611: .0253059 



N 
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that is, 9 Years is the time required. - - . 



Qfiefl. 4. If 30/. fer Annum being Unpaid .Nke Years, 
will amount to 344 /. M '• 9^.o allowing C^mfmnd Intereft for 
every Payment as it becomes due; What miiftthe Rate of 
Intereft be fer Cent: fer Annum ? 

Here is given « c= 30 , -4 = 344 • 7395 » «nd ^ = 9 to 
find i^ by Theorem 4. 

Firft,— -HiJ^r: 1 1 . 491317 attd--~=io , 491317. 

Heftceis this JEquation ii.49i3>7 J^— i^'a 10.491317J 
-Wherefore l( will be f($und by the converging Series or nu- 
meral Exegefis, ^i:.=: i . 06 : and i •• 1 . 06 — 1 : : 100 •• 6 
die BLatc ftr Cent, fcr Anmi^t required. 

Sea. ?. Tofini tU prefentJI^mh of ^xmviltXt9,1f^tV^^ 

. ■- 

Let />= the prefent Worth of any Annuity,or Leafe, €?c. and . 
the reft of the. Letters, as before : 

Then from what has been faid in $. 3. Chap. i. about Pur- 
chafing of Annuities dxSimfie Intereft, it will be cafy to form 
the like Theorems here at Comfound Intereft , vi^. by combi- 
ning Theorem i. Page 305 3 and Theorem i. Fage 299, into 
one Theorem. 

C ulf^ u ^ ^^^ ' Amount of any Yearly Rent 

For -} -^ — ;si A < being unpaid any number of Years, fer 
L K-i ^Tbeoremj. of the laft $. 

C The Amount of any Principal or Sum 
AndfU^^A < being put to Intereft for the Ume num- 

C ber of Years, fer Theorem i . Pag. 299.^ 



Hence it follows, that fK^zn 



K-i 






^ : 



. . •• • . f ■ 

Or this Equation fliay be raifed from the coiifiderkion, that 
Purchftfing Annuities, or taking of Leafes, &c, is grounded 
fipen a Ra^k or- Series of Geometrical Proportionals 'continu- 
ally Dccrcafing : Thus ~ i$ the firft and gr^ateft Term ; iC 

the cpmmon Ratio of all the Tcrnys- and f is the Sum of all 
che Series; - _ 

Thatis, — -— ::-iL..iL ..iL..JL .. « » ' 

' K ^ KK il^ -^ V -^-^.s^^ 

in tf until the Jaft Term rr iL, then (by fart 8. CUf, i. Vnf. 

I.) will f be «•=>— --— ii. Confequently^H^^f I — ^/(f^ 
uBJ'^ u as above. 

From this Equation may be deduced thefe foBowing The- 
prems* 

C » 

.i Theorem '• ^^""i^' _ 

• . * 

Theorem ». / tSlliJILfJl « . 

Theorem 3. ^ — s — " . „ sa »« 
Or from ;he Nature of Logarithms. 
JL, i» ~L. » -4- « - > A _ \ Theorem 3; 

Theorem 4: ^^«-il'+^*-^'*' 



- • 



R r ^ Hifeft. i; 



y 
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Qfcft. i" What is 30 /. Ycariy.Rcnt to continue fcven Years 
wortji in ready Money j. allowing 6 fer Cenh Cosapouad In- 
tereft to the .Purchafer. ^ 

Here is given u^ 3o> f = 7f «id it = » • o< ^ tb fiiiil f 
|lfr Theorem i. 

'Arid io - ;9 4^7 3S i<> T^4&» = I* -^ ■ -^ 

u 

K 

Then \o6) 10.0483 ( 1^7.471^ =r-^ ^^; »/ = 

iSil <)Si.\d. Being the Anfwer rfequiied. 

Queji. 1. What Annuity or Yearly Rent, to cpntiquc fevcn 
Yea5s, Iriay be t)urchafed for 1^7 /. 9 r. 5 <*• allowing « fer 
Cent. Compound Intereijl to the Purchafer ?. 

In this Queftion, there is given )>= X^lr* ^:tAi^ ^ 7i 
and !<. = 1 . 06 J to find m By the fccoad/^heorcnu 

Firft, )>ll*xil=aSi. 8153x1. 06 = a6^/9M* 
'And i^ 1^' = '^7,47^*M^ioi«i=?. iSirSiSJ 

Jhcn IC* -H I = o . 50363. kiid 

o. $0363, J 15. 1089 ( 3ott .^t^, . . ^ , 
ihat is, 30 /. is ^ «, the Anfvl^^ required. 

g«ef^, 3. How long may. one btve a Le^fe 'of 30/. Yearlf 
Rent for 167/. 9 s. $ d. allowing 6 fer CntP. Cof^fcutid Jhh 
icreji to the Purchafer ? ^ 

Hti* i% given f rr i^-jr :4^i6,» 3* }o aii4> ^cs t .^^ ^tqi 

find t by the third Jheorcxu. 



Secondly, / -f a ^ 1^7 . 47 1 6 4- 30 V 
And/& sa 177.5199 

19.9517 ZZf^WfR 

Then the Logarichm of/4-«— pr:£:> 

Now this Remainder Divided by . 0253059 theLofarithof 
of 1 .06 zz L R gives 7 for a Qiiotienr, and z= ^ ; that is, 
feven Year? is the Anfwer required. 

J8«c/?. ,4. Suppofe one fhould give 167 /. 9 i. 3 </. for the 
Pttrchafe of a Peiifion, or Annuity of 30 /. per Annum, to con- 
tinue feven Years ; at What Race of Intetett /«- Cirwf . wou!4 
that Purchafe be made, allowing Compound Interejl to the Pur- 

oltaier? 

« 

In thij Qut^flioft riittt is given / =167.4716, n'rr 30, 
and ^ » 7 to find R fffr Theorem 4. 

The fourth Theorem is tWs Equatich-^ -^ ss ~ K*^ 4-^^ 

— ll^*' ; whkh bcihg brbu^Ht into Ntirtib^^rs, in4 its 

*©^ 4Eattra<aed,^h€ Value ef k "^iW be found 1.661 vi:(. 
jt sa 1 . 06. 

And then it will be i»»o,o6:: 100. .6 5 the Rate /^n- 
CRff . as was required^ . 

• Thtfofour Queftions include dU the Varieties thst can be fr^m 
fo/ed about purchajing Annuities or Leafes^ &c. which are either 
immediately to be enter d upon, or in PoJfeJJion at the timf when 
$bi PUf^tfe is made. 

Bt^ fuoh Quieftibtfs at relate nAnntdties^ m taking j)fLea^ 
fesy Stc. iH RAjetfion^ muft be parted 9t divided into t^9 difiinS^ 
Queftions, each to be feparately confiderd ,by it/elf. ( See Page 
J$8.J As in th following &xafnplis. . 

Examp. I. Suppofe ir were required to compute tfcepfe^ 
fent Worth of 75 /. Yearly Rent, which is not to commence, 
df Be EtlterM'dpoh, tihtil Ten "^its fien«^ ; and then «o con- 

tnnie feven JHt^ ^fter that rorrt', at 6 /<r^ C#ii#^ $cc Ct^ounJk^ 

"^ eB\ '';,.■'. 







s 
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The firft Work in this Sjiefiian, is to find what 7j /. fer 
Annum to continue fcvcn Years, is worth, Ready-money ; 
as if it were immediately to be Entered upon : And to perform 
that, there is given n a 75 , il a i . ©6 , and ^ s 7 to find 
/ , as in the firft Ugejiion of this Sedtion. 

« 75 

.Thus —t ^ ,.50363 '=^ 4P.«793 and 75 -49-87M «« 

15.1207 a • — — 7 

Now R — I ss 1 . 06 — I. a. 06, 

And 0.06) 25 .1207 (418.6783 a4i8/. iis.6d.\ the 
Anfwcr to the firft part of the Queftion. 

Then the next Work will be to find what Principal or Sum 
being Put out Ten Yean zt 6 per Cent. ficc. will amount tq 
418/. 13 f. 6 d. I. 

Here is given A = 418.6783, a a 1.06, and t xa ^^ 

fo fcid^per Theorem 2, ?4tge 300. 

Thus, ^*^a 1.7908475 and 
1.799847)418.6783 (233.7884a 233/. i^t. 9 J. 

the prejcnt. Worth of 75 /. fer Annum in Reverfion, &c. as 
was required. 

Exkmf. 2. What Annuity or Yearly Rent to be entred. nfh 
on Ten Years hence, .and then to continue Seven Years, may 
be Purchased for 233 /. 15 /. 9 i/. Ready-money zt 6 fer 
Cent, &c. Cemfeuni Intereft. 

In the firft Work of this Qjfeftton there is given f a 233 ^ 
7884 , /( a 1 . 06 , and / a 10 (the time which the Annuity is 
HOC CO be enter'd upon) to find A fer Theorem i. Page )oo. 

Thus fi^^ a 233.7884X 1.790847 a 418 .6783 a A 
the Amount of 233/. 15/. 9^. put to Incereft Teh Years 
at 6' fer Cent. &c. 

Then for the fecond Work of the Siftflian, there is given. 
/^a4i8»6783, /ta 1.06, znd t:sfj (fhe. tiniie that the 
Annuity is to be enjoyed^ to find u fer Theprem 2. of thia 
^^^on. 

Thus 



J 



r 



Ji 



Cbap. Il« €omt}0ttnlr. 3ii« 



A 



il| Thus/xR'x/t s:! 418.6783 X 1.50563 X 1.06 « 

«? : ' 667.3095 

l^^i. i» 0,50363 

ijt • '-5.03^3^ 37 * 77*3 ( 75 « « ; that ^s «r a 75 '• the Ycarljr 
Rent required by the Qiieftion. 

tbefe two Examples of finding p and u, do fully Jhew the M^ 
ihod.thdt mujl be ufed in Hffolving the two General^ and indeed 
ibemofi Vfeful Quejiions about Annus tia or Leafes in ^ever/iom : 
Afid if there be occajton, either the ^te or the Time j vi:{, R 
or t, niaj be found by a due application of their refpeHive The- 
orems. «I5 

¥lote. If the Rents or Annuities, &c. arc to be paid Half-, 
yearly, or Quarterly, that 

then J!^= iT^I y for Half-yearly Cpaymems, at 

and J^ = IT^I ^ for Quarterly, fife, i ^ f^ ^^^^^ 

Thus far concerning fuch Annuities or Leafes, &c. that art 
limited by any ajfgned Time ^ and *tis only fuch that can be com- 
futedhy Theorems «r certain Rules. However ^ it may notpet^ 
hafsi be unacceptable to Infert a Brief Account of feme Eftimates 
that have been reafon^bly made by Iwo Ingenious Berfons^ about 
the Proportion or Difference of Meni Lives i according to their 
feveral Ages, which may be of good Vfe in computing the Values 
of Annuities^ or tailing Leafes for Lives, &c. 

Sir William Petty /«, his Difcourfe made before the tifffal So* 
ciety (Anno 1674.) concerning the ufe of Duplicat Proportion^ 
in the Life of Man and its Duration ; faith. That it is found by 
Experience, there are more Ferfons Living of between Sixteen 
and Twenty-fix Tears Old, than of any other Age or Decad of 
Tears in the whole Life of Man (viz. 70 or So Tears )^ His 
J^afonsfor that Ajfertion I Jhall vmit : But fuppofing it Ttue, 
He thence infers, that the Upots of every Number of Mens Ages 
undipr Sixteen (whofe I{oot is 4 ) compared with thefnid Number 
4, doth /hew the Proportion of the likelihood of fuch Mens reach^ 
ir^g to the Age of 70 Tears, 

As for Example ; *Tis 4 times more likely, that one of 16 Tears 
Oldfhould live to 70, than a New-born Babe ; 'tis 3 timj^s more 
tilaely, that one of 9 Tears Old Jhould attain the Age of 70, than 
the f aid Infant,, 8cc. 
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On the other Hand, *tis 5 ro 4, th^t one ofTpr^t^jf-fiae TfOts I 
Old mil Die before one of Sixteen : And 6 ro 5, that oifc of | 
Thirty 'fix will die before one of Twenty-five : jfnd fo on^ accord* \ 
ing to the Roots of any other declining j^e^ comfared with. (4^ 
58, 8cC.) the Upot of 11^ which 1/ the ie^r of PerfeBion ac^ 
cording to the Scnfi cf our Law, and the Age for. whofi Life .a 
Leaje it moft Valuable. 

' i. the Ingenious'-^nd great Mathematician, Captain Edaiund 
Halley, ( in Philolbph. TranfaA. Kumt. 196.) doth with great 
Indjiftry ^nd Skill, draw /in Eftimate cf the Proportion tf Men s 
^ives from the Monthly Tables nf the Births and FuneraU 
in Breflaw, the Capital City of the Province o/Silcfia» ff^hntJ^e 
fjc proves, that it's So to i, fi Per fin of Twenty^ five Te4rs Old 
will not Die in a Thar : That *tis ^ t to i, That a Man oftprpj • 
will live Seven Teats: That a Man of Thirty Tears Oldnuiyrfi^r 
fonably expe^ to live TweHtJ-feven, or i8 Tears, &c. , 

NfWj pom thfiffi and the li^e Proper t^ofi^ IkejHlflS ipfp^ ^tu) 
the Price of Injurance upon Lives ought ^0 be reg$l4te4, 4|w^ 
teing a great Difference between the Life of a Man of Twenty 
and one of Fifty ; far Example, *Tis 100 to i, that a Man of 
Twenty dies not in a Tear, and W9S to i, for 4 M^ ^ l^f^ 
Tears of Age. And upon thefi alfi depends the Valuation of An^ 
ftuities for Lives : For it is plain, that the Purchafer eugh t$ 
fay only fucbra part of the Value, of dny Anntnty, as be hath 
Chances that he is Living. And for that pur pofi, he fjoth takpt 
the painf {which was not a little) to compute the following Table^ \ 
ehat Jkews the Value <f Annuities fur every %th Tear of Age H 
she foth. 1 



« 



A^e. Tenr's Purcbcfe. 


Age. 

^5 
30 

35 

40. 

45 


Years Purchafi. 


A^e. 
50 . 

55 

60 

^5 

70 


Tears Pwvh. j 


I . 
5 

15 

20 


■ 10 . aii 

13 • 40 

. 13 . 44 

13 • 33 

la . 78 


l^ • 17 > 
11 .72 

II . 1% 

10 . 57 

9 . 91 


9 • 11 

« . S' 
7 . 60 

6 . 54 

5 . ^i 


• 








^ 


• 



SeQ. 4. 



I... 



_i 



1 • ■■• . ■ '■ 

Sea. 4. W fbrvhafing ^ree|ob» t>r ^iti Efides^ at 






or Bougnttb;(pP9t;iaiie'TQf Bver,. i vi^! without ^r^y Jipiited 
Time^ therefike the' Bufinefs'^of computing the true Value ©f 
fnch Ms^tQSyis grounded upon a Rank or $erie^ of Geojoa^trical 
Proportionals continually Dec«eafi ^ • 

^ Thus, let f^f l^^dehote the lairie £)4M as in the laft Se8ion ; 



then the Series will be---,-- j-r->— i>— * and fo on in ^f until 



~xH.-o 



the laft Term = o. then will . ^^ _ ^ =/ (By what' has 



^ 



been prov'd in ^; = — ^^^ 

This Equ4ti0U ajBTords thefe following Theor^msJ 



Theorem 1. f^ - — ^^ Sufra, 

Theorem a. / 1^ — j> = «. " 

< 

Theorem 3. — — = -^ 

Example. Suppofe a Freehold Eftate of 75 /. Yearly Rent 
were to be Sold ; What is it Worth, allowing the Buyer 6 
fcr Cent, &c. Compound Intereft for his Money ? 

Itt this Queftion there is given « = 75, H,=:i.cj6co find 
f fer Theorem 1. Thus; 

. 2^— I ±= .oC ) 75=«f 1^50/- =/ the Anfivet required; 

And lo for any of the reft, as occafion requires; 

BuE if" the Rent is to be paid cither by Half-yearly 01^ 
KiuiffteiilyiPaymen^s, then i(.= Vi .56 for Half--! Paymencs. 
^ ycznf * > C at 6 fit 

Anditz: V»Vi.o6 for QuartcrlT \ Cent, 

S f Qt 
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- -r -^s 1 .08 for Yearly ■:' TPaymenra 

Or .? /i.= V1.08 forHalf-ycai[ly i. at 8 ^ 

C K— V-VloS for Qjianerly 3 Ce»». 

The Like is to be undcrftood; ibr any othet- propofcd Rare 
flf Iniereft either Greater orLe&'than 6 ferCrnt. 

Tb< AffUcatim of thefe Theorems to Pr48ifi isfo veiy Eajj', 
\kat it's nttdlefs to Infirt more ExmnfUi. 



PART 



v/ .: ^^ 
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P ART XVIl. 

Some of DiophantusV Quefiions. 



A 



gttf/?. I. "T* O find two S^juare Numbers Equ^I Jp^ givtn 
* Sqt^arc Number = </ 4?. , w.-r^ \ 

I. Take any two * Unequal Numbers ; Supp<^e /5= the 
Qreater, and r=;i;the Lefler- then for the fide of the firft 
Square fotghr, ^t ra. 

t. And for the fide of the fecond Square fought put sa^d 
or d^'sa.- • ' - 

3. Xjien' from, the firft Step, the firft Square is=c r* 4'- 
. 4. Apd from the fecond Step, the (econd Square i^zzidd-^ 

5. Therefore the Sum of the Squares fought is^==r* 4'+ 
s* a* ^ id ta + dd. 

6. Which Sum muft be Equal to the given SquSre = dd. 

Hence thisi Equation arifeth r» ij' -f- ■^* '»' -^zdsa-^^dd 
z=^dd. 

2 d s 

7. Which Equation after due Redudion, gives ¥f nr ■ 

8. Therefore, by the firft and feventh Steps, the fide of the 
lirft Squate fought is no^i^ made known, for it is zz '^-^-^. 

9. And by the fecond and feventh Steps the fide of the fe- 
cond Square is alfo made known. Sor it is « .^ 

, , ' T Fortf ivas^t 

^ ssd'-rrd then tbejec^^qnare 

ijr\rrr .. v>cplcihe^S%djhe 

fifft woufd^e the ^/V 
W|iich two laft Steps gives this. vtn me\ " 



%iz CAtJON. 
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J^ CANON. 

Take any two Vnequal Numbers^ Multiply federally the double 
xfthc ProduB (f their MuJtijfiication, and the Difference of their 
Squares by the fide of the given Square, then divide thofe ProduB 4 
fever ally by the Sum of the Squares of the two Numbers firjl taken, 
and the fijuotients Jhall b^thefi^s of the mo Sf Mares fought. 

Quejt. 1. To divide a Number given which is compos'd of 
two knovvQ Squares 5 Suppofe dd=: the Greater, and bB=z 
the Leffcr,4nto two other Sqiiarcs. 

I. Take two unequal Numbers, rtbc 

* For if s •• r : : Greater^ and r , die Jbeflfer, with this 
A^^h-A^hthen "^Caution, vi^.Thzx i > Hot in fuch 
feSqu^es that wm d Proportibn to r as i-f i tod-b. . 

i'ilt.lt^Sl^M ^- ^^^^^ fide of tl^,firft of the two 
J&m r/wif, . Squares fought, put r 4 -+: K 

3. Ani for the fide of the fecond 
Square fought, put sa — d, or d-- sa. 

4. Then the firft Square fought, is = r* 4* -{- 1 r * ?< + ^ *. 

5. And the fecbhd Square (blight is i* 4* -^ 1 idk^iJL 

Confeqtiehtty the Sum of thofe Squares is ==: r* 4* -if ^' ^* 
J^^rba- zsda-\-b^+d\^ " 

7. Which Summuftbe m dd-^^bb. 
Hence 4:he following Equation arifcth, Vi:{. 

8. Which Eqiiation after due Reduvjtion'^, gives 

.2.sd--%rb ,i .. , 

■•4-=: ' •• \ - 

<7. TScreforc from the eighth, and fecond Sxeps the fide of 

. tJip firft Square fbaghc is now known and found ' • • ! • 

. ■' ^ / ■ ■ ' f. ■ ' . 

1 r s dA- s sh ^irrb 

, — .I. I y I 'l i j I II .. 

10. And from the eighth and third Steps theiidfc ti thC fo^ 
ccnd Square foiig^t is like wife known and fpund . 

s sd—rr d -^ %r sb ir s b -}- rrd ^ s s d 

I' . ' ■ ■ or 



ss-i-rr st+'rr 







That- k, the former of thofe two Quantities fljall be .the. 

fide of the fecond Square^ when s d — r^ d \s Greater than 
zrsk But ifht hitter of thofe two. Quantities fhalM* th« 

Side when s^d -^ r^dis Lefs than x r s b : Whence the fide 
of the fecond Square may be cxpr efe'd thus, 

i»^ — f^ if JTi'^rsh 
Ftdm the Premifejf arifeth the following 

CANON. 

T4ke anjf twoVnequal Numbers^ with this C/itttiony thnt the 
Greater may not have the fame Profortion to the LeJJfer,as the Sum 
bf the fides of the two Squares given hath t6 the Difference of the 
fame Sides* Multiply the double ProduB of the Multiplication of 
thofe tv^ fiumbersprft tak^nby eafhofthefaid tm Sides given,and 
referve the PrpduBs : Multiply alfo the Difference of the Squares 
of the f aid two^Numbers firji taken, by each ofthefaidtwo Sides 
given, and referve thefe ProduBs, Th^n add the greater of the 
two firfi refervd ProduBs to the Leffer of the two Latter, and re- 
ferve the Sum for a Dividend. Tal^e alfo the Difference between * 
the Leffer tf the twofirfi ProduBs and the greater of the two hatter 
for a fecond Dividend. Lajily, Divide fever ally the faid Divi* 
dends by the Sums of the Squares of the two Numbers firft takpi: 
Sofhatl the Qtj^oiients be the fides of the two Squares fought. 

Queft. 3, To find two Square Numbers whofe Difierence 
*&ail be equal to a given Number : Suppofe = rf. 

Solution. f 

■ 1. Let fome Number whofe Square is lefs than the givei^ 
Difference be reprefented by ^. 

%. For^the fide of the Leffer Square fought put 45, 
3. For the fide of the Greater Square fought put. 4 ^* ^. 
* %; Hien the Lellerr Square is a a. 

5. And the Greater Square is'a} -^-xab-^b b. 

6. Andjrhe Difference of thofe S<Juares^ is 2^rhb*. 

7. But the faid Difference muft lie equa] to tSi^given Diffe- 
.f^nce.9 therefore ' 

Zab^bbzzd, 



*t « 



8.. Whfcli after due ftfedudion ntirice« kMVf/n "the Value of 
j^e fi^c t)f the leffer Square, ^^. 4 = TTl'^- ' 
. . - 9* An4 



V|8 Some of Diophantus'j Part XVII. 

9. And from the 8ih and 3d Steps theValuc of thefideoflhc 
Greater Square is alfo difcovercd, Vi:i. 4 + * = - ,/ 

MY 

9 

•^ C -4 N N I. 

Tak^ any Square Number Ufs than the given Differinoe, and 
SuhtraB it from the /aid Difference; then divide the Remainder 
by the double of. the fide of the Stfuare firjt takfn\ and the Quoti^ 
ent /hall be the fide of the lejfer of the two Siuarei fought. Lajlly^ 
This fide added to the fide of the Square firft takfn, gives the fide 
ff the other Square fought. . " r. I 

Again, Since by the two laft Steps of the preceding Refor 
htion, the Valu(js of the fides of the two Sgu^fcs f9Ug|ic are, 

_I1 — and -^t^ — . Therefore.if We fuppofe A c 3= rf; 

%b lb ' . ■ • 

then thofc Sides will be converted to thefe, vi;{. — -r — '- . and 

2 p 

— —. — Which laft mention'd Sides after the commoa 
, it 

FaAor b is caft away, will be reduced to t c -*- {• b, and * 
•;c+-T^. Whence, 

C A N O N 1. 

T/ik? two fuch VnequAl 'Numbers^ that the ProduB of their 
Multiplication may be etjttal to the given Difference^ then half 
the Sum^ and half the Difference of thofc two Numbers fhaH be the 
fides of the two Squares fought. 

j^ff/?. 4. To find two fuch Square Numbers, that if to 
the' ProduA of their Multiplication a given Number d be ^d« 
ded, the Sum may be a Squa^-e. * 



I 

k 



Solution. 



I ^ For one of rhc Squares fought take any kqown Square 
Number, which may be reprefented by b b. 
J. And for the other Square fought put a a. 

3. T(jen the Pnodudiof their Multiplication is P a^. 

4. To which Prod iid: the ^iyen Number ^ being added, 
the Sum is^ ^' 4\-f rf. '- ''■'•.'' 

.T 5. Which 



r 



QVEsrroNs. jig 

;. Which .Sum tnnft be equal to a Square, ttie Rde vrhct^ 
of may be fuppos'd lo be i < — aoy known Number grjat- 
er than Vjj fuppofet* — c, iben ihe Square of i<—c, 
ihac is,' V 4' — ipctf -^-c* being equared to i'<«'-f-*f, this 
Equation arifech, vt^. 

«. Whence after due Redudion, « = - 'T^ -. 

■*-;.'■ 1*C ■, X 

From the FreOiifes arifeth this following 
CANON. 

Ftrene tfthe Squares fought tat^ any Sqitdre NuMhtr,ikeB 
from any Square Numher fubtraQ the given Number, and JiviJe 
the Rftnainder by the double of the PrcduQ made by the Multi~ 
flitation of the fidtt of tb^ tmo Sqmret ^ fi' the Suettemt fimU 
fie the ^de of the ether S^are fought. 
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PART XVIII. 

- r 

Oi the Alternations ant/ Combinations of 

QVANTITIES. 
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C HAP. I. 

" .. ■ . 

Of tl?c Akmioittom ^f ^vmtitke^ 

DEFINITION. 

jJUernation, is a Word ufed by Mathematicians for the dit 
'^ ferent Changes or Alternations of Order in any Number 
of Things propofed taken one by one, two by two, or three 

by three, Sc. 
^ LEMMA. 

The Number of Alternations of m Things aPb^ c^ f Sec. 
taken n by «, is 'equal to the number of Alternations of the 

m — I things a*^ b^ c &c. 
' + The Number of Alternations oi m—i things 

«''t«r' c' &c. ■ ■ j 

X The Number of the Alternations of the », — i ^ings 
taken « — i by « — i , 

■ 

Demonjiration. ^ , , 

r. It- is.evident, that by placing the Thing ajn ahy detcN ^ 
-miiiedBace ; as, fuppofe, in the firft place of every Alternation i 

which can be made of the m^i things ^^"^b^c^' &c. 

cakefli 



rthaplL OfthAiterMth»ykc. ' ^ Jtt- 
taken, n^ by «— i; that each Altcrnitioh by fiich Pofitioft 
of ^4 piX)dac*dj m\l confift of Ufthiags; and th^t allthtfe 
.Alternations in Number equal to tlie Number of Alternations 

oftheTaid ^— i things A^''^ b c &c. taken n^ \ by 

" • • • 

»— r arc afl the Alternations that can be nude of the faid 

to things a^ b^ c^ ice. taken « by », which will have any. 
4 in the firijk Place of each Altcrilation of em. ,, . 
• For the fame Rcafonlj the Mumbfet of Altcrnatiohs <Jf the 

fai'd «» things rf^A^c" Sec. taken h by *,' which will Jiavc 
b ia ihfe faiit'^fiMbPrafce 6f eafcft ofeni, is equal to t&c Num;; 
bcr of Alternations. of jJic wi — i things tf^^ i ^^^ c ' Sec. 
Ukeh « — * I :by » — i . 

Alfo the number of Alternations of the faid m things 

a h^ c 8cc.«^ taken n by «, which will have c in. the faid 
firft Place of each of them, is equal to the Number of 

Alternations of the wj ^ i things a b c occ. takeii 

i^ by 5— 7/ 

Wherefore the Number of Alternation^ of the m things * 

a 6^ c '&c. taken « by «, ii fequal to theNumbe^^ of 

Alternatiohiis of the in^i things fl ^"^ b ^ c/ 8 cc. 

4- The htuifabcr of AlternatibhS of the m^i things 

uH'^^'c'. Sec ■ ; 

+ The Number of Alternations of the m— i thihJsS 

4.6CC. 

. "Tikeh «— I by »— 1. J^. £. A 

SC HOhlVM. 
In order to find the Number of Altfemitidni of »i thiiigi 

tit ^ fc ' &c. taken one by bne, two by two, or three By 

thl^ejjfijc. fey thehelp of our Lentmd : Let the number of ijic 
Indices in the fa|d m chings» which are each either £i]uai, to; 
i>f Greisiter than i, 2, 3» 4» ^^- be fuppofed = ^, B, C, b, C^c; 

> t mpcikivcly; 



r«i 



~1 
a%, 0/ .the 44imMtion mH PartXVUI*'' 

pe^i^ely : Jjien t^e .Ntimber of the IqSTces ii) tfie&id m 



li i *. 



thihgs,whidi are each cqtiaJ to !> i, 3, i^c. is zTif.-*, B-*-C» ' 

C— i!), &c. refpe^flively. .T1^P"> , 

• ' • , '. • • 

^ I . The Nupiber o£ Alcernarions of the m xhingjS itr b C 
&c. taken one by one, is manifeftJy = ^. , , ,. 

a* The Number of Alternatloiis of i« thijc^gi a ^ c SkI 
taken two by two, is by our Lemma at ^-;- B,x Number of 

Altera^ tions of wi — i things, wherein -^ ^ i ift^fiMl .«► Ac 

Number of all tjie Indices, 



* .iM A 



4- B X Number of Alternations of wi-^t thijigs, wbereki 

ji is equal to the Number of all thclndicej 
Ttfkenoneby-one* • ' 

-^ ^9% A^^i-^BxA, By Parag. 1*= arf« jj— i4- A 

» 
• • • * 

3. The Nupiber of Alternations of m things 0^b^ c^ g^, 

takeil three by three, is, by our Lemma^ =:-rf — IfxNum- 

ber of Alterrtations of wj — i things, wherein -4— i,and BMe 
equal to rhe NunAer of the Indioei whiph are eadi Citficr 

equal to, or ' gi'eatjci' than i, and 1 relpcdively, . 

-fij — C >c Numbet ctf Alternations oim—t tckiqg^ whcreia 

jtf,and B— I are equal to -the. Number of chclnditeg^iiifhich arc 
each either equal to, or gteater than i, and i refpeiftivcly, 



' I I I II » 



-f- C X Number- of Alternations of i» — 1 things, wherein 
A, and B arc equal to the Number of the Indices, '^hich are 
each either equal to, or gteatef* than i, and 1 reipcdkivelf . 

Tj^kcn two by two. ^ 



>i ti l l 



-A-Bt.A'-i xJtf-iVB-f lr-Cx:rf>c^-i.i+i-.i 



4-Cx /ixy|— iB-|-» By ^I'/iri^* 2, 'szA^A'^tviA^% 

4. The Number of Alternations of muthiiigs^^^^^''^ &fc^ 

•t0c«n fotir by four, is/ by otjr X«»m4; rr .rf-^^ Kuioabet, 
■.••••• ' • ■ • • -cl 



w 

Oap. I. Cmibinati0» ef things. V-'^M 

of ATternatkms of ^ — i things, wherein -^ — i, B^and C are 
equal cp th« Number p£ (be ' Indicesi which are ^aeb euher 
. equal to, or greater than i, 2,. and 3.R^fp^<3^ively, 

4* B -- C X Number of Alternations of m^i things, where- 
in ^, B — i, and C are equal* to the Nftmbgr of the Indices 
fri^ich aoe eacfr ekfter equal to, or greater than i, % and 3, 

^C^Dh Number of Alternations of iw — i tiuo£S^wli£i£* 

in >f> 5, and C "t*! areequa^I to tjie bi)«uber of Indices^ which. 

are each either equal to, or greatec than, ij^ a, and % ^e^ 
^caiveiy,; . " , : | ■ • ^ 

+il X Number o^ Alternations off* ;^ r things, whercii^ A, 
^and C, ace:0qu«l' w the Nmnber bf . the Indices which are 
e^ch cither equal to, or greater than. 'a. 2^and xreipedlively ^ 

'' Taken three by three* 



23aj22Pp-»^2a2i--;taBaa«!*^"**"«*«** 



i — B y^-— i^x v^-'X X A^ 3.4- ^ B X ^-p I ^ 3 B -f C 



gi ' t ^i I If „ m 



4-8 — CX-4X-4— I x-4-r 2 + 3^x^—1 — 3XB— 1+^ 

^^-C^Px ^xTT^x -^•- i + MB»t 3 B + C- I 
+ l]^M.fx^H-|X^w.2,4-34a;^3!9-f-C5.ByP4M^. J 
^^X4^THi^x^r:^4r5.4'Bpi8.*B.|.9.B-f 

3B*-f4C^-4C + I>, 

^ 8cc. , . 

Example, 

Let it be required to find the number of Alternation^ of 
#*Fc* Tthti is, of the » things 4iAMbcc)' taken four byiour. 

Here ^ i? = 3, B- 3, C^; a. -D =: ^ ; ^J^herefp^, by the 
Atfc Parafc ofourSciW/iwir, 3H^>^f^« W + <^^5*X3 (i/i) 

r- 4x2 (-8)4- = 70; IS the Number of Alternations pX 
a^ i* c* takcafojor by four. 

From what has been faid in this ScMium, it i$ plain, that 

the Number of Alternations of m things different from each 

ttter.as^ici&c. taken » by » is (Recawfc mtl^. Cafe,/ i^ 

* '^ T t 2 equal 






^»4 



Of the Akernmim mhA Flrt X Vliti 



aal rem, and BjC^Df Sec are each cqiialtoo)==uf ^^ — i K 



ji-^xx A^^x il-'4X &ccontiaaed ton places rriffx m — i x 
«ff — 2 X wi— 3 X «i— 4 X &c. continued to u Places. 

Examples, 

I. Let it be ceqnired to find th^ ^amber of Al&ernationy 
of four Things difierent from each other, 2S stcd taken 
four by four. 

Here9> =r >C is = 4, and n 3z 
iff =4. W h erefore by ou r Crn^L 

4x4 — 1x4 — 2x4— 5 = 14 
is the Number of AkernatioDs of 
the four Things abed difierent 
ba^ each other, taken four hf 
four. / 



4b€i^ bacd. 


csbi. 


dabc. 


dbdc. 


bade. 


cmS, 


daeb. 


acbdf 


bead. 


cb«d. 


dbae, 


acdb. 


bcda. 


chdd. 


dbca. 


Aatc^ 


bdae. 


tiUh, 


deab. 


aJcb, 


bdca. 


cSa, 


deba. 



Z. Let it be required to find the Number of* Altfraadons of 
the five things a be da different from eadi other, taken two 
by two.- 



ab, ba, ea", da, ea, 
ae, be, cb, db, eb, 
/id,.bd, cd, dc, ec, 
ae, be, ee, de, cd. 



Here m -=: A is — 5 and it =: 2 j 
Therefore^' by o^r CprvlL 5 >^4 =r xo is 
the Number of Akernations of five 
things different from each other, uken 
two by two. 



XT' ^^^^» When nis:zzfh the Numbf r qf Alternations of 
m ihijigs a be &c. taken # by « ; that is, i» by « is =; 



tn 


X m 


^ I X W2X w*— 3 xm*— 4 X wi— 5 X wj-*- 


6 


xm-rl 


X 


rn 


xp-^i xf-x xj?*-3 x&c X 
— 8xwz— 9X&C contini^ed 


qxq^ I x^— 2x 
to m places* 


f- 


-3, x&c 


X 



r>: r-^ I X r^iXr^-kx &c.x8ce. continued tof, y, r,&c.pla- 

i;cs refpedtively, which is a more regular and fimple Secies 
than ihem in tiie laft F<trH^. • .".: . : - 

■'•" ;, • ■• . • ■. ,-. 
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C H A P. II. 

Of the Comhimtion of QVANTITIE S. 

Defi^itipn. 

TH B fcvcral Ways, «r difFwent Cafes of taking any re- 
quired Number of Things propos'd^ without regarding 
ihcir Order or Places, are called the Copibitmthns of Studth 
pities. 

SCHQLIVM. 

From the Nature of Altenmtiom and Cotabinmonx rightr 
]y confidered and ^mpared, it will appear. That the Num* 
ber of Alternations of m things akcde &c different from 
each other, take^ n by 9, is equal to the Number of Com^ 
hinations of the faid m things v^ken n by «, multiplied (>y the 
Number of Ali^^tnations of « things different from each other, 
taken 9 by n: But the Number of Alternations of the faid. 
m thi ng s taken n by «, is, by the CorolL in the laft Chap, e= i» ^c 

<»— I X w— IX JI9— gix &c. continued to n places ; and the Num- 
ber of Alternations of n things diff erent fr om ea ch othe r taken 

phy % is, by the faid CotelLn^n X w— i X »— 2 >C »— 9 >< &c. 
continued to n places 5 therefore the Number of Combinations 

of the faid m things taken » by » is = ^ -a ^ ' . 

_. WX»— iX« — 2X 

=rzr. X 8cc. Each Series continued to n Places or Terms. 

Example. 

Let it be required to find the Number of Combinations of 
the live things abcde diflferent from ^ach other,^ taken three 
>y three. 



ahc, 
4^ 


4cd, 

ace. 


^de. 


bed, bde^ 

bee. 


c4^> 



Here m is = 5 and » = ? ^ 

Therefore ^^^^^ = lo is 
3 X 2x1 

the Anfwct" required. 
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PAR T I. 

r 

Of TRlGONOMETRt. 
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^ 




"^^ Definitions. 

^ A ^"^^'^ ^^ fu^pofed to be " ' 

^ divided into 360 cquaJ: 
iPatts, (Called Degrees, and 
each Degree into ^o egpaK- 
Parts^calledMinutes|tHdCea(^ . 
Minute into 60 <^pi^ BaiW^ 
called Seconds^ &<:. Any 
Bo ftion o f wfcofc circumfe- 
rence is called an life, and if 
meafured by thcLjmnxhcr of . 
Degreeslt contains. M 

, 2. AT hord is aRightJine 
joining the excixmities of an 
Archy as A C is the Chord 
of the Arches A B C, A D C. 

3. A ^ght Sine is a Right- 
4ine drawn from one End of 

an Arc, perpendicular' to that Diameter 

N. B. A great part of pjaffing through the^ other End ; or it is 

&d'''^^^^^^ half the Chord of mice the Arc. So AE 

trig. is the Right-fitie of the Arcs A B, A D. 

And here it is Evideiit, that ijife Sine 
bf 90 Degrees; (which is equal to' the Radius or Send- 
diameter of the Circle^ is the greateft of all Sines, the Sine 
of an Arc greater than a Quadrant, l^ing lefs than ihi Ra- 
dius. \ ' ' ' 

4. A Verfed Sine is the Segment of tlie Diameter intercepted 
Ibetween the Arc and its Right-finfe, thus; E B is the Verfed 
Sine of the Arc A B, and E D of the Arc A D. 

5. A Tangent cfan Arc is a Right-line dria^wn perpendicil-i' 
lar to the end of a Diameter, pafling thi^Ough one end of an Arq 
iand its Length is limited by a Right-line drawn from ih<i 
Center through the other End of the Ate, and this Line is 
tailed the Secant • thus, B M is the Tangent, and I^ M the 
Secaotoftfae Arcs A B, AD* ■" '. 6. The 



* * 



>e greater or lefe, is called its Compfii^nr':*{p Cr'^'i^^h^ 

IPnrnpUffiflit^ »Ct>n&iDe| Gl'tk^ Ti^etit of tllat potnpli- 
inW4i<>t (^-ttiiiiifeetoc^-#l the Sedtntoraar Com^li^^ o^ 

its Suffl&fnenf. ^ . , , , 

That part of the RadiusivJincfi i& benvjict' the Center and 
Right-Sine, is equal c^.^eGo-fioer^ :rhus: FE 'k = H A. 




fofitvi, «i^r ]^ecb^l|iGi% -fanr tKi1iel)>^a^c^e'9ir Equal 
P4tts tndf Lttte .of Q^ofdii, ipr bf! aii : Aritbmetii^ii p^l):ubLfii6 A 
Ijf iuppb^g' tlie'^^Rsu^iui ^IMideii^ ittto M^ Kumbci' cf E^tial 
Farts, we know hoy fuay nf theft £dual^l^rts' sine ihWhe 
Sine, Xa^c^^ror^ec^t^umy^A^^I^otT^iled): The Art of 
bftsrrin|;jv^hjqii^s f ^ilot irifai(aiwr^> antt if e^tK* tii\ri ot 
SpheiicaL ' ". > v . . 
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' I. A E the Sicie <)f^^p Arc ^^frgLgiciPflr ro 
find its Co-fine F £. - . i 

tr" N. B. Titf J^adius is ali^ajs fapfoid to 
hegivtn 

» - # > W ^ :— i< E ^ : ^ r Af : { ^y Tr,anfp.,) 

1. A£ the Sine of an Arc being given,' to $Ad BK the 
Sine of half the Arc. 
F £ the Co-fioc, is k nown ( by th e ift of this ) and conft- 

Auently E B ; then V^£j:4-£B^ : = v< B (by 47. i . Eueh 
G in.) And ^ ^B = BN (by Third Definitiat.) i. e. 

iVsV:-hUf:=5fArc. . 



3.3P 



iQ/^ J^^igfffiometfjs. 



Part I. 



^ 3. Bi^^ the Sine ff.^ As^c being jpven td'Hiid AB th^^ 
5inc6f twice that Ara.. . . • • 

F N the Co-%e is Ur tn^ie m^} kttown hj tlie ift ^'afid 
tie A * F 3 N iod 4. P E,< 'h»^« the jLlfistC E ss Laiid 
tbe.^B common to b9jtJ[i^;.confequen^yi:4c|irX NFB is'ri 
ZVAt (by 3i. I. £i^c/. JS/fniJ Therefore thc.AiFBN 
«iq4 ABE are fimilar^ chere^e (by: 4. S^EitlJEli} ^ 

« 

,EB..F^;{AB-AE. r.r.' : , , 

K •• X ;•: iS'' Si Arc, : ' ' • ' ' 



fr 




4. B P at^ X P, the Sines o£ two Arcs 
fib and Xfi, being given to ifind X f, the 
$ine of the Svm of the Arcs. 

From the Point P Jfct «iatt P V 4 D F 

and P.Y4X^ : c !• 

.Tliei> the Co-fi9es FQ.and PP^aft 
known (by the ift.^ And the A 1 F B O ^ 
e,nd f P. V are fimilar ;. therefore (by ±.^ 
6^ E^ucL Elpm^) FB.vf P ::: BO-PV. 
AgAU)» ilie A f X u P and FUfkliaV^e ^be A ^ XPii and p eqtzalu 
as being each sp J, ^nd the A P'a X=: A 911 F (by 1 $• ^ 
Eucl. EL) Wherefore they are Similar. 

Bur the A / F^u and F O B are alfo (manifcftly) Similar; 
therefore the A PXui^ = ABFQ5 aijid Wifequcftly 
tho Aj f XY ^rid'BFp areSimilir'V'Whercforc, 

FB •• FO::XP •• XY j Bm Y4i(-PVH-Y:^=X^ 

POxXP+TPxBO . 

_ _ , . . ....... 

. That is, the S^ne qf^M Arc i/tia^ tht othrr4 ^To-jSiif -^ the Sine 
ef the oth^ Arcinto the CO'Jine of the firfi Arc^' ^nd this Sum 
dividei ky Hadiufp is = 5, qf the Sum of i^je f^o Atcs ; and- if 
the Sines of the fame two Axcs^vfiere given^ 0^ it were required 
fo find the Sine of their Difference, it woul^be 

FO?<XP/V5FPxBO o -^ '/»*// : 

M ■ , — Sy =r S Differeftce ofthe-^mo^ Arfs. . 



I • • 






^ 
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,1 UL'i OfYrigdnomhry. 

, ''ly. tix\^ Ak Z. * be 30 Degrees. .. '.' . 
«im, 4 h aiiy Arc lefs' than. U a, a&' 
■4iWVi=nt 'Draw biiwihw- 
the Sin« ^ the A;<is * i, and A i.,- 
aialfoA <the Co-fiiie of Ai cut-" 
tip^ i ^ in. ( : Df^^ yb, ai^ ihe . , 
•Radius * P cutting b h in g, and" ' 
bt^iff. Laftly,;3r4W f r.ihe Go, , 
Cn'eoftI,;; ihcnt|icV-^ ^tghf^ 
4nd<e^^.h^vipgtbe Z'^ con;uiioii,- 
are. Stmiiar ^ Kl^jcooiieqtt^liciy the 

M.,^i.^/.ie/OrPBrtH^/^tIienfopei«t^ — i:i*==.ij,//«- 
y%yi iy 5^3q *j,(^ ^f §4rf|K/ ;) Tffcreforc, by 47. t: -^-JEf. 
2fiy:— ^Aj:=:J«?: = igh^'- ; coBfequwitlii; .-t«!;x 
"**}?;*; and Aw+gAxV?— irf; that is, the Sine of an 
Atcillfs 30 Deg. added to the Sincof its- DcfrA x V* j ii =: 
the Bine of an Arc as much exceeding 30. J^egrees as th&bcbtff 
waned Bf.'3oi^fr,$o that if the Sinesiajo (ia^.befbuod; the 
reftlo ^9'' may bq.Sltndby Additon and MtUtipUe^niimt 




V'jf — "i; 7^201^*7, ' 

Sinci^ aniArcJel^ than 60° ^detito tUe^ne-of hsBuife^ 



» rW-f^.-rfilllhete ICA : thafiillbe 



gives th? Sine of 4n Arc To mikh eKceAUn{-]id\ 



Whefrfbre, -»ftcr 



; i . 



60° are found, the reft tf-.^n* 



may pe found by Addition onlt. For Inftancc, 
\ I*. S^' + ii- ^S.ii' 

\ U, io'+/io" = S,7o'. 

An ■^pfiicdtionY vbMt^tf beeen faid ta the sRiut trntlatli 

The Radius is Equal to the Chord of 60 Degrees, 
-1 J^^i=i, 3o't)egrws, then by the id are km' 
3ie I'Atcbes. ' ^ '(■■■ -- ! ! ' ' ''. 

^ . - "i : P^W. , <„ „, „„: V ' 

15 ; 00 : 00 : 00 ; 00 ; 00 

. ;' 7r.- jo:oosoo--oo:'o» 

, ' ■ ■. . 3u4J:oa:oc::oo:oa 

I .- ;l;3o:oo: 00-co 

%6:l% :oo:qo;oo 

i8 .'07 .-30:00; 00 

,'' .'• ■■ :; -> ?;oi;si:3o;oo 

9 : 30 : 56 : 1 J : SQ 

l ; 4S • i8 - 07 ; 30 

;5i:44; 03:45 
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double «tk«mk«..; * '":■,'•',, : 
No>» iheNumbcrjot Miniittslji-jV^Biureif.^^il^^^pii 

tt iti« fti H ■ * iSMc»4»x-s^.-4iii5j-4j'i'''(««*';*i^S«rSi'' 

.' • -n- «T-iv V' ;•■„■ '*,!♦»■' ■/'='■■' 

»al8::lre^ll44.l>J:45■•AKli^«^l!44■»9'4^•■f,■^''»»<*^. 
And thus by » coniinued SifeAkB ^^AHhes, ttwSSiir* 
one Minute, being had j by tbe ^<f^is j^iin4 tlM Silw af 'l 
■Mihflrt^'y iiic"4ih*eSiiw'irf5 Mimite«,'<inilfoi^te-ii 
BegftH 'tHek By llle f* » <• IJegrn^ Inf h; tie Stride 
rel^ lb 90 lilMffeei.' 

. HwiHg-fittiililie Sides, 
dtfc l^snnR.$eediit« Qfe. 
iii4y.bc'nnina:Vytke Al- 
4<Mriii^ ftoppnioiit. 

: The Aire* and *BM;!: 

jtxMiite &.J « iH 'A lanrl 
FG I are SiinilA-s These* 
fbtej; i'r. -3- ,i .::«:? 3~= 



'f 



li:.\ .. 



PE"'FB::Sa--tMr 
mtEA)--H'A(FE^T;P.G. 




!s I'd [■■;> 
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•■I:.R..T i 



Spherical' ^En^ononiear ate ^axh Solv'd by rfa* 
fundanieacal:Fjopofidoq5.catted Aximu. 



CHAP. 



■ 



1^ 



^'-^ 





■1 






C H A p. I. 





Of Plane TRIG QNO M ET Rrl 
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AXIOM I. 

■IN a U'^ ABC If one Leg ojf 
A the L. as A B or C B ^be made 
the Radius of a Circle, tl^en IhaR 
the other Leg C B or A ^ be the 
Tangent of the Z- oppofi^c to Up 
'and the Hypothen^le AG ^or fide 
oppofite to the Right^Dgltj:k*Stf* 
^ eani (by Befinitim 5. ) • . ^ 

y'A ^^^ ^^ ^'^^ Hypothenufe; A C bfe 
made the Radius of a Circle, then 
Will ibe Legs (or Sides including 
the RighD-angk) to.wir, CB iand 



t 



5, ^ 

'A B be the Sines of the Angles oppofite' f fey D&finitim 3 J 

Upon this Axiom djepends the Solution of jche ftven C4/?/ 
€# 1^^ Plane Triangles. 

: HS^ Nur^, That the three Angles of a Platie TriangU: 
mafee x L.*, or 180 Degrees. By 3;i. i Eud. El. 

i- . . . ' 

For the more eafy making the Pro^rtion fot the Solutioii^ 
of L.<i A/ obfenre, That as differehtSides ^e made^Radiu^ 
fc» the other fides acquire different Names, which Names ar^ 
either Sinet^ Tangetusj or Secants, and are to be tak6n out 4^. 
your Table. ^ * t 

^To find a Side, any Side may be made Radius : T^hen Ciy,[ ^ 

As the Name of the Side Given is to the ijapae of the Sidflk^ 
BLequked, fo is the Side Given to the Side Required. 

But to find an Angle, one of the given Sides p:iuft be made^ 
Radius; then, , ' 

As the Side made Radius is to the other Stde» (b is, 
the Name of the firft fide ("which is Radius) to the Nat£e 
of the fecond Side. Which fourth Proportional muft be found 
among the Sines or Tangents, &c. tabe determiti*d by the Side 
{xi^ade Radius, and againft it is the Angle required* 
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the Treportion for the Solution of the Seven Cafes 
tf Plane Rightangkd Triangles, 

I 

t Kr" Sf *b' next ftregoing Figurt'. 



I piixn.l^^uired. 






Profofitions. 



A B 

A and 

C 



B C 



A B 

A and 

C 



A B 
B C 



A C 



A and 
C 



S, A ••S,A;: AB -BC 

|L.. T,A:: AB •• BC 

T A .. R :: AB •. BC 



?, A •• R ::AB •• AC 

R ../A ::AB .• AC 

T, A •• (r,A :: AB -AC 



A B •• B C : : R •• T, A 

Complement is C 
BC •• AB::R -T, C 

Complement is A 



li^ilMi. 



A C 
AB 
B C 



CafeX 



A C 
A B 
B C 

A B 
B C 




AB..BC:: R -T, A then 
S A .. R ;;AB"AC 
Or V ABf:+BC^:=AC 
(per ^7. I. Euel. El 



4t^ 5 



/\. V^ ^ hi.. A 

A and A '% 



R 

;a 



4 • 



T 



A B 
A C 



AC V A.B;: R 
AB" AC:: R 



• • 



• • 



S, A 
/A 



■■■■■MaMMh 



A e •• A B • •• R :• s, A 
Then 
R •• T, A •• • AB " BC 

Or V ACf .— AB^.=BC 



lA C 

A B 



■l-k. 



2, A :: A C •• A B 

R :: AC •• AB 

T, A :; A C •• A B 



A C 
A B1 



f 



A C 
A B 
B C 
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. In any Triangle the Sides are Proportional to the Sines of 
the oppbfite Angles. 

Dmonfbrationi 

Produce the leffef fide of the A A B G, to wit, A B to F; 
maJcing AF = BC; let fall the Pcfrpendiculari BD, FE.. 
upon the fide A G producd, if need be ; then will F £ be 
rbe Sine of the Angle A> and B D the Sine of the Angle C 
to the Radius B G = A F. 

' Now the A ^ A B D and A F E having the L.K cdmmoii 
CO both, and the 2LD = Z. £ r=: |_, are Similar ; wherefore 
^y the 4. 6. Eucl. BL) 

AF(BC)^'ABt:FB*'SD'^ thatis 
z: S, A -' S, C. Q.E. D. 



By Axiom i 



Otherwife thiw, 

AB •• Jli::BI>**S,A " 

and 
BC •• /<::JJD •• s;C: 

Therefore -4 B X S, ^ (= i^X J D) =2 

BCTiS.Ci 

Whcrefore^B .• BC:: J,C •• S,^. Q,E.B)J 
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AXIOM 3 






. ffjSi, 0/ Trigtmimtrj Pai 

AX I O M. III. 



■ ■ The Sum of the Legs of - ' 

an Angle is to their Ditfe- ' ^ j^* J 

rence as the Tangent of "FVe^ / 

haiftheSum of the Angles </f^ (""^"X^ 

oppoUte to :hofe Legs, is to ^'^''''/ \ \ \ / N , 

the Tangent of half their ^,-'* / I \\/ 

Diferencc. g — ' — £~K~*~~~ 

Drmmfiratim. _ < 

In the A A B C produce C B one of the given Lej 

the Angle given, till BD becomes — BA, and 

bifed C D in E, join A b and iMfca: it alfo in F ; draw 
»F, »hich(by.8. I. £«/.£/.) wiil be XAD, and draW 
EF, which (byi.6. £uc/.£jLJwitt be It AC. Then WiU 
theAn^ie ABF = FaD='r ABD, which external Angle 
ABD is(by3i; i.Buel.El.) ■=. BAC + C; that is, to the 
Sum of [he oppolice Angles required. 

Draw lleltoC A, fowill the AngleGBAbe , 

by 19- 1 ^ CO its alternate one B A C ;, and if 

from ha oppoficeAn^les you take the leffQr Anglp 

s.e. If fi nke il G B A, there will remain Z.GBF 

= half the oppofite Angles .- And fo alfo if 

from ( I of the Legs, you rake CB the leffer 

Leg, th BE equal to half the difference of the 

Legs: And then, fince the A A B F is Right-angled, if B F 
be made Radius, A F wuU be the Tangent of Z_ A B F (i. e. 
the Tangent of fealf the Sum of the oppofite Angles.) But the 
Segments of the Legs of any Triangle cut by Lines Parallel 
to the Bafe being fby i, 6. £kc/. £/.) proportional ; EC'-EB 
it FA -FG; that is in Words, half the Sum of ihe Legs, 
is to half their difference, as ihe Tangent of half the Sum of 
the oppofire Angles, is to the Tangent ofiialf their dif{et«nce ; 
/ Fw 4 $«"*+'• <^'fference of any two Quantities ii ^^ greattr 
' tf them. And f Sum — \ diff. is = lejfer of them. 

But Whbles are as their Halves : Wherefore the Sum cS. 
the Legs is to their Difference as the Tangent of half the Sum 
'Ofthe t roppofice is to the Tangent of half their difference. 

AX 



r° 



Chai^I. f run. ■ 3if 

A xroM IV. 




' Having dniwn a X B D from an Angle to ici oppoCte 
Bafe i ' A p fhall be to .ihc Sum of ^e other two fides A B and 
HC, as^oeir diflcrence BC — ABistothe diliereoce of tbs 
Segmonisof tbe.Bafe OC ' , , 



Dtrnti^firajtion. 



■ For by the sji 3 EuckEi. 
=?:OCxAC s therefore AC 
-OC. fttB.O. 



^SfXSii^SXfSm&SXS^^ 
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Of Trigt^metry 



Partli>3 



The Proportions for the Solutions cf the Six C*fes of 
Plane Oblique TVthtg&L » ' 



1 



Given \^quired. 



Proportions. 



A B 

B C 

and C 



A B 
B C 
and C 






^ 






B 
A B 
B C 



AC 



^MMMi^iMB 






AB-BC::S,C-S,A 



AB-BC::,S,C-S,A 
Hence by Subtrai^ion theZ.fi 

wiU bie known. 
: ^A;..S,.g::^eMAC 

... i.^'<t>. *«ij tT<l- . t <■• «■-«■ . , ** tji_«_«^ 



Axioms^afi. 



.-«^ 



I B 

AB 
B C 



A B 
B C 
A C 



A and 
C 



S,A.-S,€f;liC-A» 

I'. i 'OT ii Mj ) [» A I " ■ « rt ' i Tr Ti ll t i ll ! 



' » i i > I ' 



BC + AB..BG-AB:: 

TtZZ.-'oppofite •• 

T T X Angles oppofitc. 

• Tb^, •. 

i- Z + T X = Greater Z. , A 

I iZ~^sX.= Leirer/:,C 



Tl- 



\ ' » ' i I 



* • J «■ 



A C 



A 
B 
C 



Firftflftd the Angl^ by the laftj 

Then 

S,C.S,B::AB..AC. 



AC-BC+BA:: BC-BA -OC 
Thenf A.C +f OG = DC 
And f AC-iOC = DA 
Then AB-A D::R-.S,A 
AndCB-pC::R.-S, C 
hiA B C"A Cs: S* A •• 5, J^ 
br, B A .. AC::S,C-.S,:B 



and 



I 

and 
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C H. A F. II» 

Of Siiheric TR IG Q rfQM$ ZH T. 



ASfheriak. Triangle is that wMch, ^?^9:)nt^in*d between the. 
, , Aretes of three greiat Circlts of the Sphere/ ^** 

A Sfherick^ Angle is the fame with the Inclination of the 
Planes of chofe two Circles which cOnftitute the Angle* . 



* 



Affeiiions of SfberickSTrUngle^.^ 






::a. 



* I. Whert a Circle faH^ on another^ the Sum of the two 
Angles Q:u(Jfl:.^r^lx5ii»=:xti !:•.' i' : ' • . U . -'< 

i. When i Circle cfoffts another Circle, the Vertical An- 
gles made thereby are mutually Equal. 
I 3. Th^rett:|r Angle is oppfjfJ^^IMhe greater Side. 

4. An IffojceTes^rf angle hath its two A"gl^s ^ che'Bafe mu- 
i tually Equal^ and oh the cgncraFv^ If a. Trtiw^/^ has two 
. Angles Ecjd4l,lf<^ two Sitfesfiquaf.' • - 

5. Two Triangles ihutually Equilateral are alfa Eqiiiatiga- 
lar one to another. . 

6: If the^e be* tWo Triangles, and in each one Angle, and 
I the two Sides incljiding that. Angle refpeiftively Equal; or 
if ont tid^ and the two Angles adjacent be feverally equal; 
then the two Tria^ngles are equal, for if laid one upon ano- 
ther th^y willVgree. ' / \ 
't.'^t^ofideso'f a* TnVw^/f are bigger than one; for theT 
^ Arch of a Great Circle is the fliorreft Diftance becween'two 
} * Points on the fufface of a Sphere, as a Streighr line is betwixt 
I two Points in a ]^!ane. 

I 

Thefefeven Proferties are common to Plane as well as Sphe- 
f . xi%Ti:^2d^SYandh4f^.aUhi^manftriLHoi^\ 

'8. Affl dreaf Qircjfs^ piutually pt each other ii^tQiwoequal 
\ PartsV-f^rtiie 'cbrffmori SeAion of their Planesc isA Diame- 
ter of the Sphere, and confequently the two Scdions of the 
Peripheries are at a Semicircle Piftance. >. 

Hence 



9 
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Hence it fbOows, That every fide 
of a Sfberic Triangle. i$ Uf$ than a 
Semi-circlc ; thus BD is lefsthati 
C the Setni-circle D C/^ 

9-/The oppofite Angles at the 
^ ^ ^ ^ Scd^ions of the two Circlei are E- 

r ^ ^"^'> *^ ^ ^ ^^ ^ C, for the 

^ame Planes make both Angles. 

lo. In any SpberickTriangU, if the Sum of thel^egs of aa 
'Angle, as DB + BAbe 

^j ■ • • ....... 

= S. a Semi-cirde DBC, thcf intern Angle at the Bafi^ 

« 

w;{. D, is accordingly = V the outward oppofite Angle BAC 3 
and cgnfequently the Sum of the two ini;eraal Anjgles at the 
iUfe» o>w« D+DA* fliaB be = C two Right-angles, 

(0 Axiom I? If ^^+«^ be =i DB^fthen 

C) 3 to/nx. ^ B ^ is (") =?> 3 C J theiefoie the 

AC or (^) which is Equal to it. <^ D is 

=:^B^C,and Z./)+^0-<Bis =? U«-<<C4" 



> t ; 



c o j^ o L t: 

1 1. In an IfifeeJes Sfbtrie TriMgle, if one b^ the eqial 
J-cgs is •-. 4 a Qjjadnnt, the Angle at i? ^aft 19 s=>l„ ! 

'• .'. , •. . -';■•. ■■■: : . . I 



Chap, II. Sfhetic. 541 

li. The Sum of the three fides of a Sfherlc ♦ j-^^ ^Jjq p.^. 
Triof^le is lefs than a Circle, for '^BA ceding Fig. 
(0 -3BC+AC; therefore DB + DA 
+ B A (^) '^ B C -f D A C. (') 7 hujuf. 

13; it froi3i the poim of an Angle as a Pole 
•ypu deicribe a Great Circle, or which is th^ fame, if you de- 
fcrifae a Circle at' the diftance of 90 Degrees frpm.the faid 
Point, the Arc of this Circle intercepted between the Legs 
of the Angle, isibe mealure of the Angle. 

X 

14. The Poles of the fides of >''^'^'^'^\. 

any Spheric Triangle GtiD con- /^ ^v 

ftitute another Triangle »Xi» / ' \ 

which we may call Supplemen- / xr \w 

tal to the Triangle GHDM?/ '^^ ^-..-j. 

for the Supplements of the ] c x ^ ^^ :J> . 1 : 

i.1i£'\ °^^ Triangle nXm BV/ \jy 

ate eaual to. the K Jrfc 

Va^}-^ *^ Triangle | >^:::^^ 

GHhf^^ncj s... It' — "11 — ^ 

^ ". Demonjlration. 

From the Points G> H, D as Poles, defcribe on the Globe 
three Great Circles X A Y, R »» T «, X B « Z ; then m be- 
ing the Pole of GH, mY is therefore equal to a Qua- 
drant zr A X, X, or E being the Pole of G D ; therefore, 
adding i» A on both fides, we , have wi X =? A Y— fup- 
plement of A C, the meafure of the Angle H G D. 

Again, Zn is equal to a Ouadrant (n being the Pole of 
H D; = B X, and adding B » on both fides, nX is =: B 2* 
= Supplement of B K the meafure of the ^ H D G. 

Alfo » T is = a Quadrant = mKr and fubtradling m T 
on both fides, n i» is = T R the meafure of the Supplement 
ofZ^GHD. 

And here obierve, that the Triangle nUtn conftituted bc- 

^ V - (Sides \_ 

tween the three next Poles, hath Severally its thrce*^ jinjrles J ^ 

^S^Iesf ^^^^^ Triangle GHD, fave that the Greateft 

i fide It m is the Supplement of the Angle GHD, and the 
itegle iiE«i of the fide GD. 

A Sy%^M^^C^JiC i^DB-fBC + Any 
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*See thi fvrtk 



15. Any Angle of a Tri^i^le added to the 
differcnGc of the other two isti » l_for *X» 

unr L ' wcfcaveHGD-f^Gril)-^' 




A .' 




i«. Two J^ijrr/c T«4»^/« A and B mutuaBy Equiangular' 
ments of thofe Angles, are EquUateral by the 140 "^ 

- . ' ?; T^^, 5l«> °f f t*= "^'^.^ ^"8'« of any W * • 

m Tnansle is CT z L. and -3 6 L_ ' for X W. + *m Aj:. 
X m 4- » j»-3 4 L rby the xzth; ; that is 2 L_. '"* '♦ **>^- 
r» " ""S in ^^'n'f.'' I> + - L-G HD^ 4 L, J that Is 
L^ 7 ".^r^^"^^ O - G H D -:. 4 U and taking 4 L 
from each fide diere remains » L. -^HDG-HG D- 

Slff.?/' ? ^y ^'^^i"! H D G f-.H G D +.G H D 

Or thus / bvlST-; '^^ ^h'^^h '" all tnake but 6 I. s. 
h the Meafure% H^b'" ?" '^V *1" 5«pplemeflt of .« n, 
E« DfHDG- a,r 2i I^^T-'he Meafureof HGRand- 

rli#» ^^,r^^u . -T^rnis rrnrn; therefore 

^e^S^pIement of »« added to E » + E « is C*) 7- 
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f 



«'i» f " r- 



t" » 



Spheric. 



Or thus. 
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The A BAC i$ =C/lBDA 

In this fifft Cafe make F A C rr 
^ B D A, and produce A B to E. 
^ Then D F + A F is f = i L; V- 

therefore BF -f A F "^ ^ Lj 

therefore 

(=DBA)(f)trFAB; ButFAD + 
FDA (0 =^L.: 1.^. FAB-f BAD4. {f)i^bm^: 
B D A = 1 L. J therefore DBA-f^BAD-f- 
BDAcriL- J— Z. C^tfiOi^^jCrtBe) 

: %dlu If ;^ B A Cf= A D»then BAD+BDA f /) = i Lj 
rhoreforc Z.'B AD + BDA+ ABDcri L. 

• 5^/;, :l€ iC B A C "3 iC D, then /l^BAD-fBDA (O 
tri. Li$ therefore iL* BAD + BDA+ ABDcriL* 



f 8. Of fevcral Arcs of Great 
falling from the (ame Point 
oftbe Sphere s furface on another 
Ci^de ; the greateft is that which 
piraes through the Pole of the Cir* 
cle» and the next to this is greater 
ai^^ ;bat which is farther off: For 
iuppofe P the Pole of the Circle 
Cw0,andwthe Pole of DP C, 
then is AD (^AP + PB)cr 

i^ABcrAECTAC and the Arc 
iwCcBPCTBD- 



19* A Great Circle paffing through the Poles of another 
Great Circle curs it at Righrangtes i and on the contrary, if 
it cuts it at Rightanglesy it pafles through its Poles } for the 
^ngle. of the Inclination gf the Planes is then 
RigSc;thus^ PBD=L=PGD=PDB 
j5=wAC. 




Ste tie for^$iit^ 
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3ij4 Or Trigonometry '■ Part L- 

20. In an Oblique-angled Spheric Triangle if the' 2L.' af the 
fiafe are like, that is^ both acute, qr both obtufe, the Perpen-- 
dicular let fall from the oppofice Angle falls, within the TV/^ 
angle,And thcQuadrantalArc without: Butif they are unlike^ < 

the Perpendicular falls without, and the Qjia- 

* Seethe fareg^' drant within; for the "^ Triangle EAF has 
ing Fig. each ^of the Angles E and F aihite, and the 

Perpendicular AC falls within, and the Qua- 
drant A w without : Alfo the * Triangle BAG has each of 
the ^. ' B and G obtufe, and the Perpendicular A D falls 
within, and the Quadrant A w without. But the Triangle 
B A E has the ^ ' B and E of different kinds, and the Pc^r- 
.pendicular A C Without^ and the Quadlrant A w withtn. 
. By the fame Ff^«rf may the Ambiguities of L.^ Sfberic 1 
Triangles be Solv^. 

^Solutions, 

\ I. The Legs of the Right-angle are of the fame Kind with 
the oppofire Angles : So in the Triangle B D A, becaufe 
DAiscr Quadrant DP, the il DBA iscrLDBPj and 
in Uie Triangle B C A, becaufe A C is *D Quadrant P C, chc^ 
iC^CBA is-3LCBP. ' 

%. If the Legs (and confequently the Angles) are of the 
fame, or of difierent Kind, the Hypdthenufe is accordingly 

Left or Greater than a Quadrant : So i» the 

* Side effope. Triangles E D A and E C A, the ^ Hypothc- 

nufe AE is^D Quadrant; but in the if/- 
angle B D A the Hypothenufe AB is (0 tr Quadrant, B P. 

3. Ficeverfa. If the Hypothenufe be ""^ 90 Degrees, the 

Legs are. Similar, and the two oblique Angles are Similar. 
But if the Hypothenufe be CT Degrees, 90 the Legs arc 
diifmiilar, and the Oblique Angles diilimilar. 

« 

4. If the Hypothenufe be^ 1^90 Degrees, each Leg (hall be" 

loTnimilari ^^ ^^^ adjacent Angle: This follows from 
the firlt and fecond Solntiens. 
.5. And on the contrary, if a Leg be ^^Tjl^u^i^ 

to its adjacent Angle^ the Hypothenufe will be ^^ j- *^ 
Degrees. 

V^xiomV 
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tIIL| 



1 • 
1* 




t ttie 




VKSr 



4)pofe 



.. ^tcx of tHe 
? JWF; which 
Wherefore* 

1 . T 



:.Cyf;- And Cff ^' >D^ == Cfi'jf Biife 

?D^ — CPf — PFj'^PFf 1^ i»bV; thw 
1 is, CDf — CF^ = DFf J and therefore DFisiGFj; 

.j.i Confequently, (l}y 6th Def. 1 1 Book Bad. El. 
S and by the id of this Chtip.) Z. P F D = /I 
fj P BA : Wherefore in the * Plane L d A P p t 
;| (by^*.i.P/iliMlV.>.)Plf..pD::S,^FDP.. S.Z-PFD^ 
that is, S,BP .. S,PA;: S, /.BAP (r) •• S, Z» P B A, or S, B. 



* By i. II. 
£ucl. EI. 
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Of Tr^g0nometrj 



?art I. 



AXIOM 11. 

In any Ld Spheric TrUnglc, Radius is to the Sine of the 
Bafe, as the Tangent of the Angle oppofice to tke Pcrpcndi- 
eular,. is to the Taoge^ of tire Perpendicular. 

^Scc the foregoing ^^£-2 
DemonitrafsMi 

By Axiom I. PL Trsg.f^ D .. D P : : r .. T, A P. 

Wherefore FD x T,B(=: DP x r) = CD x T, AP; 
Confcquently. C D •• F D : : T, B .. T, A P. 
The A J GD F and C AE are Similar ; wherefore (by 4. 6. 
EucLE/.)CD^^tD:: r (CA) ..S,BA (AE-) 



1 

From the two la ft Analogies t(>° ^*^* 
r •S.BA:: ♦ T,B -T.PA. S^e.D. 



<r 



• T.B. M 
T, L PBAf 






..••• 



,.•••••••••••••• xu 



•>.. 



:-"~#..., 



JS- i 




' ror tie Solution of the fbUowing 
yCj^ful foppofe 8M ayLdsrftf. 

rifiaf Jriangle^ ^nd its Si^es^ produ^ 
cqA to, Quadrants ^^ jgM^ ADi 
Suppofe alfo DM, PF, PE. EG, 
]>I Q,. :€4C)i '^qnal to a Quadrant; 
/then is NE ;=, B P« and ^he 
Complement of BA^ =J ^AM =^ 
/L ADM, FE =t: Z- Ffe ^^^ BPA^ 
and.GD cr NMti= £.^35 and tho 
Angles' at A, M, Jf^ E, F, fight 



ttitS^ 



K, 



f , 



) 



a. »., In^thc following Sohrions, A figftifies ^\J^ ifl^ 
tic Triangle. - - ^. . . . 



The 
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Sf&er/g^ 



54t 



V 



The Prof4^fmffar tht SoUtim tf .tkiSiKteenCAfes 
■'4>f Righr-ungl^d Spherid triaifglts, with the.Soiw 
tion^ tiKir .AnAiguHie$y ;' . ' ~ .' 



•~W 



^ 






PA,PB 



'Tz: 



It 

1 
B- 

BF 



BP.f IB A 
BP^ABA 



»■ iiir 



It T ■ fi. 



■iAi 



.... » 



4 4 



,BP •MS,BN)::S,PA .. ^,B(J>,MM; 
hy jijtiom I. 



•A,PA 



BA.P 
PA,B" 

BAJJ 
PA.B 

?ip;p 



>• ••;>. BP; : S, P •• J>, B A (>#«/<.». i.) 



InADPN "S.DPv r{S,DA);-:S,NP ..S.D(AM) 
That is. S P A • ft : ; S P B • s. B A. 

B P InAPPN.>^(S,DA) •S,D(S,AM):.S,DP "S.PN, 
TharJsRr • s BA>: uSPA -SPB. 

B |iaAJliN.r(S>F).;S,PD,:S,P(S,FE):S,DN, 



PA,BP 

paTp 



BP,P 

b7p~ 



P; 
PA 

~K 

PA 

BA 
PA 






* ' Tiiat is , R ' .S,PAi;S,P -SB.,., 

flnAPD!if.S,PD •.r(S,PF;: S,DN..S',P(S,FE) 
I. e« SPA * R;;SB *» S\P. Amb'guous. 

/. ^. S, P .. R . ; 2 B M S J^A. 

8,BAr :r(S.BM):;:X,PA " XB (T,MN)liy^y. 



r - S,BA ::T,B'T,PA.. Y^y/^ 2.; 



T, B »r;:T,PA " S, B A. Ambiguous. 

In ADGF.r(S,F) 'S.GEcrT.G (T.ENJ •• f.^b. n 

«. <■ R •« SP:;T, BP -. T.PA. _ 

P irfAD.GFr r.X,G. ni-.it.^fi -'S.FG, ^3 



W*- 



BP 

T 
b"p 



/.«. T, BP.. R:!T.PA -SP. 

^■»— ■^— ^— »— ^^— — — ^— — ^— — — ^>— ^— — ^— — — - 



In A DGF .. S, FG •• r ; ; T.DE-»-T,G. 
. /. ^- S P •• R : : T, PA. A T, B Pa 



JThat IS R_::JE B g :j J. P •• t, ^:___i__ 

In A D P N •• •. T, P •• r : : T, DK •• S. P N 
«(/?, T,P •• R:: tB •• 2BP. 






-*-**-p 



4 

I 

S * 
6 

7 



'4 
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• 'fc -v 






Yy» ' 



Bccaiife 



• -^ » 
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Becaufe Sfherip Trigonometry is very ufefjil, . and withal dii^ 
ficuk/ 1 thought' it not atnils to add another way of demoii- 
ftrattog thcfoj^going Solutions, ' which is'at follows. 

Suppde in the L:^' Sfberiip Tnangh BPA^ cht^me of xbe 
Hypothenufe B t = A, the: Sne of the Perpendicular PA =r f^ 
and Radi\is = r : Then all tjie S's, SV, TV, Sec of all ilif 
Sides and Angles, are juft Detefmin'd (or Given) and may be' 
cxprefs'd in thofciSyoibpls without the help 4>f the >«d Aximni^ 
()ur th^n the Sine of the ^afe B A mutt be iirft defign'd in the 
faid Symbols, which is done thus. 

The A ^ C 0F and C A E in the folid RV . in Page S45, ^ro 
SimilaC43Ehetefi:)rc^by 4. 6. End. £/.; CD •* DF :: Ch •• ABi' 

. ■, I * • . • ' .- • . • 

Thac is, r»->»'r " &' ^^^^ -ir." • , ■ >'U»» ^ ~ 
.^,AB. ....■• / .■•.■■ .. 

' ... . • (. . ■ 

b V f::r^* -r- ==sS, J^Cv : 

■■■•>.-•# »: 



. . *■ » ' ■ < ■ ■ < ■ ' , - fc. Biii < III *■ ii 1 . 

'Aiul,i~£nce \fy wMt lu(s Wh faid m Chtif.il . 



R^ - Sji'^ = 2; alfos •• R.:: S ••t'i*ttdS..s;:K:t 

if any Arq or. Angle : ' * •' .' •.,--.< ■■ I 



TheRfbfe, rr - i£|T =s 2, BP : . 

And FTPlr ., r ; : A : =f=jS -: T, Bf^f '• 



ti 11 t tiinli 



Alfo r *-/<•]*-== 35, PA: 



V'/ 



And rr-//lf..^;jr:==il=-; ^T, FA: ' 



3= S» 1> A* 



r' — jr> I r* — / 

' , "*. Bjjhe L. ^JE>ff Hypothenufe^ irtfiteJ, but either eftU ether. 

Si(b$ may be the Perpendicular/ . - .. 7 . V: : .. *«• 

h . - •— — — - • _ - 

•ft .1; 
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Sfhtfie. 



r# 












s *« 



Alfor*-l-4- 






A* — i-'*^ 



Uh 



t „ 



= S,B. 



And ; ;^-^ .. ..;^ .. -^-. - T, B. 



And faMy, f . .. lllll^^^l^,:,.;.'.;^!^^ 

The Proportions for Scdtring Acf^Sitteen Cafes of Right-i 



N. B. The Bafy of ^nj L.<) Zrumgi^ »»4r ^^ m^i? the Ppr^ 
fendicular, or the Perpendicular $be Bafe^ wherefare both arc 
called Legs/ ' ' ' 



• « ^ '«. 



Given the Leg PA, Hf P<^l^Avfe M : 
llequired Aagl^ opf^ofice PA, Viz. Z. B. 



^ '. . : ^ « 



** 




S, BP .. r :: S, PA m S, M, > 
Their lefpedive Values are Proportional ; l^ fe^ 

Given LegPA, An^(^oppo^^.«^ B: Rc^tft4 F^yt>9-^ 



JKr^-^:^u(, 



• *•< » 



Sctutipn, 



■ \ 



jjjp , Of Trigonometry ^ P^rr %. 

" ' ' ' "^ ' "" -' ' J*' 

tk ii «V|dcnt from and hy the firft Cajfe^(by only ihvemng 

tbe Proportion) .that .... ... _ 

Note; ri&ii# rtj> G»^ '*'' 
S.B- r::S,PA-VBP..Q. E.t). ^mk'g^,- tba$ h,y P 

c A s p .m. • 

Given Hypothcnufc BP, Angle P ; Required Side bppoficc 
iL P, lowit B A* y .: _ 

, Sttuttott. 
»'.vS,BP::S,P .. Ss*A. 






'. ■ ' . . " ......e-A.SE IV,--.- 

GivvnU; PA,'Hyt>eUttfiiufif P^VRequtted Leg B A* 



-•»■■•■■•• ^ ■■^' Scl$ftten,, 



xt^A •• r::2BP •• 2BA, .. 



f 



.,..,' ■! II m wi III ^^ '^' - • • 






CASE m,< ;: : ■• 

Given tbe Legs B A tai^ PA S<ireraIIy ; Require^ : tbe 
Hpyotbcij»fe, ^ P. , „.; . ,- • .. ., . , ■" ,. 

Stlutien and pemtnjirat^tf^ 

■ ''l '' X) ' ' •••*•: •'" '•• I 
It is evident by ta/elY. Tha* 

I- -SBAtcttPa t^ SikP. Q..E.D. 
^vcn Leg PA, ^ adjoynirigP: Required ^ B. " ' ; . 



< • »••« w 



• r» 



r 



Ch^jfc^IL VSfhetk. |ji 

' Soluiim. 
• thnmflrdHkn. , 

CASE.VII. 

(^iq^Lfg P^tr^ ic oppofiK, wj. B : Requincd /. 8. 

Solutim and pem^Jhation. 

' • ■^ 

It is evident by t% Vlch Caji, tb^f ^ .. 

S PA •• r : : s B.;- S, P. AnjJjiguons. Q^B.Dm 

. CASE VIIL . .- 

.,.,-. - , ■ .- • '. • . 

•CiVcn the Z.« B aad'P feverallyt R.6qoir'dLeiB ?A. ' 

Sotutitn «nd tfentrnfir^tim. 
Xt is evident by the Vlch Cafc^^ that .. 

X 

S,P •• r::sB •• sPA. ii^E.D. •'' :■•' 
CASE IX. 
<!lvea the Legs BA and PA feverally: Required ^Bt 

Solution, 

SyBA ..r::T,PA •• T,B. 
Oemorylratton. 

Given Leg B A, 2L adjacent, 'vii(. B : Required Leg PA«' 

Satution and Dmmfiratiuu J 

It is evident by the 9th' C4/r, that 

r •• S, B A t : T, B .. T| PA. S.B.D. 

CASE XI, 



f' 



j|ir N Of trigimov^trj 

C ASE XL 
Oivcn Leg t>A, A ?Pfoetc^ tp^is fi ^ Jlrquircd Leg BA 

Ic is «?i4ent b'y^c,9thrCc/&; that . ; 
,t, B .• r : : T, PA •• S,B A. Aitibignom. fij i: i>. 

C'A'S'e'XII.' - 
■Givtir tfie Hypoihtnnfe, 'BP, Z. P t Keqcired leg Fft; 

r .. sP.*:T,Bl* " T,1PA;' * ' 




t>emohfltati«n. 



i • 



• 'C A SB Xfit ' 

Given Leg PA, Hypbthcnufe BPrRcquit'd JL 

^'i' P' .'• . . .:? .. •,.:-: •• 

Solution and DeMon^atith. 

Jt i? evident bjr the. I ith C«/?» that 

T, BP •• r -^ : : T, P A i. i P. Jjj £; D. 

. CASE XIV. 

Given Leg PA, i. P j Requirtd Hypoiheiiufe B ^. 

JSoiuiion and Dnhonftrtition, 

■'ir is eiidei?t by Ae latlj C4/J,shat ". 
aP " r;:T, PA •• T,BP, ft(£D; 

1 CASE XVd 

Giieii Hypotheooie B P» ^ P : Requited L B. 

.Solution.. : 

♦ .iSiBP::T,P;'VTB; 



9 






i)emoh» 



H.'^- 



f 



i 1 



t)emonJir4Hon. 



] 



t •» rir 






N«rip, This I Jth C^ is gcncraBy folv d thus, r, ^^•♦•^ iritxi 
BP •• t, B. . " . 

So many of the othct Cufijf mily be f6lv*d othfeHvift thm 
u di^ are foVd. 

• '": ' -CASCXViL-, 
GiTcn the ^ * i ind f fevftsilly : Rcquiad tb fiiid the irjip62 

i iohttim mtd OkmrnfiraHcH^. 

It k eViWir^ the ijth (7.^, AatTilJ '» i-::t,||f •*• 

Ally oblijiue Q]^adnmal ttikitgle ZHP, 
«4ie(e Side; HZ il ^'Qtiadrant; m^y be re^ 
dticVl tDdie L.^* Triangle HNp,;by produ^ 
tiag the other fide'' £P fo K|i & that Zbi 
be a Qjoadrantf {pr? udfiiflg away, a Qiia- „ _ , , . 
drantj if JCP bad Veeu bigger thao a Qua- **^*.L,^,^.i^ 
drahc) Then in theL.^ Spheric 'TrUngle ^ 'IP ""l ]' 
HNP. KBis.^^ a:, and PN. the Com- ;> ;.; ^V, 
t>lemcnt'of ZP; and L, PHN the Cbiiiplemetit of "ZHP* 

The,In]g.enioiisJLord ISfc/^r, from a diligent Otaei(vaiib4 b^ 
the Prpportionj^ &^^olving the foregoing i6 Cifes^ fooiid th^y 
may be folv^d py ont general Propofition ^ for the nnderftandiog 
of which ti$ ne^^effary to prcn»fe,- that he calls the tWo Legs 
(rf;(. the Sides including the Right-angle) togethet With the 
Complements of the other three Parts (^j(..oJ^ the jAjfoAe^ 
HufeMd two Oblique Angles) five Circular Parts^ taking no 
Notice of the Right-angle as being knowm And if the three 
Parts which enter the Qiieftion (of which two are fiven and 
one required) have no Interruption (a Right-angle coming be* 
tween being accounted none) that Part Which is between the 
other two is called the $nidJh Pafp, and the other tWo, kk* 
treanu C&njunH : But if there be an tntedruption, that Part 
which is feparated from the other two is caUcd the iluidli 
f$fff, and ijhe^theriwo, Bxtreami Offofiii 9t DisjunCL 




3H 



Ol:TMV*o»^^n 



Pa^rt £> 



'! .0 ! 







A i V. ■ •: • •« -r. • 

For Ihl&irice, In the U^ Triangle BPA g 






f 



4< ' J ki 






•' , t* r 



' f B A 
\ PA 



"> r 






Extr. Conj\^ ' 
1 1 PA 



**r • »■ * 




I. 



Uxtr.Disf. 

''Comp. P 
Comp.BP 



•*i 



Comp. P I ' be mid. r I 6omp. B^ 



CptQp.BP 
Cbmp. B 



i Comp. B 
** BA 



BA 
PA 



*1l- : t •• f T.dkPart, > | PA. : f ARO] ^ 

/ V i: ■ BA ^t.j CoiwvPs 

\\hmV'f) l - I tGomp.BPj,t -.. I PA 
"ITie Lori Nrtwr'S gchtfrai Pfopofltioh ii thus, . 
^iu*Mi^><^S: middle Part i= □ TaAgeats of ?!>e Extreanis 

^"aS ji }<■& middle Part = a Co-fines of kli< £«»rM>iii 

*^«* *» 1%frA'«*'«' VttUifly'd by the Sine ef thejniddle Pdrt 
ii eaU^i'tlfW^eaangle, ot Produa of therat^entt of the Ej- 
treams'CobjutuJt, and -to the ngaangU of the Co^fints «/ tb^ 

ixtreams bisjuna:. ....... ^ i. »» • 

rfeiice- to find the middle Part wh«n the other Parts given 

)' 1 *• r*" \ . IX v,/ l-« -ii *• 



-/R^ .. "t, oiie Extr. : : T, other Extr. •• S, middle I^art. 
iR •• S, one Extr. :! S, other Extr, •- S, middle Part, 
• j^erej^bii may obferve, that when the middlp Partis to be 
found, ..you muft begin with the I^adius : But when you art 

tp find an Bxtrcam eiihcr-!< ^?j^^^ 

ttUtE Jfc 



Cfbzfu II. 



Sfherh. 



555 









R U t p II. 



' 1,1 V 



• « 4 



f T, one Extr. •• R : : S, middle Pare •• T, other Extr. . 
• %S, one Extr. R : : S, middle Part •• S, other Extr. 

I |So chat when one Extream is to be founds the bdier 'Bx^ 

tream muft be the firft Term. 



< t' 



Of the ^oluihti «f Qbiique Spheric Triangles. 

w ' . .. . 





J . J ^ 



Oblique SfhmQ Triangles may.be ijeducU to two LI*' Sj^eric 
3V«4i«/«, by lettihg^faH a Pert>^|idiculaf 5 wtfich.Perpcndi- 
frular either divides the Obliqi^ l>rdpc)s'd into two Right, or 
snakes two Right by adding a i^^ Triangle to ir. 

In Oblique Triangles th^rt ^re Twelve Cafes, Ten of 
which may, J)e folv'd (beine^hus prep^r'd) by the rvvo fif& 
Jxhms,'!bt^^'kxi\ts deducd fSrom them.. . 

» ','S^f^C '*.*>* ^ 

R V L I I. 

The C<H0nes of .dje.Angles at the EUfe are proportional to 
the Sines & Ae Angles at t*>e Vertex. . ; . ■ . , 

J^tte, th«* BA Wd DA are the Bafesof the U Triangles 
BP A, DPX ,- the Angles B and P^ifeihe Angles at the Bafe, 
ittid ftc ^ifiPA" DP A arecalWl the Angles at the Vertex j 
and BP and DP are called the Sides. 

^ L .L i- Lr./. fr .. X.PA;:S, BPA .. 5, B. 
Forbythefi;tthC4r*^, .. |;pA:iS^DPA - X,D, 
Therefore, s, B •• S, BP A : : S, D- S, DP A. 

^- KU I,E IL 



l;. 



The Co-fines of the Sides arc proportional to the Gd-fines 

of the, Bafes : - '" ■ ^ 

Z z ^ For 



n^ 



Of Trigfmmetry 



Parti. 



.Therefofe, ^feA •• 5,BP:: 35, DA .♦ s,DP. 

HITLE in. : 

r 

The Stneiof die ^afts tff^ ^^iprooilly propprcioiial t^ the 
Tangents of the Angjes at the Bafe : 

?or by the id ^xt$m ^5 j) A •• r : : T, P A ••. T, D. 

Therefore, S,B A x T,B(= r x T,PA) = S.DA x T,D, 
jponfeq^ently/S, BA m S, D A : 5 T, D •» T,3. 

R U L E IV. 

The Tangents of the Side; are reciprocally proportional to 
the Co-fities of the Angles at the Vertex. 

For, by the ixtb CrfY* T,.BP •' rx: T»PA •• S,BPAi 
And J,DP .. r : : T,PA •• 2, DPA. * 
> Therefore, T.BPx a, B PA (= r X J.PA) s T,DP 
xs.DPA. 
>lnfr«.«nrw /T, BP - T, DP : : 3^,T5P A 

AXIQM nt 

^ It) ahy Triangle (whether Right-angle^ w Oblique) the 
Sines of the' Sides are proportiohaT to the Sines of the oppo* 
iite Angles. 

Demoffftraticu. 

Therefore, S.B^ x S.B (=r r x S,PA) = S,DP>C S,p^ 
Wherefore, S,BP ;• S,DP::S, D- S,B. Mf fie i^u^ 

Hrh Latefibus & angulii. Q. E. D. 



^ -^^ * 



••% 




• 



'-<\ 




i J 



L. 



/ 



Chap. II. . Sfhmc. 357 

dhfervt this Rule fir Utting fat your Perpendieular.. 

* - - ■ , •* — * • • • 

Let ' U fall from the end of a given Side, ahd t>|)pofite to a 

v^n Angle f for, by fd doing, you haveeilaagh given in on<| 

the ^L.^ Sfhcrh Triangles to determine any 4A itsi unl^nowii 

arts.- ' '• * . ! ^ • 

The; two firft C/ifis are folved each by one, Operation by 
t le third Axiom foregoing. 
] The next Eight Cnfis are folved each by two Ojn^'.^iuns. 

nd that you may know what Part of the L*<^ Sfhenc THangh 
c# find in your firft Operation ^ Obferve to £nd fbch a part^ 

hccb^ when founds the other part of the thing required 
(Which is to be added to, or fubtrat^ed from the firft Pan| 
f(tundjf may come under one of the four S^fiUs mentioned. - 

Thik will be eafily underftood from the genemi View ol 

e Fmportion for the Solution of the firft Ten Cafes of Ob« 

que ^Triangles anneit'd. 

jfropanions for the foiviffg the frji Ten Cafes of 

OWi^e Spheric Trianjgles. : 



l^See the feregoing Fi]g^ 



»» 



i*4> 



Given. 



LBPjPD 






Proportions. 

■ I III I 11 



p. fl, D 



B 



^ t 



D |S,PU"SB::5,flP,.S;D. Ambiguous. 



I 



V D S.P-.S.BP:;S.B • • S, P D. Ambi gtious. 



Kmi 



• I 



IT 



t " I i , i.i 



, Firjlt Find B& by the nth qa/e ; 
BDthus, r •• s, B::T,BP •• T,BA; 
Aad then by the i^ond J(uie ' 
X^B2 •• S,5Ai:s,DP .. 2,D(A: 

Then B A Hh D A = BD, according as 
the Perpendicular faffs within or without 
the Triangle, which is doubtful, unlefs 
the kind of Angle D were known. 

Firft, Find B PA by the ijth Cafa 
thus,.2,BP •• r::T,B- T,BPA, 

Then by the fourth /{fi/e 
.T,DP.-T,BP::S,BPA •• x,DPA. 
Then BPA dz DPA = PBD. 
And here the foRowing of PA wtchtn 
* or without is doubtful, unlefi the "' ' 
iof Angle D b e known. 



I ' ■ ■ ' i ; < 



% 



1 






\ 



jyg 



Of Trigonometry 
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B P. ?' 



Bp,B,r 



*♦ 



B.MP FD 






Agf. 



^ Pr9por$i^ns* 



BD 



^/rA Find BPA by the r^tk Cafe; 
Jthu$, S,BP •• r ; : t,B- T,BPA., 

Then by tlic firft t^tdt 
S,B..S,BPA::2,b-S,DPA. 

Then BPA±DPA ?= BPD: 

That is, if 6 and D are J"*-\H5 
, (.unlike. 



> 




/>;;/?, Find BA by the nth Cffc; 
thus, S, B- r : ; T Br -r r B A. 

Then by the thiti Rule . • 
T, D •• T, B : : S, B A -S, DA. 
Then B A rt:I>A = BD: 

If B and D are 4^al*c 

' (.unlike. 



Firft, Find BPA by the 15th Cafe j 
thus, 2,BP .. r::T,B -T, BPA, 
Then by the firft Rule 
S;BPA- S, DPA :; 2B -S, D. 

IfB?Aisr.BPb,andalfo B-^^^JJe, 
Dis ?{ aJS??}^ *"^ ^^A is -3, BPD 

•f/rtf, Find BPA by the ijth Cafe ; 

thin, S, BP ••>•;: TF-^^f ^^^ 
. . -Thenby thetourth A«(i« 

2.DPA • S, BPA J: T, BP .T.DF. 
I^i^PAMSke.}:.«<^^A)DP 



Ci»/r 



Firft, Find B A b)« ihp iMtk Cafe; 
thus, S, B - r : ; T BP •• t BA. } 
Then by the fecood Kide \ 
S,BA •:S,BP::2,PX -SpE. 

If ^ A is fjjfy^ J mViL B, tkp} r,:| 

B D IS ^'Z V than a Quadftint. , 

Ar/ilBhd: B A by th^ >ith CjJc; 
thusv:S/'& ^-^ r : : T, B:P . »• T, B A. i 
. ?- Them by the third :i&/tfj 
S/I?,A ^- S,BA :r:T„B -T,t>. 

fMiitJ^^B^^thoiDis^JJf^^^ 
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i- 



wri 



■PW«P 






1 



tEMMA I. 



^hap, II. 




/ 



LEMMA 'I. 



1 



15^ 



1 



\ r H U is =5 S J :- ^ Arch. 



\ 



14> 



' ' ' 
Demdnftration^ 



^ 


1., 




^ 


» • 


^ 


Si 


3 



/ 



TheL^Al FNB and AEB have the ^ B comtrfon : 
Wherefore n>y 4. «• EicL El.). EB •• BN :: AB •• f,B : : 
* AB (BN) - i FB : Wherefore ^ FB x E B = BN f : 
». *. i r X U is = S ^ : i Arch. ft. £. O. ^ 

1 e'm m a IL 

The pifFercncc of the Vcrs'd Sines 
of two Arcs mulciply'd by half Ra- 
dittSy is equal to the Sine of half the 
Sum of thofe Arcs multiply 'd by the 
Sine of half the DlfTerence of the 
Arcs. 

Suppofe the two Arcs to be A E tlie 
Greater, and AF the LefTer, then their 
Difference is FE. Now take FN .- 
= NE.. and then N E will be half ^ 
«beir Difierence :-And confcquently, ' N A is half thpir Sum. 
Draw the Right Lines A C, EC, F C, Na C ; and draw E G 
and FH X' AC, AD XNC; as alfo FB II AC, and draw the 
Right Line F ^E : Then H G = F B is the Difference of the 
' ' Vers'd Sines of the - aforefaid Arcs. ' A D is the Sine of' half 
their Sum, and t FE the Sine of half their DifRrence. - 

Now, what I am to prove is, that H G ( F B ) X r** 
^is=:ADxi*FE. 

DemonJiraHon^ ' 

« • 

Fo and AD being each perpendicular to NC, are there- 
fore parallel: And FB is (by Suppofition) parallel A C iCon- 
feqoently, the jL 4)FB, or EFB is s Z. D AC, and the L. 

FBEbeingalfo=:L5=A ADC, rfie A/ EFB and CAD 

are 




3.60 Of Tfigcmmetry -^V^ri t 

are (imilar ; cdnfeoQently, ("by 4. 6. EucL EL) 

FB ./FE::AD- AC: 
Therefore, FB •• J FE : : AD •• ^ AC: That is, becaufe 
- ACcr r, FB •• iFE:: AD •• Ir. 

Conftquendy, FB x * r = | EE >c A D. ft £. i>; 

r 

A X I O M IV. 

The Redangle or Produft of the Sines of the Legs, is ro 
the Square of the J^dim^ as the Difiercncc of the Vers j 
Sines of the Bafe, and of ^he Difierence of the ljt%%^ is : o 
the Vers'd Sine of the Yeirticai Angle. 










Sttppofe B to be thcjAngle iij^quired of tijie OUi^m Sfb^c 
Triif^glt fi PA, fitted as in the ai)nex*d f igterfr Wb^te P F 
(re JFM) an4 AE are the Sines of the Lc|s flP^ ( :r BM ) 
. an4 B A refpedively | and P b the $itie of tbe^ Bak P A | 
A L the^ Vers'd 5ine of M A the Diflerencc of the t>^s, at)d 
*L =: *A - L A, the U of Bafe - U of the Diflerencc 
of the Legs. Imagine the X^ i^ i^ and Hfj dropt from P and 
n^on the Plane BAM«tC; and draw Ci» and C« X^BC^ 
and draw the Line fib. 

Now, what I am to prove is^ that 

PF( = MF) K^AE ^vr^ (AC « #0 ; : *L •• 7*- 



taT^i- 



i6£ 



fott 




\,^- 



Ml 
rr 

Mil 
icli 

6. 



•1 



•» 
I. 



,1 



cr. CO denote th^l^s, l^cilT*'/^ 



»S»^«^ 4^ Si, 



i 

ft 



S,»»*xSi,..rr::Si B + i Diff. c^. x SiB-^Diff.^. 
*'S^:i Angle. 

IT 5(f^ tht foregoing Solid tig. 2 



» . ' 



\ 






bmofii 






'is to 



lie Sines of the Ues 8 Pi ( = BM 1 
'"• P* 't? Sine of tie, kl. PAi 
,'^*;f=3f*^g'«^f tie legs. „d 

of the Legs. Wine the 1 . P | Ld *7 dromfr™*"' ^n'J 

,o»thePj«ncBAM.Cj and dtaw C» and C . i ^ R P 

Mid draw the line Si. •™1-«J.<1SC, 

Now, what I am to prove isi that 

PF(=MFJ>iAE.-.m(4C((»C)::*1",^ 



SOlMlb 



*l* Is X ?4 (*y 3- IV^ » i Book Ai^/. Et.) WJiefefoifr fby 47^^ 
uEuel.m.) ^if:-^?fif: it hj^gi -y Alfo^ G f; - rr 

— ttft^tfigi tlvis, ^Cft -.*Cf : z= *i8f: There- 
fore, i9 Ms X ^ C* Iq like iliadtidr you may prove chat fi F 
is X C F ; and therefore P j3 falls oti the Liiie fi M ^ and w/ 
(the S, Z4 B) falls oil C4* /. . 

The A' ABC, (»FC) DLM, Di5 are fimilar; there; 
fore rty 4*.^,.JS»fl/.;«/J AB- ACt:(Dl-l>M) it-- iSMl» 

The AipJFji and wC^ having tie Z.iati3and7 each 
= L, and th^ Z-* Pl?^ ^MCy equal, each being (by Def. 
6. II. £iic/. £/.) =: z. B, are fimilar: Wherefore ('by 4. 6. 



1 



Tlleref6|t,MFt* MF-F^.':4<J/^ *C - G>j 
Gonfequently, M F •• 4 C : : 18 M •• /«• 



•s 



'And multiplying the cprrerpohdeiit Terms of this aiic) tM 
foregoing Proportioii, you'll have AExMl^" ACxiiC:: 
(*Lx /gM .• iSM x;*)iL i* J'*. Q, E. D; 

C A SB JCt 

. • ^ . 

The three Sides of aiiy Sphirie frUngU Being feiven to find 
an Angle : 

Suppofe rH and ^ to be = the two Le^s, B = Ba{^, and 
rr. to denote the Legs, Then, ^ 

. SolttHoH. 

S,irtxS,i»..rr::Sri"+TDiff7?^ x S^B - 4-Diff.r/- 
♦• Sf : I Angle. 

« 

n^ 5tfff /Atf foregoing Solid Fig. 2 



» 



\ 






I 
\ 



I 



3tf» OfTt^omtf} : -Part li 



; . , /-■• ■& J.? T Angle (W" temmn . E. Sf»i 

■ .*;Q>.'E.D. . ,.: :)\ i, • ,...': 

. ■ ■' '"!'" .C A s'e'xiI; >':-'■'■■ ;;'. . ■■; 

■- .Ihethfee Angles biiA^ glvtn M^fiadaSldei 
. '■■■'" ■ S«lt0itih- ■ ■ ■ ' 

Tlie Angles adjacent to the Side required call Legs* and cbe 
Angle oppolite call the Bafe ; then work as in cbe i itb Cafe. 

For fuch is ttc- Opertrion in the fopplemcmal Trian- 
gle, whofe Angles md Sides are cqaal to cbe Supplements of 
ihe Sides and Angles of die TViangle propos'd ; And Arcs and 
their Sapplemenu have'dx fame Sines and Tangents. 



PART li. 



I 



C^irr 



PART 

■ . ' i 



n. 



'J'he Solution of ^me Pri^lems ^{> Plane GQoinerry. 
/ PnUem I. 



^^0 Jdicribe a Hhomba in a given i 
Oblongt <■ '• having the Sides of 
the L-3 a i vix- A B and B C 
riven : To 'find the Segment BF or DE, 



^hich being cut off, the Remainder FC - 
or A E will be the Side trf ihc:Spmhtu * 
foiight. 







«. 


u Mud. El. 5 


n~ 


**+.,ic* 6 




«^2C 7 



*«!*(» {=D.C) = io. 
BC = C(=AD) = 4o. 
8R = «(=DEr 
FC = «-f(=BC-BF) = FA. 
riiJ-jfi =:FAf = cc — ic* 
■\ +,if«s 



\ 



264 



Of (tr^H^s 



Birt If. 



Q0^t^iti!i. 



< • 

Haying ^eftrib'd z 
l^emicirdlc oii fi C ^ ^ 
ipply therein C P = *, 
aad draw J|D, wbich 
t^ing X CD Cby 31. 



,.MM«N.. H 




3. EucL El.) is (l>y 47. i. fiircA £/.; =:; ^^ - HJi : Then 



f^otlem II. 

. To irsfcribc t|ic f re^rcft 

Squa^ pbffible in a given A ; 
<. e^ having given the K[eight 
C D of the A A C B, aM thr 
Bafc AB to find a Portion of 
the Altitude, w^. CE, which 
being cut oft there ftnai re- 



= * 




*" ' . 



S^h^im* 



C 3 CE = 4 = ? 
.Then 4t£Dr=s: * - * 3= 



FG. 



TheV»ncFFG being ^wn 1$ A i, the A < CAB an4 
^FGyciUbefimil^j whejcfore ! . ■ 



By 4. tf . 'S"'^' 'Sf. 
Wljerefere 



7-^^ + / 



« * 



8 -» = r^ = 7 f 










r,- 



F 



Cbap. L froJ^cing Simpie t^uaionu ^^S 



ConflruRion. 

"TJpon the Side of the Triangle, ^i^. CB produced, tnakf 
<;H r: j>, and HI = *; fi) chat the whole Line' (halt be 
ss^ + ^^i^^l having joynedlD, dra^y HE parallel to it, 
which win cue C D in the Ppint £ required^ 

For CI - CD::CH - CE hy %. 6. Euel. sr. Thati^ 

C(in(equently,'4 =;;: .^^ «^ yi/M. 

i>r«»/«M nr. 

In an acute angled A having the three Sides given fe- 
verally to determine the Point where a Line perpendicularly 
. let fall from the Vertex (ball cut the Bafe | i. 9. 



Having given A B, AC, BC feve^aHy to 
£ad^D in the aimex'd Fig« 




Sotutiam. 
SuppoTe it done, and the line (or X) A D dtawn ^ tfaei^ 



Put 

And fuppofe 
Then 

^y 47« I. EucL Bl. 



a CA-s: c = 8. 



3 
4 
5 

6 

7 
8 



AB = rf=: IS.. 
BD=4f :r ? 
DC-*-^. 



I 1 



<*»-: 



• • • 



^$ ,;..,,.. ^,^«W./«r,,;,,," .^«t_rl-|:. 



€ 



>vi-^r 






•3 .'- 




,»rti» •»•••' 



^ , On A B the Jonceft l.eg,of tb^- 
|;v>;n A 'having aefcriWi Se- _ . ^ 

midfde,appty therein AC pt'erOiS^^^ rii/r- 
Let, and araW the tin^'BC i th'^h >, '' - 1 ' * . 

M>^]B BC&e zm dd -^ a^ri^ pro-'" - 
dnce AC to /J, making Cjg: 2:: *;. i-j 
and draw ibe Line $ Bt;.tI)ea,wiH ^ 

^ B f be r= dd^-cc +-tl, which; Ji^ 
fincc it is to be divided. by zi, c"" 
irafceasJjE = 2^ .V'}SB ^r*" ^ , 

In A Obtufe tthgJfe'drA^Thavitlg'tbi tfirfc Sides i5«^n.*fe. 
vetatlf'ta determine the Point whiere a Limki fall fter^Rdi* 
cularW ff^m the Vertex fliall cut the Bafe produced ; f. e. 

(aviig gi\en A B, B C, A C fevc- A 
in ithe aiiliex'd Eig. to find CD f 



•.» 



a 



.r 



I 




Sixppckft it dcn^/W'A i) dfawtt'^'^hVn; 

■ X ft * 

:j S/>IuttQfi* * I 

iifeC ^ ^ rr ipj 



■' 1 



Suppofc 



47. I. £|f(rt.jS^. 
6 + a* A- lab — cc 



2 



.6. 






14 k. % 



— , — » — *.v 

2 * 



\- 



<>ltr 



I '43hlipi'4l. produci)ig Simple k^uathfts. \^. 



CvnJnuSion.' 

t On the longcft teg- A*B ortAe H ': 
given Triangle defirioe a Semicft- ^ ' '* 
cJe, and in it apply A C the otlitr^ 
Ijeg, drawing alfo CB ^ fq will 
CBf:be — dd-^ cc: Tlien oh-* ' 
G B defcribe another Senritirtfl^, - ■ ^ 
and therein apply.Ci3jd&e Bafe of..jL , 
thc'Triarfgle= gitc#, •draWing^lilceJ'^' ^ ' 








^tl;J^&^£& 



r 



C H A R* 11. 

/ ■ ■ 

A Problem producing a Simple Quadratick E^UAtioH. 



HAving glyen the Square ti-^ 
ATI' -inrl f% Riohr T inP vf. 



H 






^ ..«:• ' h 



-^.' 



AD, and a Right Line n* 
*BN, you are td produce the 
,5idiS AC to E, fo that. EF A 
' dxawn from £ towards B, fiiall. 
be equal to B N. 

j^ "Hill be evident^ if you ima^^ 
gine d" Semicircle to fafi thro* 
the Points B and £, that the moft ^ 
commodious way mil be to find 
the Line D G, that you may have ibe Diafneter B G, upon which 
haifing afterwards defcrib'd a Semicircle^ there mil be need of 
na other Operation to fatisfy the Problem^ than to produce the 
Side A C till it occur the frefcriVd Perifhery. 




■t:' 



$4h- 



-*-^ 



i«t 



(^ PrtAlems 



fm It; 



SoUuhfh 



Suppofc 

and 

Then 

and 

G£H and 

BEG tirr 
iimifar 

Eqnatioa 

4T. i^'EutL EL 

10 — 9 

11 — cc 
1% zz 9 

13 — ^*-l-^* 
14 taiitll 



T 


BD=:*s=:DC=3i 


2 


BN=e=:FE =i4. 


3 


DGss*. 


4 


BF = /. 


5 


BG=>+*. , 


6 


BE=>+*. 



8 
9 
lb 

tl 

13 

15 



i (io) " ^ (B F) : t * <£ tt) " > (E O J 
*+^ (BG) ..^ (EG) : :i + 1 (BE) •• i (EH.) 

rAi-L.2*x + J**(BG.f)^»(EGfO 
«► +»+i/^ + *<?(BEj;) , i 

i Jc 4- xx-^ cc^szyy^yc. 
bX'\'XX'^tc{'^yy'\'yc)zzhb0{'bM^ 
xxzz bk'^ ce^ 



Co^JiruSlicn. 



Having produced the Side of the Squa.re BA to N, fo that 
B N Aiail be = the given Right Line B N ; then fince B D 
is = bi aifd B N =: c, the Hypothenufe D N will be :=^ 

bh-^-cc i-rr^ x:^ Having therefore made DG = DN^ aiid 
deltrib'd a Semicircle upon the whole Line BO, if :A C he^ 
prolonged until it occur the Periphery in B, you*ll have done 
tba( which was requir'd. 
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CHAP* tlL 



• « 



■^ 



3^9 ^ 



C H A P. m. 



> t'j ^ 



Of pR O fi L E M S prbdticmg. Adfe^td-QnitdratTcl 

Equations, ' • 



PROBLEM I. 

IN tfi« c^A ABC,, the I'er^ 
pendicuUr; B C, and the aJtciv 
natc SegtnfOt of the ttypothenufe, 
(oiadebyai kt foil ftoi» the U) 
fi«» A D being given, to find the 
\othcr Segment D C, &c. 




Let{ 
Andfuppofe 

Py 

Eucl 



5y4M.^ 

£w7.Z/. / 

5 = 67 

7 + 44 8 



Solution^ ' 

i|BC=p=thex=4i 

2 fr = A D the alternate Scgnnent = 48 



Comp. □ 

p!«>2 

lo — l* 



4 = DC 
h .. BD :: BD ..A 

ha — 'RD q : 

^- * 

^* + ^4 =pp. Cafe I. Of AdftBed Qua: 



dratici ty£^4tions, 
4' + J4 4--i W= jp + i W 
lOf 4 + i f" = y p p -I- A*W 
nl 4 : = Vpp + i irt — 1 J j^ 27. 



Confin^m. 






..••* 



^ • 






With AD=K and the 
Perpendicular = /», make 

the UdoADLNj then 
uponM, the middle Point 
of A D, defcribc fuch a 

Semiarclc aswiftpafs thro' i ,_ 

^.aDd;,N the remoteft ° A ivt ji c 
Fomtspftftcaj then coinplcat the Diamefer, by pr"h|dn- 






M 3i 



••••••«■•■• 



• .\ 



4_ 



570 Ot problems producing JPart*B!l 

P tb'eeS C i th?n will p C, or O AJ be = a ; 

OD C'»+^ .. DL (/») :: D L (?) :. DC = 4 
ttr 13. $ EuiUEl. fonfequently 4a + ^ —fi" fcasta tbtt|. 
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cing A 
for 




P R O B L E M 11. 

* 

.f - . 

The Difference A E between the 
^ Bafc A iB and Perpendicular B C of 
the Ld 'A* BAG, and the Pcrjp^- 
dicutar B D let fall from the right 
Angle ABC upbij the Hypot^e- 
mufe A C being given, thence to 
B find the H|tothcnufe AG. 

4** ' .\ 
Siiiution.< 



i 



^y 



Let 

and 

fuppofe 

and 

'4. 6:,Eficl/l 

El. S 

t/£q. 

El. .. i 



I 

2 

3 

4 



.-''''•■.''-'i.''';. 



6X2 

r 7 — 8 

9+PP 

I0t«'2 



•5 
6 

\7 

8 
P 



</= A E= i< 



it 



<■ ^ a. 



w 

*? 



I I 



'*/ 



L^ 



* :=! A C =i 

(r = liB 

T d-\-e .(A B> : : p (B P). : : * ( AC ) 

L • • B C = ^ 

r rfii +^</i? + ee + ee(— AB3 :+BCj:) 
L = </</ 4- 2</e + 2ee =: <I4 

2^e 7I- 2i?e = 2p4 ^ 

"dd -^[m — Qpa. Cafe 2.' * ^ -' 

ConjiruSiion. [ jm •;' 

^.,^.-M«.... WithJLAriJsp, and !aE 

/ \ = ^, makethe t;^CD L^A EN, 
^ ^ndupoiiiW, the Middle Point 

yf L A, defcribe fuch aScmi- 
ircle as yyill pafs thro' N and 
, the.re'moteft Points rf;';t^e 
^^\J^n complcat thell^'pri^ 
.jtj;,it>y -producing ]L A to O ano^lCrand G A.= LQ\%Sl 
be 4: ^^ for C V f^ -r- 2p^ . /ML N TO : •" lUCdJ 

'f 

• (I 






.. -* 



CL 



••^Mii^i 



••••••• •■••••••••••j 






•» ^ 



V^ • 



1 



Chapi Jir. AdfeBed Quddratiek Mquattons. 371 j 

* .L =a» 4, p^^'vi. 6.E$tcL El. Whence aa -^ 2p4 = dd-, 
as in the 9th Step. 

jL_ . PROBLEaM III: •^ 

• The Hypothcnufe A C of any L.4 
A A B C, and the Perpendicular 



[ 

\ 

k 

L- RD," Ter^airf7om¥e"CA^Tc^ 
W^.. upon the Hypothcnufe AC being gi* 
; v^Tcn, to find A D, the greater Seg* 
; ; mcnt of the Hypothenufc. 



I- 



n^ 



>* 




I 



SciuHm* 






*-* fuppofe 
By 4. 6. 1 
'EhcLEU S 

therefore 



2 p=:BD = 36 '^ 






8 tranfp. 

4 
11 + ft 



3 
4 

5 

6 

7 
•8 
9 

10 

II 

12 



4 

pp==:ha— dd. Cafe 3; 
44 — i&4 = — pp 

44 — ^4-4 — '=zihh*^pp 

a^kb=±V ihh^ pp 

^ = I ^±! ypi — pp — 4S ofc 27 



^■ 



^ 




r 






The Geometncal Conftruaion of Cafe 3* inz^ £4 — 
44== pp, may be thus pcrforin'd; " 

Draw a; right Line of 
any convenient Length, as 
A Z, and near its Mid- 
dle crcift a Perpendicular 
D B = p : from the Top, 

w upper End B of that K ^ ^ u 

Perpendicular fet off B M = | ib 5 ^nd upon the Point 
M, where B M touches A Z with the Radius M B, de- 

Lu ^^"^'^>^cle A B C M 5 t^ eh wifl its Diameter A C 
f n i^".^^ ^'^^ Perpendicular B D! into two Segments, 
A V and p C, lyhich are the iwo Values of the Root 4,^ 

B b b ^ , viz,^ 



/ 



• .• 



57 2 The Solution of . Pa^-t U. 

t^r^« the greater and leiTer Roots, tiie Sum of both being 
always = to the Coefficient h. 
For D G ( J&— 4). . . D B (p) : : D B (p> • . D A =^, 

per 1 3. 6. £»f /. £/• £r^<?j ha*^ aa zzz pp^ as above. 



r. 



C'H A P,- IV. • 

;f The, Solution ^/Problems of fever al Sorts. 



$ 



PROBLEM I. 




R. 



: Within ^2L given Square A B 
C D, to inftribe a long Square 
E F G H, whofe Sides E P, or 
G H, ftiall be in Proportion to 
EH, or F G a$ R to S;- and 
parallel to -the Diameters A G^ 
B D of the Square. * \/ 



Sdniloh* 



Lft 

Suppofe 
Then } j 
By 47-1. \ 

EhcL EU J 



BytheProb. 

confeq* 

iEquat. 

8+ R^ 



9 -r R+S 



DG 



lfl'=: AB = AD— X2 
2|4=:^BF-;=:BE = HDa 

FC=&~^ = EA 

/, „4X y 2 (=~F C(y; + CG jl t)s=FG 

R:*S ::^y 2 •. fr~|ixy 2 
R . . S .•: 4 . - t — n ' 

Ri; = R^ + S4 .. ' 

• * • . . ■"■? 

.=4 = 4 

R + s- • . . ^ 



5 
6 

7 
8 

9 









The 



Chap. IVw f^bkms of Jbviral SorUi 

PrROBLEM ir/ 

The Perimeter, (viz,, the Sum of the 3 
Sides, AB, AC, BC) of any Ld A 
ABC, and its Area being given ^ thence 
to find each Side. 



375 




i^t 



{ 



then by") 
the Prob. > 

By 47- !• i 

. Em* £/. j^ 
' 6 + 7 

4^+2^4 J 



ij4s=Ae 

2U = A B . 

3:r = BC 

4 -^ + ^ + > = Perimeter = * = 12 

5 I gf = the Area = 6 



7 
8 

9 
10 

II 
12 



12 



2b 



From pi 
and 13/ 
6 — 7 
From 15 
and 15 



} 



i6ajn 



H + 17 

li-f 2" 
14)— 17 



10 -r 2 



13 

»7 
18 

19 

20 

21 



2*jf = 4 <: 

XT -^ 2ey •\- ee =s M + Ag 
e-\-y ^h—'d 

e] + 2«jf 4- w = ft' — afc* + *« 

4* + 4c = J' — 2ft« 4- 4= 

2fe*stsft"— 4? 

ft'— 4P 






= 5 



W — 



_ _ ^' + 4<^ 

2* "^ 2i 



4^ 



e* — 2i!7 + >; = ii4 — 4f 

e' ^ 2^^ 4- jy^ = ^ — 24t-g + igc^ 



•/= 



2ft 



t. 



i' + 4c ±: V •< >■» i-;. 24ftV + i6c^ 
2e • v.i ft -^ ■ ■ ■■ • 

2;r_— ^ -^—3 , - 



PR O- 



^37^ 



The Solution of 
PROBLEM HI. 

C-^fol. Perg.J 



Part il. 



^^•—•rr-^ 




D 



.. ' ■.. ::?tv-. " 

V y^i \ 

\ — /./ I \ 



c\ 






Pi 



V \ 



:. xN \ / 



Two Points, 
ABina Plane, 
being ^vcn, fo 
to defcribe in 
the fame Plane 
a Circle D I>, 
that to every 
Point of its 
Circumference 
D the ftraight 
d ""•• ^.•-•"* d . Lines AD, BD 

being drawn, (hall be in a given Proportion of m (the 

greater) to n (the leffer.) 

Inquifi^im.. - . 

Suppofe itflone, "afld^C'the Center of the Circle : Then, 
bccaule the Points A, Bare given, the 'Line A B is given ; 
and becaufe of m to n, its Point E, :this being one of the 
Points D ; therefore A E and B £ are given. 

Put A E = t, then i» #• n :: t ... --* = BE Suppofing 

m 

then from D oti AB produc*d, if Need^be, a x DP, and 
taking (on oppofite Sides of A B) "A D = A </, and B D 
= B<i ; the As on th^ oppofite Sides, of A B will be fimi- 
lar and equal ; and thjcrctoit DP<f one ftrcight Line, bi- 
fefled in P^ and at L-.S to A B ; In which therefore is the 
Center C, and the Diameter E C F, which muft Be to- 
wards the Side B, not A, other wife B F would be cr AF, 
that is here B D cr A D. 
Now fuppofe EC r-^r^ and Ep = ;i: ; then Ap =:i + 

X, and Bp = -^fcv^ a: ; then (by the Property of a Circle) 

2rx ^xx = PDq : And (by the 47. i. EucL El.) 
^rX'^xx -+- tt4-2 2bx'^xx.:^ ADq : — 2rx -J- 2bx--\'ib: 

As ^Ifo ^rx^xx-^ 1 y^ — hx + XX — BDq = 2rx 



rn" 



m 






NoiT 



Chap. IV. • Vrohlems of fevered Sorts. 577 J 

New (by Hyp: ) m ..n:: AE^.; BI>, confcqucnily 
w- .'. »' : : ADq . . BDq : that is :: 2rx + 2{fx + bb 1 

2r^ — • — bx -^ — - '•' J r wherefdre 2m"rx — r 2««;Ari + 
n' fe^ = 'ifPrx + 2»^tAr -f- »= b\ and rn'r^^hmh =;= iV-^- 

and by Tranfpofition mr-^ffr *; i^n^r + »'^, and by 
dividin g each Part of the laft Step by w + » you*l] have 



rw 



» y r =' tAf. 



Aiid !aftly,by'dfi^ing each Part by »-r7>, you'll fiawf 



w- 



p •* 



.V 



■% » 



T / 



/ •. « 



P R O B L E M IV. 




i^ABG=Ll = t_ADB')" 

AB=t , >D<tf4. 

A = 4 i2?''«ys^- , ' , x. 

Svlution. 

• The As A B D and D B C, are fimilar j 
Wherefore 4 . . D B : : D B . . c 
'2/ Therefore 4 c = D B 7 : 

3. By 47. I. £«c-/. £/. .hh-T^ MzizAC^ 

4. By Tranfp. bb = aa-\- ac - 

5. By Comp. D ' hb -\- ^ cc rrzdA -^^ dc -\- \ cc 



' 6. . By. Evol. . tt +i f^|2 ;= 4 + I c 

. ^ _f . 

7. By Tranfp; tt + 4 ^^|^ — I ^ == ^ a ' 
LEMMA to PROBLeJI 

TheAreaofanyTrapcriurnPOQR, ^ 
whofe oppofite Sides O P and Q. R 
are paraUel, is had by multiplying the 
Sum of the Sides O P and Q R by 
half tt|e common Height S P or T O. 

^ppOfeP S =OT = ib, R 0,= /, 
PO=:STz=w, andletRSbe = i»; 
^bcn T Q will be =?= / — w — n. 



Canon. 





I iky 
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The Solution pf^ 



P^rt II. 



1 &yi rFw 3^ I *« Area of Traperiuni O P R Q. 

i, '1 r= Arw of A RSP. • • 



».' 



By 4i^ i: Vi_^^,>x I V= AKi of ^ T O Q. 

2w) » a= Area of t-j POST.' 

And by a dding the three foregoin g Aregs mtopnc Siio* 

you-ll h«rt „.+J — w— «+ 2 » >« I * =' "^ *** ^ "t ^ 
s Area of the Trapezium P O Q.R. Q.E D. 

PROB LEM V. 

* 

The Area of a Trapezium 
an4 it? Sidc8, fevcrally being 
givcn^ to make a Trapezium 
within the former, In. fiich 
Manner that the Sides of the 
one may be every where fc- 
parated from the Sides of 
the other, by an equal pa- 
rallel Diftancc ,• and that the 
Space Jyieg between bpth 
Trapezia niay be equal to 

any poffible given Space: _. ^ 

(AB=:6 . 
The Sides of the) B C -r r _ 
given Trapezium, S ,C D = i 

( DA=/ . 
The Area of the Trapezium A BC D=: jr 

The Area of the Space lyAg between MhX _ ^ 

Trapezia, ^ . - r -um t-^ -^ 

Then the Area of the mlcnbd Tra-T _. ^ ^^ 

peziumEFGH, -^ 

The equaF parallel Diftance = 4 s= ? 




yDdtiu 



Pripdrdtkn: 



r 






• Cliap. IV. The Solution ofProMeMsi 

Prep4ration. 

Suppofe EFGH t6 be the Tfapeaum reqtiir'd to be infcrib'd 
iii the Trapezium given A BCD; then the Space lyipg be- 
tween both "lirrapezia is == to /^ /^ A E F B ^ 

the Sum of the Ttapezia j 



sm 




ttex^ Et and FK 1} BA, FLand GM xs BC, GN and 
HO is dl>, and HP and EQ. ra D A ; then 4 is = EI =3 
FK^Ft = GM=GN==HO = Hp=:EQ: 



Solution. 

TlteTrfl!pfe:a^ ABCD and EFGH are fiiailar (fbt CG 
beiiig prodoc-d td R makes the tHGR==LDCG and 
: L FGR = tBCG {by 29: i. Em H^ coftfejtienfly die 
»LHGFis=LDCB|; and for the like Reafon the LGHE 
is=:LCDA; alfd tBEF is-r: LDAB, an^ tEFG ^ 
: LABC j therefore (by the 20. 6. EmcL EL J - ' . ^ 

/..*-f::t'..iLiZllf:=:EF3: 



/>iJL^ 



ihc«for^ ^"S^ =:EF «^>^i:zl; 
: f rKi:U;*:FG 

. f * ; 

And for the like J jtr;:rt^nu 



Reafons^ 



[/*iKirl==HE 



" j^h^hf^l^ 



. Wherefore ly the 
preceding £em-< 

ma. 



s — $ 






+ / + / 



K7^ 



* J 



Coo&quently 4 s 



ar^ 



*-+f +-*+/+*+'+«<+/>« 'H 



Cce 



PRO- 



^'38< 
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The Solution of Problems. . . Part 11. 
P R O B L E M VI. 



the Angle ABE 
being richt,the LCBE 
and Side CB being 
given, as alfo CD = 
CB ; it is required to 
draw the flraight 
line ADE thro* the 
Extremity of the gi- 
ven Line BCD, fo 
£ as the Lines djawn 
froai C to thi& Angles 




A and E fl^ be equal, viz. AC =^ CE. 



. / 1 » • 



1. Suppofe it done, and thro' C draw CG||E6 andCF 
II A B ' - • - - .:'.••-:.. 

2. Thro' D likewife draw DL IfEB, and DK || AB. 

3. In the A BCF you hanre-thQ tsrB and F, W the Side 
CB given, and therefore the Sides BF and CF are eafily 
found by Trigonometrical Calculation ; wherefore fiippofe 
them known, and put C F = t, and B F =f </. 

4. Put BC =■(:, and therefore BD = 2C 
. then 



By 4. 6. \ 

EucLEl. S 

, Suppofe 

therefore 

By 47* I. 

Eftcl 

By, 4. 6.1 

EhcL EU S 



7* I- 1 

f. EL S 



By 47- i-"l 

EucU EL S 



<\ LD = BK = 2dj an(f DK = LB = 7b 

DCE=3n,FE+.DCF=<<'+2Ai + 

I A (KE) . . 2* (KD) : : 2i (DL) . ; -4^ 
P t=AL ... 4- 



S 



{ 



10 



II 



AG ^ AL+ LG =4^ + h = 4^-i? 



{ 



D AC :?: D AG 4. □ GC = 

44 



"(^^ 






* 4 "* * 



\ J 



No* 



J 



Chap. IV. The Solution of Problems. 

Now by 



Supf/gj 



andtheret 
8=11 
12 reduced 



12 



I? 



{? 



J' + 24^ +'-<4 + tV= 

4i« 



44+ 2dU-^8ib'A = j6d'l>' 




PROBLEM Vn. 



A Tree AF, b Foot high, ftanding upon 
the Side of a HiJI, was by a tempefluous 
Wind broke in a, Point C • the upper Part 
of it CF fell fp as to become C D ; and 
the Diflance firom D its Top to A its Root 
was found to be <: Foot ; and a Horizontal 
Line A B being drawn 'till it cut the Part 
CD of the Tree in B, wa^ found to be 
d Foot. It is required to tell how many^ 
Foot long the ftanding Part AC is. 

In order to folve this Problem, I Ihall fup- 

Bxfe the Tree A F to be perpendicular to the 
orizon, and then in the A A C D, I have 
DC + CA=: t, AD^c, Angle CAB 
nght, and AB -; <i given; to find C A = 

' Let fallAEiDC, fo is DC divided 
into two Segmepts I) E and EC , 

4 ' 

Solmhn: 



4- of Pi. 

Trig. 

t 

Aj.i.Enel.c 

m.' 1 



38r /I 



I 







U— 4;.e + 4::/— ^..fln^— DE— EC 



\ 2 ibr- 24 

C =EC 






BC=44 + «/i 






"a^*'^iP'^<+'^-->'-^-- 



44 



=:EC 



V-* + rf! 



4, 



Ccc a 






<c> 



.A. 



J 



I 



382 , 

2 = 4 



^ xeduc'd 



6 



The Solution of PraMems^ 



Part II. 



26 — 24 



ff^ 



y-'-f-f 



44_ai»(»_f f*-^«ii4«__ ^*c^xa-f — 



— 4i^-f4«<*/;c*X4 






ra •••^••••••••••^■iTp 




PROBLEM Vm. 

\ ■ 

In the annex'd A 
AB ss f'i " ' 

BCa=iJ ^'^^^ ^' ACsps3 

L A DB =^ 30^ :go'; Its Sine 
(the Radius Utng 10) = 5 ; Its 
Confine (that is, tile Sine of* 



-AT- ^ ••» 'C 

lleguir'd to find A D = 4 =? 



4o? : CO') == y 100 — 25==y75 



On AB =5 2 make an Ifofceles A AQ^B, whoffe L AQp 
fliall be — 2 Ls ADB = fo^' [thus fubpraa 2 Ls ADB =: 
60^ from 180*^, and half f he Remainder is = LQ,AB =: fc 
Q.B A] 5 on Q, as a Center, dcfcribe the CSrcle A B D pat 
fiig thro* A and 3,. Produce die line AB to C, making 
B 6 = I ; then placing one Foot of yonr Compafles in the 
Point C, with the other mark the Point P in the Circumfe- 
yence of the faid Circle ABD, making Cp =y3. Draw 
i)C, DA, and DB, and the Vi is conjftrufled. 

Draw OP and QC. , . - 

: iV in the A AQJB jou have the Side A B. given, a(id rlie 
' L ACIB fe =? 2 Ls ADB (By id. rjt BtcLEftf ^. 60^ is gi- 
ven; ^erefore LQAB =^ LCtBA'(by 5. i, £»(;/. £/.) 1$ 
given ; for & Q,AB + QBA arq r* CoraplemW of (. 
AQjB to 180^ (by 32, I. Eucl. EL) ; therefore you mayfeid 
(by thp^ Axiom of PlaUi ^ 

2. ' Then in the S i^ QC you have the Sides AQ, and A C 
and the L Q AC given, by which you may "find (by Axiom 
3. PL Tri^.) the Side QjC, 3. Now 



Chap* IV. X^e Solution offr^blems. ' g^^ 7 

5. Mow ill the A, QlD C yoa have the Sides QD ==■ Q^A 
(bjlthe Definition of i Circle) , Q^C and CD giveo ,• therer 
fore you nmy (by the 4th J^ijipiom of Bf Tm.) find the L% 
^QP, dCD, QPC5 then, ^ 

4. To the <lCqP add the lCQB, and the Sum is 
==LDQ.B= 2LsDAB(by 20.5. £»r/.S/.)j whei^e t 
DAB is given, by the Help erf' which you may find DA, &c. 

5. Ox to the L QCP add the L Q^CD, and the Sum is = 
?£-DCB5 SoyoohaveDC, AC, andLDCBorLDCA 
given; confcquently (by the 3d Axioi^ oi PI Trig.) you 
may find the Sid^'ADj and fo yeuare put ia a Way of find- 
IPgtheirft. 



An Algehrdic4l S^mion of Prb" 
hlem 8* 



On AD letfallthc Perpejadicu- 
^ iarCFE. 




Lomi. ")j iaAB*. 

nffftry, J\ I C. * ' - 
rAD.. 

1 ' -. 



Axiom I. 
Pld 

Axiom 4 -s 
Plain Tri^ \ 
gmometry. j 



Axiom I 
tUin Tri' 
gonometrj. 




I>B::AD..S LAHDssS, tCBD 

< :• a ;: ^^ 

^ ■ 2 

AD.,Ae+DC::AC— DC.JVE— ED 

r|AD+ |AE-.ED = AE, 
^ '+ '^ =^ »^ + <^ 

2- •" 24 24 

iAD-.|AE + f ED5?BD ' 
StEI^D..ED::SLKl)F..gP 

. 544r-3(X 

V i: i iij w » i. 



a .: 



24 



Jt J * 5 



, . I'l^i: ?^^ is = L BFC (by 1 5. 1. Eml. El.}; therefore 
,CjBFCis = y75 



Anon 



\bU 



Axiom 2 
PUin Tri 
gontmetry. 



4 



The Stdution ofVrohlems. Part Ih 
I |rSt.BFC..BC::S,tCBF.. CF 



By 4^. 1 1 '\ 
EmcI El. S 

9th reduc'd 




2 

rEF + FC = EC 

2<iv'75 ' • 24y75 
EC^4- A.E^ = AC^: 



• • 



5^ 



2V7I 






8 



Coinp. D 



II + 



102AV2 
48 



10 



1004^— r50C4*'+-pOO 4^4" 1 24'+ 36 ^_^ 

444x75 "^ 4^ ~ 

p6 — 144 _, 1008 . 

~ 7 ^ y """49^ 

96 ^ . 2304 _ 1008 , 2304 

74? 49 ^ 4? 

1296 



pMM 



7 

I0W2 



II 



I2<( 



49 
t,^— 4? _ _^ y 1296 «. ^ 3^ 

7 



„ _ 48 ^ 3<i 
7 ~ 7 



:i2«= V 12 <»=V 

■ ■ • t 

-PROBLEM IX. 



49 

84 ' 12 12 

-— 9r — =I2 0t^- 

7 7 7 

13 .\ 



BC=ii>^»AC=i7 

y \L BDG = 25*» J : : ^^^ 

• Requii'd tp %d th? Other Sides anfl.Angles. 



^ being given. 



OnfirnSlm* 
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,,,—•• —., 




ConfiruUion. 

On BC = II m^e 
an Ifofceles A EBC; 
whofe tBEC =2Ls 

On E, as a Center, 
defcribe the Circle CBD, 
• paiSvtig thro' B and C, 

.Q|i^B;=6niakeaa 
libfcelesA AFB,whofe 

L AFB is = 2 Ls 
ADB = 5o\ OiiFas - . 

a Center defcribe a Circle BAD, paffing thro' A and B, and , 
cutting t^e former Circle iiv D. Draw AD, BD, and CD, 
And tS A is^ eonftrufted. (* ' 

Method Jf CaliiftUtion. 

Draw D E, and D F, ^rid FE, cutting DB in G. 

1. EB = EC (by the' Definition of a Circle); therefore 
(byf 16. J. Ef$cL EL) tEBC= L ECB will he given ; for the 
Sum of them both is =. Complement of the L BE C to 1 80^. 
And BC being given EC = EB is given ; for it may he 
found fey Axiom 2 of PI. Trig. The fame Way AF = FB 
will be found, and L F AB = LFBA.. 

2. If from the L EB A = Compliment of L EBC to 180^. 
co' (by I?- I. End. EL} you take the i- ABF, the Remain- 
der L FBb will be given. 

, 3. lo the A FBB you have the Sides FB and BE, as alfo 
the L FBE given, by which (by Ajdom 2 PI, Trig.} you may 
find :tife Side FE and the (.s'BFE and FEB. 

A. The AsDFE and BFE have the Side FE common 'to 
botli, andthe-SideDF=5:.FB, as alfo the Side DE = EBj 
therefore (by 8. i.EhcL EL) L BFG = L DFG ; therefore 
(by 10* J. Emc. El.} the Sides DG and GB areec^ual ; and 
<by 1 1, i; EmcLEI.} GF imd GE are xs DB, 

^. Now FB being already found, and the LBFE being 
known, as alfo L FGB = po^, th^Complimentof the Sum 
of them both to jSp^, 'vhc, CGBF will be given, and con- 
fquently GB = GD = f DB J for it may be found by 
Axiom I of Plain Trig, and fo you arc put in a Way of find- 
ing the reft. 



^ - 



\ SB6 The Solution of ffoblems. Part H* 

/ An AlgebrMcal Solution of ProhUm ^* 




veo. 



^' BC = f 1^*** is, AC =? i + f 
S;tBDC=/}-'*SXADC«« 

Required to find DA = 4==? . , 

LetADbe-nAC; 

Then the ProMcm admits of three Gafes ; fliat is^, thb ffl* 
ven ^ ADC is equal to, or lefs, or greater thaw a Right 
Angle. 

Selmm of C*fe i. n^ When L ADC =^ L. ' . 




' Axiom 2 "l 
PLTrii. S 



'4y I E»eh\ 

El. S 



€ 3d'iedac*d' 



) ABD = SLDBC 

. , Jj. 'f.t = DC 
i.e.. y .. ^^ i^v 



^w^ + 4'=i*42fc + C«, 



pftr 2t When AD C == an acute An^. 
let&UAExDC. 




" Axiom 2 "• 
PL Trig, S 



B- 



By Mi Ax. 



Bjr Anom") 
4 of PMn S 
frigemm. / 



3 



2g 



ti.fr.a.J^ =5 S, t 

DBA = S L DBG 

of dfc ^ 
'.. « ::-r- "-V =* 



'^r :.4+t+f ::l+f— 4 



£ 



L SB EC -ED 

i. ._-■.— - -»- -— • • • 



SK'/- 



ChapilV. ,^THS^tiiipi^^,fnhlem, 



"irHH^ 



i/£q* 



6 redoc'd 



leflTer SegfiKot* > ' 

<# r is Badius.) 



\% DE the lefl 






«._.'> « 




2gb 



2ff 4 






^l' h !^^ ^ ADC r= an obtafe AngleJ 
let fen A ExCD prodqc'd.. , 



ByAi.2.t i 



By fkid 2d 
. Ai. 



} 



> > 4 f 



l^q. 



5 reduc'd 



./4 



V.S tABnf= S-L&BC 



• <><«« t 







By I2i 2.1 2 J CMf _^ 

Trig. S^V^.^-i^«f^ • ^ll'-^if- 



2% 



2cfa 
rcfa 







4" 2mbgcf 



Ddd 



PRO 



• ^8 The Solution ofVrobUms,] Part 

PROBLEM* X.'\ 

In thi! anoat!'^ Aa 

. DC = e and x^ft; and £. ABG * eidier acute 
or olffiife, and kt Sine s p 
DA ^AKquir'd. 



-1 



,jgi«?; 



H4<l> L ABC=I_ Safrli. 4! 




On CB,piodiK'd,if Need lie, let BH the Pelpenaiculai AB 

Vu_« = DB 

r..i:!...S=XE ; 

r 

The AiCBDsiiiCXE aitfimaat. Wheietbre 



M. of 



I Ax. of I 



B. i 






S M ^ W 4* ^ 



fCjM. 



LEMMA 



r 



Caiap. IV. The Solution offrohUmsV 

lEMMAl. t<i PROBLEM XI; 



389 



•Fig. I.: In whi* DB is Fig, 2. In which DE 
•3 QpadjRint* ^ cr Qjadxiant. 




d A 




Two Arcs CE and CD being gircn; the greater of which 
CE is more, and the other CD lefii, than a Quadrant j if 
you divide, by je4</ii« the Difference of the RefSangles of 
their Sines and Co-fines, you have the Co-fine of their Dif- 
ference DE. " . ' . 

_ Sine of CE is EH =>, its C6-fine is HB = «f. 
ane of CD i« CF = r, its Co-fine is BF =ii. 

TheCofineof DEisGB=y4J ^ 

1 fay, that df ^ mn '^ '' , ' 

• ' > ~ (N. B. r ^Radliis.) 

' ' Demnfimml 

. Produce EH \iil jt meets BD ptoduc'd in I, and from I 

^ let fell IMiEBprodacVi. 

The t_d As B CF and BIH are fimilar, (fox CB ueqoal 
bc«b) theiefote 



By 4. 6.x 
E1UI.B.S 



n 



• • 




.EH+ HI= EI=J 4- ^«_Mif2. '■■■'■ 

; ,TheL.d AsBEHandMJE-arcfimilkrjthetefbn: ' 
' D d d 2 By 
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By 4J <5. 

Enel. "' 



I.EUS 



TbeSoItfthn offr»hlevisZ • 'Part IL 

J - ' t .hnAr cm Un-\- hem , -^^m 
ir,.h^ :.: .T . . n .^^,j. 7' / » BM 



5 



JCL 



</i r = 



III I I | T I ii r I 



^ f'^^fc' X »</> tray 



III » 



From 4 and 5 [^ 6 

The As BIM and BDG are fimilar ; wheieforQ 



By 4ii 5. T ^ mr hcm^m^n 
EhcL els 



• • I* ■• • • 






n m 

r . ^ that IS 



• * . . ' • ■ 

When th^ l)iilfeTence DC of the g^ven Arcs & lefs than a 
Quadrant; (x^hich is the Cafe that concerns our Frqhkm ii.> 

then 4 is :^ LZl2!!?j boc when D E is grtafter t&n ft Qpa^ 
drant, then 4 a T^^^ 



, • f< 



iJW.W.D. 

It ■ 

LB M M A IL 



Two Arches NO and MO 
teing given, the greater of 
i«4i]cb NO is teft €bm a Qaa- 
drant, (or the Ids of ffhich NO 
femocethtnaiOpadranti) if 
you divide by Raika^ the Di^ 
ference of the ReSangles of the 
Sine, of the on^ multiply d by 
the, Co-fine of the othir, tie 
Quotient^ win be the. Sine of 
-MN their Difference. 

Sine of NO.isNl=i,.it» 
Co-fine is fel •:=: Mf 
Sine of MO is ML = r, its Co^filne is B L ~ ^^ 
Sine.of MNisNQ^csii.. ^ . / 
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.. . Vmmfir4$im. . 

The AsBLM, BIP, and QP Hare. alike; dKSBfbi» 



4. 6* EiKf/.T 
£/. S 



'4. 6. £«»/."l. 



3 



i>..«-i^ 



• • 



■ *^— . I'P 
If 



^\ 



NPr^Nl — IP=i— 2l = 

^ - ♦ » -If- 

fn"^ 0fC '^ In ^f^ mc 



hn>^ tmc 



r • «» : : 



• f 



S4 

£. £. I>. 



> i 



LB M MA UTt &r rti.t^htmm%: 



' Two AichesNO and MO, tbe greater of in^iichNO it 
Ids (or the left of whicb NOis greater) than a Qpadnuit^ 
being siven]^ if >oc| divide by Mwt^ ibe Soin of tbe RedatOn 

fles oftheif Sines and'Co-fines^ you bave tte Go-fint of tteir 
)iflFerenccNM. 
Sine of NO is NI :=(, its Confine is Bl siiy. 

Sine of MO is ML => ^/its Co-line is BL == ;i ; 
Co-fine of NMisBQs4^ 

I fay, tbsit ^L^H 



€t/m/frmi9n2 
The As BML, 6PI, and PNO. 



\ » 



Amlaz} therefore 



4» 6. £iir/.l 



r..^ = BP 



n 



- I 



CM 



1= = IP 

NP-NI — IP=:i. 



cm in *— ^iffi 



If' n rn 



t t t 



;a9» 



Et. S 
from 4and 5 
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? 






r* — c* 



n^m + ^^* _ ^ — y^ "^^ ^^ 



rn 



W.W.D^ 
LEMMA IV. Stt Fiim-es to Ltmm il 

' • . « 

Two Arches CE and CD being given, the greater of which 
EG exceeds^a Quadrant^ and the other CD is' lefs than a 
Quadrant ; if you divide by RdMns the Sum of the ReSan- 
gles of tlw Sine of the one multiply 'd by the Co-luie of the 
other, the Quotient is the Sine of ED> the Difference of the 
ArcsCEandCD. 

Sine of C E is EH = t, its Co-iine is H B =: iKf. 
-' Sine of CD is CF = r, its Co-fine is BF =^ n* 
• Sinei of ED is GD =s 4. 

Ifay,that*l±i!?=^ 

r 

The As BC F and BIH are'fimibr ; therefore 



4* 6. £hcL\ 



therefore 



n • 



• • 



» ■ ■ 



EI = n- f2! = 5i±i!!f 



The As EBH and EI M aie fimilar. 



4; 61 EneLlS 
El. 



■'11 n rn 

The As IBM and DBG ue fuBilar j wheicfbie ■ 
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^i«j. 
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^ t» + me 



r« .4 



w. w. d; 



PROBLEM Xi: 



Note, 7**»V ?r»W«w, »«( pnjf«/<| i; ^e» Gipfi Thornycraft /»: 
tmi ftltfi hy^tbt Reverend A^-. Rerce Gonld, dece4sii 
from whm I bad it, and Us Soltiiimii and the fm ftregohg 



AH=AE,GE=T 

CJH, andEC^AC S 
AG = c is given, 

AD = 2fiandGD=s:l. 

Sine ot the tFAH=/, 
its Gvfine :3 py are given. 

It . is rcquir'd . fo find e 
FG = J, by an ifiquati- 




O03 not exceeding an adftfiied Biquadiaticic .. 

Solmion: 



This Probkhi admiiB o£ three Cafes, for the LF A H given, 
is either lefs or greater than a right Angle, or elle it ireqml 
to a light Angle. -■' ^ 

Crfii. Suppofc the L F AH given, to be lefi than 

a right Ang^c 

Suppofe 

i Ax. PL \ 

Trig. S 

By the lame 
By Lemma 2 




I 

2 

4 



AF = ;r,and FG == J 
;e..r::^..^=St:FAG 

X 



€r 



;r.;r::r..Il=:SLAFG 

^IL^ym ^ fiZLZP- S (jG AH 
rx rx X 

rf* + '^ ^V±Jl - S CGHA' 



By 



r 
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« .Jr—r^-, 



XXf. 

ay rir-fV — 
xxr 

_f2E=C{>-iineLCAE 

rxie. , - . , .,..,, 

rxxx 



i.A,:«. -^ ■:'.■-■ 



■fj.l.Em^ 



+ y p-.!i<?¥'t- t'f—cV 



•2Jf« 









r 
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15 reduc'd 



v^q» 



•4 ■' 



16 












?•'' 



M 



+ 



N 



8 



? 
^ 



• 

WhenLAFHls 




> 



Suppofe as' 
before 

then as be- "^ 
fore S 

Lemma 4 

Lemma i 
Lemma 2 



1 

2 

3 



AF= Ar,andFG=:> 

r - S lF AG, and fT ~ S L AFG 
-- * 

jcr . Prr = 'idli!= S L GAH 
/r _ PfT — ll=l£f ?a S L GHA 

rxx rxx 

CfJli£2iIli2=SLEAC 
Eec 



r;p 



Lemma 



vj 



, ^Uk 



V 



♦39^ 

^ Lemtn^ 3 



*' 



Lemma 2 



The Solution of Problem^. \ Part IL 
> — TTZ. "T" mr. " "T- 



ATA? " 

2-nii X '^^'^ "^ ^'p -" ^'^ — 



7 



2 A^. P/. "I 



8 



I Ax rt. \ 
Trig. S 



7 ~9 



10 



10 X rx^ 



II 



i^ 



therefore i? 






rA-ATA: 



rrfxi 



g'/ + 2pjr : — j'x 2<: xr + pj' 

XX 3 A? 

^C^iX + 2gpjA? _ED 

3c*j 4- 6pjic — 3j'/ 

2^^^^ + 2c;pjAr c 

13^'^ + 6pjc- — jji^'j 3 

►l^flZ^WiZirif = S LDEG 

2«Ar + 2ffX 

3^y^+ SQf^P — 6.fj>c'p-*-3pg^V-4-c^/?« — g V 

rx^ . 

2CSX + 2pJX 

X 

VY^ + 2/;V — 6syc^p -r 3/>*;V + c^ 
— fV _. ^''g''^'^ •+ '2r^pycx^ — r^jr'j>»f 

2^/ 4" 2p^ 

yy -{- c€ =^ XX 



"" [ 2CS + 2p7 



'i* 






I3X 



/ . » • f 
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^9V 



1 3 X 2« 4" If J 



14 reduc'd 



edEj. 



H 



15 



16 



4py/ + ry^ + lo^^iV") 



>2^> 



J...J 



— x^jrc'^ — 2T'yQ 



'^ 4 

7 






II 






"^^ ^ 4p;, + rr 



3^J__ T.,2..3^ ^..* ^J 






I 






CaU 3. When 

ThenLGAH 
= LAFG, and 
LGHA- LFAG ^ 

* • 

Suppofeasj i| ^p = ^, and FG ^ 7 




■r^^-^a 



before 
then as be- 
fore 



} 



LftHtnaa 



lemma 3 
Lemma 2 




S, LFAC = S, LG H a =S and 



re 



S,CAFQ =S,LGAH = ~ 



^rnc^_y2rr^'lz:JL=:sUhC 



iTXX 



rxx 



XX 



5 

6 



'yi J^'JL^?^^ Cofine L E A C 
rAT* rx^ ~ XX 



r 



i! 



rxx ^x ^ x^ 



c'r 



rxx 
SLDEG 



\' 



Ec e 



2 Ax. 



^ By Ax. 2. "i 

Pl.Trig.S 
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Ax. I. PI. 
Trig 



6 = 8 



^ leduc'd 

El, S 
therefore 



XX "3 



'iCQX 



• • — — • • 



12 X 2c 

Comp. n 



\ 



16 — 3*^ 
17 w 2 



8|.Hf^..,::i;.rf:r!Z: = SLDEG 

rr^AT — J yxx 



o 

I 

I 



3(51* — r = 



2<r 



3 
4 

5 

6 

7 
S 



cc '\'yy^=^ XX 



^fc — • c^ = 



r^ — y 



4 



2<? 



;♦ + 67V = 3<r^ 

>* + 6yV* +9^4 =:p c< 4- 3<r^ = |2C^ 

;>*+ 3^* =yi2tf^ 

y — '^yi2c^— 3^* 
PROBLEM XII. 




Thcie aie the Lines AB, AD, ER GH, ^r. given by Po- 
fitioofi'to find a Point fi:oiii which if there be fo many other 

Lines * 



! • 
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I^mes drawn by Pofition, as CB, CD, CF, CH, &c, in ths0 
given Ls CBA, CDA, CFE, CHG, ^r. the FioduS of the 
Multiplication, of certaiiiv of thele Lines may be equal to the 
frodoet of the Multlplfcation of the itft; or^ whidr iy the 
fame Thing, that ont may be to another In a given Reaifoo. 

/ mil folve this Prcthm^ 4U tho* fhtrt^wtrn the 4 Lines AB^ 
AD^ EF^ 4nJi Gfiy and no mere given j a$ii.JirMa»y 
winre requiri to be drawn : The Misnntr of doing whichy 
mi CI prifihtte)givo one m inftgh^ m foMng tik proposed 
ProUefHy in rejpeli of any determin'd Nmbhtr of fiicb 
Lines. 

ij?, I cpnfidcr the Thing* as dcwc ; and, to avoid Confu- 
fioit, I confidcr one of the given Linea, and one of ^hfi, re- 
quired, as AB and CB,' as the Princi{ial to which I endea- 
vour to refer and compare all the reftw 

Then I produce all the Linea,r A B = 4 . : 

fo as to cTofs thefe two, if pof-\ AE = r 
£brc, (as Iiuppofeitiaitjowit,iAG==.i/ ,; 

AB in the Points A, E, and G,NThen, BG = i— f f^^ ., . 
and BC in R, S> and T. Thcn/EBs£^f+i 7 Fig. 



put ' ^ BC. 

2dly, "R^aaitm tlie i^ A^R the (W Lf. 

A and B and Cb) confequently R are'gitren j (^yOmflr: \ 

the Ratio of the Sides AB and BR is <^>32.i*E«ff/,K 

therefore given, which I put as / to.^ j (^ By H^xt pre* 

thtn.,..f..g::b.,k^BK. ^ceding St.p, 

3. Confequently . . > + -^ = CR. - 

4. Likewife in the A DRC the Ls ^0 Rfa) D and «>) Ci be- 
ing given,, the Ratio of the Sides CR and CP are given ^ 

wh ich I put as / to A, ._ 

theieforc..../.. A : r^ + ^ .. *^J+ i^ - CD. 

t t u 

5. Again, in the A ESB the W ts B, E, and 0>)S being 
given^ the Ratio of the Sides BE and BS is given, which \ 

pQtasf toi; therefore /.. i :: f+ it. —j — =rBS. 

^m 6, And 
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6. And confequently y + ^i±ii ~ CS = ^iLii±i*. 

' 7. Again, in the A FSC the Cs W F, WS, and ^^C being 
given, the Ratio of the Sides C S and CF is therefore given, 
which I put as / to /; then 

/ ff 

8. Again, in the A BGT the Ls WB, G, and Cb) T being 
gitfcn, the Ratio of BG to BT is given, which I put as / to 

m^ thtnf..m::d — h.. — '^ — = BT. 

p. Coniequently jf + ; — as:TC= ^^^ ^. 

10. Laftly, in the A TCH the Ls/a)H, fOT, aridfb) C, 
being given, the Ratio of CT to CH is given, which I pijt 

as/to »; thenf . . n : v ^ ^ . . ^f^- i —. CH^ 

/ it 

iifc According to the Import of the Problem CB X CF as 
CD X CH; that is, &om the foregoing Steps, 

Ify + lie -|- llh fhy •+" ^^if f^J -^^nmi -^ »fwft 

?^ — F — =-T~'' — 1~~ 

1 2. The 1 1 th being reduc'd, gives 
— fir 

+ {hnmi y 



/ 
t 



PRO- 



« 
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PROBLEM Xm. 




• 



**••••..-..—.»-*** 



AB=r20000'^ 

A C sr: 1 50CO ?Givcn. 
BC= 18000 -) 

EB — 12521 .286 + 

GB= P317.445 + 
DB 3=13888. 610 + 

DA=s 8283.832 + 

DC= 8406.^444* 



LADB 
LBDC 
CCDA 

LFEB 
tEBA 
LHGB 
i.GBC 
4CBA 
LOBE 
LGEB 
LDBA 
LDBC 



127 

10 

12 



<> 00' 



53 
37 
75 

i 

33 

26 



••00 XSiven. 
:oo'J 

00 
00 
00 
00 
08 
08. 

41 
19 

4? 



40t. « 



! (. 



./ 



/ 



/ 



The 



• d^y The Sbhtion of ftdhlems. Part IT* 

^ The Diftances 4B| AQ, and BC between 3 Towers A, 
B, and C, not Aanding in Araisfac Line being given feverally • 
alfo a 4th Tower being fuppos*d to ftand within the A A B C, 
as at 1>, and the Meafures of the Ls ADB, BDQ and 
C D A being given (everally ; to find the Diftances between 
the 4th Tower D, and each of the other 3^ viz,, the Mcafure 
of the Lines DA, DB, and DC 

On A6 make an Ifofceles A AEB^ whofe LAEB, or 
its C>mpleinent to 360^^ Ihall be =r 2 U ADB ; on B, as a 
Center, defcribe the Circle A DB paffins thro* A and B. 

On BC make art Ifofceles A BGC, wbofcLBGC, or 
its Complement to 360^, (hall be = 2 Ls CDB: On G, as a 
Center, defcribe the Circle BDC paffing thro* B and C, and 
cutting the former Circle in D, draw AD, DB, and DC^ 
and the Conftrudion b performed. 

Method of CMaddtiony hj John Kerfey« 

On AB let fall the i EF, and on CB the t GH. Draw 
DE,DG, andEG. 

1. Subtrad the given L A D B from two right Angles (t^'«. 
from 1 80^) the Remainder fhall be the Sum of the unknown 

Ls DAB, and DBA, by 32. t. End. El. 

2. For as much as .(by 20* 3. EmH. EL) LDEB =: 2 Ls 
DAB, and L DEA == 2 Ls DBA 5 It- follows^ that 

L AEB = 2 Ls DAB + 2 Lb DBA ; tlierefore, in the A 
FEB right-angled at F, the L FEB <that is |^ L A EB) = 

L DAB •+ LDBA is given; ani by Suppoution FB = 
^A B is given ; therefore tlie Semsdiaaieter EB = ED = EA 
jQiall be given a}fo« 

3. By arguing as before in^ ifi «id 2d Seeps, L HGB = 
, LHGC is given ; alfo GD = GC^=; GB, the Semidiame- 
tcr of the Circle G B DC is given. 

• 4. Becaufe EF jr AB, and £ FEB is given as before, 
therefore L E B A the Complement of L F E B to a right 
Angle is 'given : Like wife L GBC die Complement of L 
HCjB to a ri^ht Angle is gtven, and the LCBAisgiven^ 
for it may be found out hf the thfee giveir Sides A B, A C, 
and BC ; therefore L GBE die-^qm of Oiofe three Angles 
EBA, CBA^ and GBC is ghren, 

5. In 
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K. In the A GBE the Sides GB and EB (to^wit the Se- ' 
midianleters of the two Circles GBDC, and EADB) are 

g'v^n feverally, as alfo the t GBE comprehended by thofe , 
des ; therefore, the C G E B is given alfo. 

6.Becaufethe two AsEGB and EGE| have two Sides- 
G B and EB equal to the two Sides GD, ED, viz.. G B ^GD^ 
andEB=:ED, alfo the Bafe GE common to both thofe 
Asj the Cs contained, under equal right Lines ihall be equal^ 
vi*. CGEBrrLGED — fLDEB; butLGED( = 
§ L DEB) is given in the <th Step, and (per 20. 3. EncU EL J 
LDABis = |tDEB(=LGEB)stheieforeLDABi8 
given. 

Now in the AADB there is given lDAB, as alfo 
> LADB, and the Side AB; therefore the Sides DB and 
DA (to- wit two of the Diftances fought) are given alfo. 

7. And laftly, in the A D AC, there is given DA, as alfo 
AC, and t ADC ; thei^re the 3d Diftance fought if 
^iven. 




An Alge1)raical Solution of Prob. 19. 

ffHfpoJe thtUADBt €£^B, W ADC tt U tktffe, *ni tbt 

. ,U ^AB Mi ABC 4cme. 

AB at i"^ 
BC = tf 

SLADCs=% *.... 

S L C A B = / ; iU Ov-line ^ i( 

S L AB C =:w; its Co-fines n. 



Requir d to find AD = 4 s ^ 

Fff 



Draw 



+04- 






. 3 

3 



2 M. n. •> 

Trig. 



i Ai. PI. 



The Solution of Prohiems^ 
DnwDZxAB. 

b..f..:...iS, 



Part II. 



/It— I2?=S i.DBA = Sl.EDZ 



fyl7— I5?=St.ADZ - 
r hh 



r bb rh 



)rrb^rr^ bb ~ 



'-Vrr 



./'l5 + i£^ = SLDAC 



bb rb 



.«.•«:•■ 



^^"-IT— ^ 



" rb ' 



■jr bb irb 

•I .h-:""-V'^. J'" , "^' 
gr • ' bb grh 

" igr bb dgtr 

Iff' 



= SI.CAD = 



fi'"-5.iJ^ + 



M ~rr W 



..ipf* 



. *• 
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8 X randT ^(Fcm 
Tranfp, J 



I 



r r ^ 



k 

dgh ^ rb '^Tb''^ 



Now for *£2 _ (Lni/ put » 
dg r ^ 

" AndforW+'iLtiJL'^prt*,, 
agb rb 

then the ptb iEquaticm will become 



405- • 

bb ^ 



10 ^a. 
j[i reduced 



10 



II 



12 



tV 



rr 



7T^_ 



bb 



= w« 



t( X rr 



ff^^^ 



4 = 



bb 
trb 



^=:WWit4 



yTtft^bbvw, 



Fff a 



PRO 



4o^ 



The Solution of frohletHii . Patt it 



PROBL EM XIV. 

Whkb is (aid to have bufy'd the ableft Mathdmaticians in 




»*5* 







There being given upcto a FJartet t^o Points B and C, and 
the Circle DH D, whofe Cepter is A, and the Radius AD; 
to find upon the Circumference the Point H, thro* which 
drawing to the two Points B and C given the right L^nes B H, 
CH, and the Tangent IT t AH, the twp Angles B HI, 
CHTfhall be equal/ 

Which is the fame Thing as to require the Point of Re- 
fleixion H upon the convex or concave Surface of a (pherical 
Glafi given, . the Eye being plac'd in B, and the Objeft 
in C V 



- ^ Soktion^hy Mr. I^bbc de Catalan. 

Having ioyn*d AE, AC, and AH, draw HF, and BM 
sAC; draw HK|1AC, and HLyAB; draw HE fo 
tIiatLHEA=r^LAHC=:LAHB, and the Line HG that 
LHGA = L AHB. This Preparation made, we confi- 
der that As AHB, AHG are alike ; alfo that As AHC, 
AHE are alike j alfo that As GHK, EHL ar^ alike. 
This^one, 



« 



Suppofe 
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Si»)6oft ABs4 4 

ANi^cfFof b A.ABM thet^AMBthe'K 
BM=;^s MAB and Side BA aie givoi, and 
Cconfeqaently, AM wd MB. 

ADssAHssr - 

AF~*7 
HFar^/then- „_ 

In the like As ABM, LHF we have HL s ^, and FL 
iss ^, which taken from AF c= a?, we have AI s J^— ? 
c=HK,andAK=;:Hr=?. 

4 

Inthelikc As AHB, AHG, wehave AG = ^/an(Iin 
the like As AHC and AEH* wc hnvetJ^E = ~, which 
bong fiiteadediiom Al. s x-^jv/t hnre EL 3; jf.^ 7^ 

-?,aIfoGK-?~?:^.- 

In the like As GHK, EHL 

HK.. GK ::HL ;:BL ; 

Hence *v — ?2£ -Ji^ + ^ + ^ -^«!2 
Hence ;,;*-._--. ^ + ^^ -T ^- ^ — -j 

2cxy rrx ^Mjfji— -fW ^^Jf rry 

And if for 44 --* cr we put dd itr equal^ becaufe of the 
IL.d A AMB, we Ihall have this Equation, 

2CJCf rrx crry rry ^ 






Add 
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^ Add'jfj to each Part of the next foregoing Step, and yoii*ll 
, . — 2CAy rr»c r err J rrj 



Subftitute ^rr *— xx for jf, and rr — xx Soryy ; 

«,, 2r* rrx err 

Then rr — — y^rr — xx — -r- = 2'T— swf* — 



4b 



rr 



Vf-r "^ ATX — -tY rr — 4f^ • 



Tianfp. and abb. 



rrx 

T 



2CX 
1 



^x ^J^^rrz=:—, ir 7>^ Vrr — xx. 



err 



rr 
1 



Now by fquaring each Part, &c* you*lI ,gain an jB^iution^ 
Wheiein one of the Values of a: is s^; AF. 

PRO B LEM XV. 

WAeh u tbefdmtrith PnAlem 14^ 4ml tbm folv'd 1y tU 

Rtvrn^i Mr. Qodi. 













Triangle A6D, and the Length of the Line B C given: 

Reouic'd to draw AC and CD, fo that the L A C E = 
i.ECD. 



Sine 



> 



r 

t 
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Sine LrABD = s, its.Qg-finc =z:p, AB •sii>*)ir-. -,-^ 



F D = AT fought- 



;t 



Produce B C to F, and from the Points D! and A let'faJI 
DF ajjdAG both Perpendiculars to BFi aiid fuppofe.BF 
5=: jty theft jfjf = dd ^ XV. 1 " J ; ^ 



SoitnUn* 






r/r 



Ax. !• jp/. 



Lemma 5.^ 
to Prob. > 
II. J 

Lemma 3. 
tofaid 
Prot 



an 

MI. J 



CF = j,~f 



xr 



4..r::x.. ll = St.FBD 



t Ax, PL 
Trig. 



r : :y 



A 
jr 



^=S(.FDB=StFBi:» 



The As "\ 
ACG and ( 
DGF aref 
alike. J 



e/Ej, 



(^+1?-=,'-+^^ Si BAG 

d rd 

CG = BG — BC = ^ *^4-M ^ 

JJ^—pxh sxh ■\- pjl ^ ric 



id/ W^ — /»% — syhc + /^Arfc = 
I L sxxb + p;f;r* — rdcx 

10 



5 



'41* '"^^ Solutlan efProHemi, 

•jo rcdoc'd 



(afia fubfli- 
tuting 



■ Part It 
, ,1 ft 



4j>F+VFx«» 



+ r'JV—4p'W*4 ''*''' J 



4-2d»jt»pc-t- oi'An^^'sU'.TAx} 



Wi I, ^ III. begin? P»g« 417. SignKme H kll. 
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PART III. 



J i>:- 



f 1 » » . 



4^ 



. I ; 



'■A' ' .A 



i^mmmmm 










.' r. — - i .: 



ions. 



<• t « 



•t 



THE- y?1^d 
following 



Lemma I. 






i.. 



If by adding ^ Quantity, be it ever fo little, that is," i 
Quantity indefinitely little, to either of two given Quantities j 
the Sum thereby becomes greater than the other given Quarts, 
feicy 9 I fay, the faid two given Qjiantities inuft be equal;. 



« } 



^xfojitiopv 



, V 



If b and'c be =t tSe two. jfiv^ri Qualities. ^finite,; -and /f 
r: an indefinitely llttlerQpaJntity: ; \ • , ■ - . ^1 

. and c'4- dzr hil fay that 'i .== c- .\^ 



• . 



I » •' ■- 

For if you fup{k)(e that either pf tliem as b codUtbe crj 

the other c ; it miift be by fome Qtiahtity, which fuppofe 

r= rf, then i woilid be = c + ^fj And the CoiifequcnccS 

would be that d'^ a. 

^ ' - -4IhH But 



|»+2 



P*^ 



d 



conunu d to n Terms, will be =: ^ ^ ^ 

Demonjiraiion. 
it is evident that j{ is = 






•J' 



en 







O * 

DTP 

• p. 

sr 
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But altho* d had been lefs ih^n 

|> X ^ 11 ■' ■ wmmmmmmmmmmmmmj 

999999 &c. till you have OBSUigth p( 9V writ dnt after another 

Or Icfs than' b 5^, the Square of that Nuinber ; or lefs than bK 
by its Cute, l^v. Yex ^ x by ifotnc Power of the faid Number 
muft be -^y |by P^j?. Li^. 10. Eucl. El.) which Powei* ^ b 
let i» (for it is evident that it may) be equal to, or lefs thanj 
then a will be "^ J, which is contrary to the foregoing Con- 
fcquence*; and therefore by fuppdfing that bistr e, n, Gontra- 
diaion enfues, which proves that b is not c* c ; and for the 
fame Reafoqs c is not c b, confcquently ^ is =: c. Q. D. E. 
That part of Exhauftions which treats of Quadratures is 
Mkewife fo u nd e d upon the following Lemrmri that is, upon iti 
Scholia and Corol. 

. — - 'ttmwM if. "■". •-■--- 

If » be := an indefinite Number, and f zz fucti a Kilm- 

^ ^ ' * * * 

ber as that the Sum (i) oi 1^, i , i^, 4^, &c. continued to 

p Terms be c: --7— -•* Suppofc = -j-^t*-^ + ^>< »^*: 
Then I fay the Sum r:?; of i^*', a^ + S 3^*^ 4^ + ^ &c. 



:;'l 



KW 



-^ ; ' Of EahMpions. 419 * 

Kow Jf^fa^ -*-_-:. 4- ^'x»>^/t^^^ Suri^ of the 

fortsgoing grfeite t Series is ;»: %jr— 4- 4 x » '^ * ^ *. : 

.4gaifl; i© order to find t^e Sum -of ^hfelefffr Series; con* 
fider, that fincc is the |irft Rank thereof j i ^ the 2d, i ^ + 2 ^ 

jthe 3d," &C. thit i«4.i''+V'-h4- ^^c- +»"— if 
wiB be = the nth Rank | alfo i^ -}- z*" _|- 3*" 4. ^J- -|_ gj^. 



»-^l= ^!?e 4. - "A Rank; alfo i^ 4. a''+3.'+ /+ Sec. 
-+• « - 31=; thfr « — at& kaiik, he. of the faid leffet Scrieg : 

Wherefore ^f > be = ^_^ +.« x »^ *, the Sum of the faid 
mi Kanli^ jf/tffbe ~ ""J , • + 4 x ^^f * • alfo' the 

t J- ' - ? "T" t 



Su^ of «b«jAu4 ».— iiAI^nkwiUbb = 1—*^ +# 

».«.- 1^4 J attb tlie§um of the faid^^*J!> Rank = ^~jf 1 
v*^f .^ • "^ 3l\ &»:. Wherefore the Sum of the faid lefferSel 



ries IS =: 



— If — i| -^-n — z] 4->f*-3l 4- &c. to » — 



Terms continu'd ; 






4r^?^» — H^-w — 2| 4.» — jf -f&c, tow- I TeOTS 



^oatinu-rf : But ^^ . '^ "h^T^l; ^f "" ^^ ^.-^ 



l^+r 



ismanifeftly = 5~L» — : And if 4 x « — ij 4- n — ar 

— ^ f^i 

+ »— 3H-&c.bc = 4xii-~! — #1 then the Diflferejxcc 

of the Greater and Leflcr foregoing Scries is 

Hhhx = 
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^.y Sup. isfc: t-»^*'+^^^^.'' «^"-*4:,^*^•'^;.^.^ * 'i 

^ _ ^^^^ fTl ~ :' 

(becasfe rsnf * ' is = «'* ' ij) therefq^ „'^^ 4. „" * ' 



? ♦ . • . 



♦ < • , 



Sxholiupi L 

it^be^ :mi4 ^ be % t, ^h^o 
[^^+ i/'-f 3''+ «ec. 4- n'is" (by what has beeii faid in ^) 

= ^' + ^ ^^ confequently « V ' + »> ♦^4- 3^ ' ' + &^ 
.^ «' * ICwOJ bf ty our !.«* z!)^ 2L! i; «. iM ^4 f w, 2!!! 

' f + » f4-» 

4- 8cc. 4. ?. (by this Scholium) is {= —-■ 4. f-**!* I'^herefortj 
?* * H *''/.' .+, J^ * ' 4- a«c:4rj|r^ * Witt fcftfby. our t«». 2!) 

* ^ 2 ' ' ' 

•" - - 

C4tf^lU*y-1n • - 

-^Wherefo^e if » be = an indefinite Number, and f = any 
', AffirmjtiKc whole Number cr- i;' i^ ^ '^^-f :^l^ g^e. 4- if 

- will be-= — J {-in i: - , 



, • » 



And confequently / ^ 2,^ ^ j''^. g^^ ^ i^^p . = ? 



» K 



S.cMiuni 11 



i . ■ • ' 

" * ' 

ll Again, ;by Scholium to Prob. %. Chaf.^ 3. of this part j^ic 
h'fartimr dcmonftratcd, thatjp bcing>=i^anf dffirmatiye WhcJe 



\ - - 1 r 11,, 

. ■ — *+■ I 



fore I -1-2' 4.3'> .+&c;-^it^ ,is(I?y 

— + Z - - . 

our Lf;^i»4 1^.) =: J- ^« i &c. 






2.tikewife by the tiid SchtJium to pra^.'i. Cbaf. ■^.otthis 

"'>••'• ; • JL ■• "2.' .!_• ' ♦ ■ "f • ^;'i 1 
Part 3, it is dempnftratea that i ' 4. j' 4. 3 ' -f &q.-c6nunu'a 

P.» -.iTerms i| w sL^ g- . Let TjfCuppofeir ?;? ^Ljr- 

f » T^ 

• • • T « 






jj X « ^ • then tie Sum of this' Series continu'd to n Terms 
JL •4. T • ♦ ' . r 



I / m. 



W=r4-- + i-Arx»'i:Andi' +x' 4.3^ * 
rf- &c. continu'd to « Terms, will be (by our fMnma z.\ 



t 



w 4- ^-f- I X n^ ^ , 

= ^-r > confequently the Sum 

pf the laft Series ^ntihu'd only to ^ — ^.Terms is 

From what, has been faid it is manifeft, that ^ being likc- 
wile = any afijrmative whole Number 

JL-h^ i--*-^ ^-^a Ltll '-^ff '*^^ 

conti- 



•41* of ExIiMJliofii. Part IIT- 

continu'*^ ™ ■{" _ , }■ Terms is = ^y^ - , -- "^ •■ ?" 

WiiprefoK it may ht demonftmed by the like Method with 
that us'd in Bnb. 1. md its ici&. in Chaf, 3. of ihjs Pare 3. 

that i'*''+i'*"+3'*'*+5cc. coiitin»'dto<"_ , >• 
Tenns is=^— 7— -^ <%>■• ■ 

Now, tho" f and J be limited fo as to be equal to whole 
Nnpnbers, yet there is no Number either whole ot firatjed 

bur — ' — « or i-i-45 may be equal to j therefore 

CoraUary IL ' 

^ » be = any affirmative Nmnl>er whatfoever, and n ^ 
ftn Indefinite Number i" + 1" 4- 3" + 4-'" + &c. continu'd 

' ■ '•" n"*^' »"** 

to » ?nd f^ — I Tenuis, will be = - -^j^ ® , and |^^ ■ •■ 

fcfpei^Tdj;. 



CHAP. 



(4i3) 



C H A P L 



_ How I to drop Tangents to Curve Figures. 
' , PR O P. r. 

To Artm 4 Ti^ent tait Cirelt* 



—y t aTp c 

■ - VB=: ir > 

VA = xj then AB = ic — ar, aad^Giveiu 
the Property of a Circle J 

Required to find A E = f. Note, A D J. V B. 

Preparation. 

Produce theTarrgem ED to H, and imagine the' Line 
HGFtobell, and indefimiety - near DA,andLKI|| aad 
indefinitely -near DA, and (if you will) let Alte = AF = rf. 

Solution. 

By the Property of a Circle AB x VA =; Q DAj that is; 
iT-x\x^zrx~ xx=T >A0:zniFBxVFxatGi 
that is, ir— « — 4X« + rt = zrx-^ira — «* — »«*. 



AH , '^f ^xhdufiqns. Part Jtii r \ 

Th* A J E H F and EDA are fimilar • wherefore 
v' £A •• EF,:: A'D •• FH-i ^nd - ^ .: . • 

, EA^C- 5F^: ::AU*; FH^: That is; ' | 

j^fxti 4- Avxt a +irxaa -r 9^tt r^-Q^txxa — aaxx \ 

But F H erf G (let « be ever fo fmall, onlcft it be i5= to, oir« 
le& than nothing, as it •is not by Suppofitioni) therefore-. 
FHf >' r - - F G sr ; f ■ " T "^v ~'^ v:" / /* -• 

. tnat IS, ; ^^ ^ .. _ 



.Tl»e.^ft«fgoing Slllfp.it f ^ pradutes ar^ff^ + 4»*<*'^ ^ '1 
*^^zrx^^ xxii'-^ i^xxa --aaxxzr irxtt+lraJi ^ , 

*- xxtt — a 4jc^^ — aatt: Therefore ^'^rxta + %rx<A \ 

— 2f;c;cfl — 4* J^* era ^^r 4 — 'a/rii -^ttaai And by, ; ^ 
dividing ^ach part by 4.. and tranfjfc 4>jtf^.4* zr^tf 4"^'^ 

-- ;c*4 cTK^it^ — . li^rAr^-^^-*^"^' *Btit ay^S cr ^jf4, and j 

confequently zrxa^ tta muft htxr x^a-y Wherefore th^ 
foregoing Step may be defigad fhus> 4r^^-® r^xitr '^%ttjc 
^^txx. ' : ^ ' / . 

%dly, I B x' V I = K I ^4 , that is ir — * + <rx jp — 4 
= 2 rx — '2 ra — XX -f- 2»4;c «— ,/t4^rr K I J. 

The A* E I L and E A D are Similar 5 wherefore E A •• 

AD :: tl •• IL, that is, t .- ^rx — xx\*::t -- a •• IL: 
Confequently f> •• ^r ^ — ^ at : : **. — 2^4 + 44 •• I L f : 

ar»^* — '4r«f^ + lyy^* -- a?^^*+ 2f3g*4 — a:*44 

— ♦ » * - ^ r 

But IL.f: tr IKf ;•- that is '»'.'. ... 

' ' — ' •* T^ *"" 

2rA'— 2y« — xx-^zxa -r 44; wherefore 2rx** — 4r a: /-4 
^%r:ftad — jc^r'^-f 2?:vV4 — 4*jf*cr2rjf^^ — 2r^4^^ 
-- jc ♦'^ p,* 4- 2 4 ^v./- ; — atitt'^ confequently^ ztxx-^^z rrfi ^ 
-^ Ztt X'\'Zrxa + tta — x^ a jr fi^jrx t\i that is %tx^ 
4- * r /* — 2 p* je •» cr 4 rxt. That is^ in Words, any Quan- 
tity "whatfbever, that is more than nothing, being added to ei- 
ther of the Quantities 4 r;v^, or 2/^ a: 4" a^^r — %ttXt 
«i makes the Sum greater than the other Quantity 5^ confequently 

, ^ ■ : . hy^GXixLcnjmai.^t^xt'zz.rtxX'^r'^^^^ "^^^^^^ 
. .^^^^ whence 4r;v-. 2 jr:c = i^r — ztx: FinaBy, by 

*^.*fi?^«^' dividing ^ach Part by 2 rr- I* you have ^TTzS' 






Fanboli^ :* 



r ^ 



. The *^ramcicrC>^. . r. 

^4y of zJ^ariboU. 3 
. AT =*^ Required. Iribliv 
ADt VF- 




^ * 






«• 



Produce th^ Tanfent- TD to H, ant^ imijjine the Liftif 
H G F to be. drawn, D , and indefinitely near D A» and L K t 
It , and at the fame Diftance from D A ; and^ppofi: thS iit-^ 
aefinitdy-IhortXiae I A =t i as AF; - 

..'..•■■ 

iy the^roperty of a P4rSfoii{>f +/4 = GF^.' 

The Ai ADT and FHfT are fimifer; . theiefore i "• 
»4-*:: ^>r« •• HFi SobrtftqUcntly **(ATrf:J ••>i + x»i 
if. 4* (TF^) ::/*.( A Df=>xVA^ *i HF^ = #* 

•^ if£*l±Mit ;' But H F f,: ^ G F j^.that li > * + 
itpx*ArPxa*' ^ ^^j^ . ■ therefore aff^i+jJJti*"? 

4r,3f»fc«, 'and z * ^- ^ c A 

Again, /x*— /* s= Klf (by the Property of a PdralfoU:) 
And fince the A/ TAD and. TIL are fimilar; f ••> — 4 ;: 
V/>» •> JX'; yi?ficfcforc ^r •• tt — 2^4 + 44:: j>x ••ILf: 

i:^px ^ ^^^f^'^'^^f^^'But itf : crikf ; that i$,>i ♦ 

X4- 

lii #4* 



■0 



tt 

ir-# # tpa jvisSicrefote 1 4r — ^ 4l* That i<^ by the laft Sfei> 



ij*4 



• * 



0/ ^xh^iMi. 



Faft II£ 



iCM 



MM 
t 



%* A CT t *, and htfo«c\iSf thejorcgoing Steps, %x *{- 

Prdfofttim III. 

. W ^fr-^w 4 Tangeni to sn -Ef^jlfli, 

11 




T 



1,1 . » 



B 



» * f 



fhe Parameter -=; f ^ ' 
AP = X ; then PB = ^ - jr, and the Prppctty of "5^^^^"' 

Required to find PT zr f = ? mte, PM ^ AB.' ^ 

Treparatton* 

rPfoduce the Tangent TM»to H, ind imigirte thcJLifics 
•H G F artdrL KI lobe dpawn'4tran bdefinitcly -llittfe^qual 
Diiiance from, and parallel to M P ^ atid fuppofe the indefi* 
tiietly fWort Line .1 P :=: PF^r=:^* 

• ' * Solution. 



T> III 



By the Property of an Eltiffix^b — x •• ^lUfzvb *^fi 

T 

— _ I ■ II I 



* * * • 

torifequeijtiy .P'M f C =:: ^ - ^ ' - ^ — ^* 



In like manner will be found 



3 ^ = 



plfX'^pxx'^tx0P'\'ahp'^sap 



-J as alfo 



■ i< > H ■■II ^1 

W 



.iKf T = ^** .7.? ••'1^ ^-^y**-. ^p* ^ f,v^ 



Tlw 



Clnp. X; . HimtAi^t^Mk^Ta^nti, '43(7 

. The A*TFH, TPM, TIL arefimilarj wherefore ti 
(TP^:)..£*fL±L£*«(PMjO!;i*+i>4 + 44(FTj)..FHj 

: — "T^Kt^ — 

" Andf»(TPf:) .. ^** ~ f"* (?tA^i) y.jt- ita-^Aa 
(TI^:) -IJl^- 

But FHf} tr F^j; 

. . 1 1 h p x'^ ^t a^ x-^m^Ph X -^pxxtt-^ itapxx^^aapxx 




Redudion, giv.es x/« - a^i^Wr "**"^ "* "" '*** c»^^ 
t, #x ; that is (Uecadfe ^'k cr ;c, and of Confcquencc ^ ahx 

Again, IL^: tr IK^: , 

*!,-.►:« ^*«<^ -*'px*t*'^2tMpbx'\'itap»x+a*phK'^a.*pxx 

fy rcduc'd, gives f A — % ^4r + /^ ^^^ x 4 (jrr pt ^ * 

Now from this laft Step, an^ ffon\ thai nurk*d Yiitk 9 an 
^fterick, it muft follow (by our Lemma i.) that ^k -^ T^ix 

From the * Coherence that i in, or l^etween the 

EUipfis 4»rf Hyperbola, Ift^fyxf^P ^^O ^^0 *SeeAfqitto^ 
$0 draw a Tangent to an Hyperbola, by the like niusV Cmckf. 
f4ft^mithtS4tUJ('diM?K^^^ 

Itaoff it ^ thoi %tzA^rsfif4^i^^ .m^l^^^ ^^Ph^ /h^fbow,,fytm 

the Afympot^j of an jHlypcfhpl^i f^ dr^kw a T^ij^inf/ to 9/4 

Curve* 

../.: lii* / PROP. 



4^S 



frtf^m IV. 



Part It4f. 



• V * 



HyE?rbola. 



t ■ 

Let A Q and AT rt-^ 
prefent the Afymptotes of 







> "i 



And the FropA^iitti ofttiy Luieas 

being given. 

^ Required to find VT =t K 



X A V, to A Vi 



N9^^, / bein^ rr Parameter that, by the Property of an 
Bjferbola, ff z: AV X YD ; BttC iiere^ fik fomc Retfixis^ 

I will (as I may) fuppofc KV—x = VDJ"" "* Thco 

Pfepardtwt^ 

Produce the Tangent T D to I^ and imagine tbe Lm^ 
L R I atik H G F to be drawn at an a, br in^fioitely • Intlt 
5^'cqiiiil Difiancefrom, and || VD; then * •* t ' ' 



■\ 



Gda^. t. 



lh» to drm Ttttgtiots, 



So(uti»n. 



4*9 





• > ■ 



-.?*—- 



*4Jeing (fey Si^pofitidn) n VD^"- :ir i=^; iis therc- 

vDl 

|brc =r X x VD| and confequently -^ == VD. 

Alfo AI = jc — 4 = (by our fuppos'd' Property of thel&- 



-»i 



X 



firhU) I L| 5 therefor c -rr- cz L I : And for khc like 
^fonsHFis = — j— . . , . 

t 

.The A* TDV, TG^F, TKI am aniUstfi'Wfaes^<»e 



•J'l" » 1 I " .^ ^ i 



•t 



' + T*-H =IKjbucFHc«FGjthati$,-j- 



1 

m 



l,^ ^ X — J and by dividing i by ^ + «, yott have 



ji JL 4. !!L! 



■ ■iiii«i 






• And by raiiing each 



Tart to the wth - Power. y<m h^vp i- — — 4- -^ 



9tX »»J9 



"■» »■ I I 



C* I — w X — 4- 7 '' *^ y X ^ •- x^^ vfkkh Step, whci^ 



^educ*d^ gives ? ^ + -^ — 



«» 



^^:=ng 



xJL*trJL 






Again, It c- IK; that i^ -J— c* if + — x i j that 



m 



t , 



5 



J - p 



: And 

by 
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, by equal Involution yon have -^4- — -f— -'•r*i4-«>x-^ 
, * X* «> »^ 

■■f "^ 7 " " ^ * >f-^ Which SKiv»fiw4weR«ii*on, 
Rive* 7 + ;^ - — ^ x~*tr^. Fran which, art4 
^9ip th« Step at • it is maHifeft : , 

Stcmdly, That — ii ( hy our i-MWM i. J = ~ y co^- 

tcguendy « = w*. ' i ^ 

. Noife,' it tir/v OfmMitns- bt fute h tdltf attr that jtOr tdtit- 
tifticMter he alwdjj c;;^ «, othnaife the Mytrit/ inB ntt hold, ^ 
in the firtgeing Sif/I Tivt, If mC h, 4nd you muhiffy ^qk 
h c'j i/f^*! then en c eb-^ but if t ^ 9,-tbm et s cir. ^ 



CHAR 



B 



c H A p. ir. 

t>e Mdximu •& Wtnimh. ^ 

. ' ' ' • * 

tVide h inco . tVvo fuch Parts/ tile their J^oduiS: will 
be a Mn^ifnum. 

Prtfunition. 






Sttppole jjc =: OM-Patft then h -^ jc ±: the othct Pate of ^^ 
diiid then b-^xxx-rz.bx^xjd tz Maximum. 

- Solution. 

ijf, Suppofe the Part * to be inckeafcd by the indcfidi^ely ^ 
little, or lefs than any aillgnable Quantity « , ' then the othet 

^art of h win be i* — * — *r,' ana jc^irx * — x — <rr 

But becaufe ix-^xx, is (by SuppofitiCn)a Maximun^ 
therefore ^jr •— «tjc C" itof — jcjc — a js:4 + 4^ — ^«: 

And tfC- — ZJta + ^^ "" *•*• 
And2* + *^^^ 

2<//y, Suppofe the part je to be diminifh*<l by the indefinitely 
fmall Quantity 4, then the othet part of b will be /• — Jc + 11 J 

' And X — « X Ar- J? + <^ = Jf^ t Jir:sir+ ijf4 — ba^ tut. 

But fince i* — ixx is (by Suppofition) a Maximum ; there*^ 
fore^jc — jfjccr xb, *— jcjct}- 2jc«« — .ba — 44. Whence 
o tr X «4 ^ ba '^ a,a, and ^ 4" ^ cr i;^^ / 

r 

Now it appears, by the latter parts of the fifft and fecontl 
Suppofitions, that^ let '4 be ever fb fmall a Qiianticy (provided 
it be. more thati nothing^ if it be added to % x, the Sum wilt 
be greater than b ; but if it be added to b, then the Sum will 
be greater than ix ^ confequently {by our Lemma i.) 

^. 1 x :=: b. 



And * =: — 



Pr0f$4 



43 i Of ExhauJiiofH. Part ilfi 

^ Profofinon IL 

Divide b mco tbi^e fuch Parts, as being dEiUlriply'd tbgedief 
fhall produce a Maximum. . 

Sttppofe 4 — ^' CO be one of the Parts required, then * will 
tki t= the Sum of the .^tber two Farts ; but the gre^teft Pro- 
duA that can be made by any two parts of x, is (by the fore- 
going ^rbpofitim) :=z "^ >^ ^ * ^^^ Ojicftion propos'd is there- 
fore rcduc'd to this, v/jp 
^y^xg^=: ^ - ** - ""'^^ =r Mdximuin. Qiicre :e^ it 

^; ^ > 

being = an affirmative Qtiantity. 

< 

ijIfSappofe T to be encreas'd by the mdefinitely-IittleQjunticyi, 
theft iilrJL* wifl becofae 1±^ x ?ii^X i - * - JzBwc 
the ihrifter being a Maximum^ is therefore gi%ater than the latter ^ 

tnat is — ? ' cr — ■ — - 

Wherefore .«r i^>v^ -f ^^^ - ?>r-^ - ?x^ * - A^ . And ty 
Multiplying each part by ~, and tranlpofing ) 3x* 4-^ 3x4 

• • • 
xdlj^ Suppofe :« to be diminifh'd by the indefinitely fouU 

Quantity a ; tjien * 7 ^ will become i^-^ x ^— -^ ^c 

4 2 1 

•4> — X + 4 : But the tormdr being a Haxiipum, is therefore 
-greater than the latter j that is, - f .. T , ? 

ftqiicndy 4 tjf + 9*4 — ^4 e. ir 3a?* j whence, arid* frofn 
the latter Part of the firft Suppofition, ^xau- ba-^ ; and 
zbx is (by our LemmA i/)rr 3**5 wherefore it = 3*1 



and ^ * = 



Pn>/«i 



CSia^. ft. Dt Mtxkh & Mtnimii, ^33* 

""z" Ptopqfitisn III. 

to £a4 the V^tiuc; of x, ic being aiBrmati>|[e. .).,..: 
Suppbfe X CO be aujgmehccd by the indefinitely - little Quan* 

rity M : Then x*" - x" will become ^1^^ ^ jR^I ";bul 
the fornier being a Maximum^ is therefore jjreater than the 

latter ; that is (by Sir Iflsc Nrm^^-s Theorem) *"*—*' tr 









y - J- 






And (by dividirig each ipact by"^^, zn^' trznffo$f\^)^:n x^^ 



V "... ^/ . 






"^ Sttppole X to be decreas*^ by the indefimtdft i* iiitle QjoaiiK 

tity 4 ; then * — * will become x-^a\.. tT. »«??" ^i '*^Wt 
the former being a Maximum^ U greater than j^| l^fr ith^P 

ISX — JP tr* — TOJf^ 4+^— -r H ;(r 44 ^ 

— ^c^-f n*" "^4-— jt" '^44-«» ; and (by tranfpofiri^ 



T » • 3 • 



A / « ♦ '. ^ I • ' ■ ' ' . . • ^ 



and dividing eadi part b9r^4) ;fkx * +• • — — ^ \x^ 4 

^ .-*' • > 'Air';:*. 1 * 

; • Jj- ; ,. ■ , •• i- '"^ * • •• .•'-■•>... ^ 

Frdin the latter parts qlfitic ^t^ and fccond Suppoiitions y 

is plain, tl^at the Diftefence of »* and m :( j^ and 

♦, -— - .-..- ^ ^ ^ 

therefore or . — ;<f ' 4 : and *^ x . 4, is at moft but -• i 
WJicrrfw^fawteitisar i^) ^'/ * '4 c*2i-)jc'*^r: 2^ ^ y.^.^^ 



2 



•-{ff 



K k k (from 



^H 






ftut HI. 



n R - 2 



m — w « — 2 
■ — * 

.2 



(irom the two laft Stew) — r-rr- * , 

, Hence, aod from tlic faid Jatter Para of iJbcfirftand fc- 
cond Suppofition^>r.«^ ^ ' fe fby our tenr. r.) ':^mx^ 



m^ t 






» — « 



1 • 



C •■' 



i: 



y. 



^Mf^kh^ IV; ^ 



Of ttt^SrCwir/that cart be infcrib^* or i^ivenVpUfe ; iS$ 
requir'd to find chat which has the greateft,Conveic.Sur&ce. 

4 :.» . . ^ 



J "t 



This Profqfitien a- 
mouitts- to fic ixlbrc , 
thah' this;" to Jcter- 
mmf; the Point £ ia 
the DSmiier Aft of 
'the Circle 4 BE. To- 
that the HfSdhgU com- 
prehended under AF B 
and PE; b^ the great- 
eft of <«11 the like/^^- 

iittcleeAN-afMlWP. ' 



N - 



.T v' wfi : 




^ 



;: - r 



For, if we ijpagine the Semicircle'* A FB, to revolve about 
it!5-Axi*.^A'^fl^*it*'is *evrdent/.tihat thd .Stmifcitol^.idbftribes a 
sphere, and Ihe L^f Z\/ AFfc and ANP defcribe Cones in- 
Icrib'd in the fame Sphere, Tvh|^ •^oar&iccs fte proportional 
to the rcfpeAive Redangles A F x F E, and A N x K p. 

Snppofe the unknown Quant jty AE = Jf, AB.(cheOia- 
»encr bf^dW^ Spficjr*) =? i-yrAnd tWciifrtJefihrtel/lftiort- 
Line PE ;:;: E P,=r ^ i^Jhen jjby the Property of. a Circle) 

2 /jc — jrx|* = EE,. randr^r^ — xjc^-^ x^\ r= arxj * 
i <■' i .• •-■: ' : /' , "» r" -'" ' '. v •• \ ' ' , 

=rFA; and irjc]^ x l rar.— ^jc;c|^= 4r* i* — irx^\ •^ 

jSs^^J^^'fiwfl^rxQucpe.ji?^ ttBeFtg ^ an affirisamc Qoanrity. 






7i '.- 



Suppofe 



Suppdfe Jp(AE) CO W iffcriiw^ by the indcfiaitely - little 
Quantity.^ (P£} then 4 r^jc^^^irx ^jjl = AF x pEl w^ become 

(= AN X PN ;) hvit the former being sr Maximum, is there-. 




^^r*a* — ir45. Wherefore 6 rxjr -f- 6 r:if4 -• 4r'4 
cr8r«x. - %^ J 

Again, fuppofe * ( AE) to be ^iminifli'd by the indefinitcly-litrfe 



Quantity 4, (EP) then 4 r*jc* *r 2rjf'|^(=AFxFE) will become 

4r*x* — xr;tf3+6rjf'4- ^i|*jc4-'6r*4'4-4r'*i' + 2«4»l'^ 

(rr A N X PN :) But the former being, by Suppofirion, greater 
than the latter, the Squar^i^ the former is therefore greater 
than the Square of the UfteV$ that is, 4r'jr* — irx'C" 
4y*x» — irx5 + 6rx*4— 'Bi'***4 — ^rx4* + 4r'4* + ir4'; 
whierefore 8 r*XT|. 6 rx 4 — 4ry ©-p6rx', . , , 

Pi:om wlrat .has been faid Mt is ^evident, that iV?, 6rX4zr 
jLr^4 '^ ; tdfy, (hj our l^m. t.)9t^x =s:.6 rx* • ana 8> == '6 x i 

^OkA l^fify^ "^ r ^ -^ r 52: X dr cT i- r. 



r... , 1 






«%••-'•••/' ' 



"l^ote. If >i/> Oueftion bdd iein froposd,, viz. x! ?r * i«»i^f 
s;^Aiaxjimtttn;.wh4fifXz=zto? ;. 

^ rHcfe 'tis /evident, t'hatby .liow n»uch the greater you fup-v 
m:ife the Yalyc of x to be, by fo^much the nearer you cpm^ 
to it I therefore it is not to* be de^ermin d, unleii you fuppofe, 

tfe^t Itxfittity is fiifgCien^Iy great i thfen « may be :;;= -^ : But 

I a 3 ' 

if )Miy.Nupiber:can t>e affign'd that i? greater th«i> --^, a$ •— » - 

or tfc- (for realty I .do not know which i^re t^e.y Equal; )»%: 
retain the fame Propovtion as their Numerators) jchea the .Ya?, 
lue^f X is not to be afTign'd : And after all, a Negative fcems 
t^M^nearcx to. gbe the Valine pF jr^than the. i^eNum- 
ttfr if '^Affirmative : A therefore .t fttave all .a3[pnj^^i^emi.j;f<l^ 
I^c^tivps. a$ xhq sf^try Ope^tip^.^o. .. But i{^xhx%C2}^eM)(itts^ 
ba4 tipco i>rcj)9f.',dj «>^. x* p #,g? WwiKji^w?'-. tki^tlip* Va«fc 
IttC of X will be found (by the for<gQin^«Meth<^ t:9ti, * 

K k k X ProfQ^ 



1' ^ 



.f3^ Of ExJfMiJiioM. ^irt Ui: 




•r~ 'A 



"• • • • 

• * 

: ' : *'-**%* t f >♦• •« !> — ^ - \? ■ J-. ' •• ■•' .> '{- - X ^ r 

let (2 F: be,^ Chord,' aid iet/opc End thc'fcoC b|C,^'^ic ff j^ 
«t C, ah.d.*tojt86 other ^niilfaiftea theiPul!f:y,F/^boui:^Wl}ich 
iblpend the %Vei^ht D by the Chord DIF B. faftenuig i)ne end 
thereof at B, and let the Points B and C be ^ the Oite,e H^^ 
rizonral Line C B : And fuppofe both the Choirs arid the. 
(Pulley tobq withoiu* weighty fis,requi.r'd^p find the lowrfk 
neftenc oT theTolt^y, arid of theWeighr. ' - -^ ^ ' ^ 

Ic is evident, that the Weight D will i€(<;<i'r\i below^ibc 




Suppofe the known Qy^nriti^s DFB = *,■ CB ^ c,.an4 

F-=! 4: And fiippol^ the uhknown and Y^flal5te Quahtii 



greatcft* 

CF-=! 4: An^ (iip|)oft^he uhknown and ^aflal^I^ C^uahtity' 
C ^ == » i thcrf* E F = ^^i'^^^i ai4d FB« V^-f if c -'a fi^^i 



imtt^i, -'Qiier^/af: 









• 



» 



dftafi/ I. Di Jtfaximis & Minimis. %97 



V 

«4 I » 



''-••■■ • ■'- •■-■ • ■■ •' ''"-^ "*^' Sittttim.'"' '■'■' ' . 

■ f ... ^ ^ ^ _ . ' 

•* - Tfty &ipp6(c iiq t)e •'SSigmepted.bx the ^pd^riit^iy : I'Stfe 
Qjaantity 4; then * - 4 '.r^ c?r»' -r %jfX^ » 4^ JFUlFl? ' ^* 

' . *! f ^ • 

But fioce the former is a Maximum,^ it is, of Coi^eavtence, 

*■ • '. ' I ' - 

greater tban rbe lawef^ that is b—^ d* 4- <?* — "^ i c i|^ 

that is (by Ew)i^tioIT) * — ip^hT^'^STTitej ^ 4, d* — VI ^ 
er .^ -r ^" + c* .-r.tc«i f; r- i x 4- ^^' - :a.«xl ^ ~ ' 



* ' ! • • • , t ■ • ^ *" ; J 

'^*~ x'l^ + T Xrf' -«'|^" *x - a«4 -44 + i 
X ^^^^^ X </»-,*|^""x-i«4-44|*#.. Which lafl 

31 



« 4- T'* f !fxa 



Step reduc*d feivcs ^ iinniiii + *- » 



fca 



sri f C' .- ' -v ' -;; — 



idfy, Si^ppofe ««to be diminifh'd by the^definitcly-- little' 
Qjiantity 4 ^ then k.'^'d.^c^ ^ *«^. -^V' -^ «'l -wiH 

If ut the former il a M^t^imumf and ntuft .therefore be greater 
than tfee latter ; . vrp.encQ it will ioWo^, that .'^\ri' . -■ 



From the latter Parts of the firft and fecond Suppoficions 
k is manifeft, tJiat the piffcrence of ■■ » . 

• - ' ^ and 



.43;? . ...QfBxlijuifii^,,., fapJU-. 

"^ Wj - «» ' '"'' "■''''9«?'ly of '»lf 'le Cube of cad. 




' ;Heo«, aiilftoiiAeifcMiMMtriraaffclirltaiiafccsnil 
SoppoJri-sjs (by op Im uj jU^J~iu it ^t-' = ITT?^— J 

Ji» ***l_j«?a;V— J-jt'^-c-J-pjo. Fioany, bi divi- 
dinj each pan by * - c you'll have ic*' — d'x — ed^— o. 



CHAP. 









i-> i 



I ..:.^ 



■ * ,/ • r -I 



4J9> 

' . i ■ . •• • 

Cu A P. nt 



- ^ . V'* . f '.''• 



•^^* . .;.: 






m t 






*% - •• 



' . ■-• 5 . 



• . . . , V • 4 

Ptopomion find ProbtcfH J. 






I « ^il J 



I 



G 



Ivcn thcBafe AC, and Perpendicular A B of the 
A A B C ; required, CO find its Area. 



Required. 



<- V 
\ 



.on 



• t' » 






• T 



W 



4 ■■»• 



If ' 'i • ' 




Ptfipararion. 



'\ 



Supppofe the X B A ro be divided into an 
in<kjeixice Number, :(pC equal Paiw 'B'D; DJE, 
'E Fy &c. and Z A ;' and fuppofc each of thofe 
jParis ?3c /? ; . then, thrQugh the Points B, D., 
E,F, jtfc/ and l^/^raw tW Lines Bi>, D*©tJ, 
fieore, ¥rjf,0c. and Z?^ Il^AC, aad 
'thro' tlie I*6ints D,*, ^, fi^C' y arid $. Draw 
the Lines b IDF e, t» Of f, e iP, £3^c. ? a and ^ C" 
."^t/BA^^.tliep che.Sum of the O^ BbOD, 
DioeJB, EeiPF; 5fc. and'Z$ CA is called thp Sum 

of the t Circumfcribing □ s ; and the Sum^ + S^r^r^/i rlr^iV 
of the a X b JD e E, E OP f F, (Sc and Z ? ^«» cinumfcribtg 
a A is caird the Sum of the infcrib'd □/. '^^ ^• 
Now tht firft, (or Icaft) fecond, third, &^. of the Circunt-! 
fcribing □ x being ss firft,, fecond, third, &c. of the in- 
?•■- . . fcrlb'd 



ft i»9»/», rASrt 
thiAresLofanf 

,0. #>; W ^ 

multi flying the 
hirgth by its 
PerpmJiciiUr ' 
Height, 



* •-- 



• 44^ Of Ejfhaufiions. Part IIL 

•fcfib'd □ s refpcAivcly, and the Number of the Circumicri- 
biqg O s being (as manifeftly it is> ^ Number of equals Parts 

into which AB is, by Suppofition, divided = — (= -'--)and 

it s 

by one mgre than the infcrib'd OV Number; the Sum there- 
fore of the Area's of yhcCircumfcribinj. Cp j is, by the jtreA 
of the greateft of them, more than the Sum of the Ares' s of 
the-infcrib'd □ /. 



• # » 



• • » ' 






• > * 



Sotiitim^ 






'tJie A/ BAC, BDP, BEif, BFif, «^if. a^efiriiairj 

whtrtfoi* (by 4. 6. £«c/. EL). ' . . , • 






«(BD).. ^=sDiD= fib 

t ■ / ' 



•J . ". /. . >nT.\ I** 



/(BX)..4(Aq::<*-^»^>-*7= = ^*'=°*' 



3 4:(BF)^. i^ = F^ = Ee. 
occ. 



Wherefore — X4Xl[ 4-i-f.5-|-44, gcc. continu'd to .L 
f ^ 

Term&.=x — X4ix-^4.ix-il-(by our Lemmd i. or by 

• • • 

'Sm I'j or'j4) = tZ±it£*xs 5= to the Sum of tlic Arn's of 

• • • 

the Circumfcribin^ □ j 5 and tbej:e(orc c^ * ; but . ^ ^ »^ 
-r, ^4 =5 ' - --T^ i^ =s the Sum of the jfrrjf'/ of the mfmb'd 



--^1 jr, ,and che^fbre "3 S 5 wherefoi^ .(b jr our Lenmin t.) -^ 



tf^ * 












5ci^0- 



Chi^ iih 



{^Jtilrxti&elii 



HK 



•\r 



s m, « * 



f.i 



ScBotik. 



« » 



1. 



I . » 



«; Henet^fae ift-^ oF any li »C ti»y be had thusi W 




'4 



< ( . ^ 







■= 'the j*Mp«V ^F the- L </ A iC A a ^ £Ai<Ji^;.: ., i^/is - 

-ahd of th<j L_j^^'B Ad i^at;«ffiJLM.(b7.tfaeiotiegoing 

Pitopofittea i)'*»Ktt«J«tctafe ^olf Ae K-BGD is -si'SMM 

'• '"1.1 '.^ •/,« ' •»* \.'' *• ; '»■' >'^' < ' _.*f .-^-^. V- -* r ^■J^'^ ■ 

. CDxBA. 






< *^ — 






2; Tis plainl that if □ i of equal Bafei be mfcrib d m, or 
tirainifcrib.yjftp any Plane Figure terminating at one end 
in .f •PoUjt:jj,.Jip4 jhence towards the other end continually in- 
cr^finf , that tne Number of the circumfcribing D i is = to 
thfe Number of equal Parts into which the proper Line j|. 
;'fop{K»*d*e-be45iivided, and by one more than the Number of 
the infcrib'd ElK. 

3. But if □ J of equal Bafes be fuppos'd to be infcrib'd in^ 
1(ifd'circai»fetib''dilM)urahV'Fi^Mte»'neit1ie( of^MUhofc Ends. 



c^uai tne iNumoer or rne imcriD qt^x, z^. j, or j j. 
4. [pbferve here J} Bur, if inftead of circumfcribing and 
,. ;iij^r]bing the given Figure with indefinitely - linle Figures^ 

Lll : In 



44^ Of-Kxh0^tfpps. Vm lit 

In the foregoing manner you only fuppofe the proper Line i 
fuppofe A B to be divided inK> an indefinite Number of 
equal Parts^ each Part being == 4, and through any two of 
thofe Oivifions next (o one ^nodier at ,the piftances ;; a^ 

and :|j 7- I H 4 from (what you make to bcj[ the beginning of 
the Lme A B you draw two Linels, in fuch ifil^nner, as the Na*^ 
ture,^f the Problem requires, and then comp|(eat one of the cir- 
cumfcribing along with its refpedive initi^b^l^indefinitely - 
little Figtire : Then having drawn other Lines, {it^h as are (if 
any be) needful, you'll, by the Propcity/of ^e GiVtn Figure, 
difcovcr the Values (1. e, the Lengths^ JrcdSi of Solidities) of 
the laid cir^umlcribiog and infcrib'd indefinitely -^ little Figures 

AB 

feverally 5 then, by placiftg i, i, 3, 4, &c. to -^^ Terms conti- 

• 

W <1; inft^ad of ^, and Dniverfally 1", ^''^ 3", 4"«rc inftcad 
of :f , in each of the, laid Values, you will have the Valued of 
;the circumfcribing and . inicrib'd indeftnicely- little Figures 
feverallj,^ in two or nfbre Series, whofe Suibs will be had 
eraflfly, w froximCf by out Lemma z. (orjby Part 13 or 14^) 
wHencCu (hy^Qur Lemma u) the Value of the proposed Figure 
will be ^found. \ 

By the help of this Schol..4. Prop. !• j«4; he filvdibui, 

BA = /rr^^^^'»- 

Area of LW A ABC == 31 wqjuircd. 




Suppofe the X B A to be divided into a» indefinite Num- 
ber of equal Parts, each part being s=: * C=: P 0.;^ then,, at 

the iqdetermin'd Diftances B 0,== if/r*, and BP = j{— i >c a 
from B draw the Lines Qqlft/ and Pjpp i'^BA, and 
draw the Lines i&q, p)ft ||/BA: Then the A^BAt, 
BQiCl, and BP^^^iUfimilafj iChcrdfor© 



iim 



C%ftp« lit* Qff^idratuns. 44 j 

, ... ^=Q.«- ;:, . -^ - . 

Whetefore ^ x * « =>»<, pf a.?P»Q, and *^'' " ^.* 

X 4 i}5 =:= vlrfiTijf a BJJiiQ,; wherefore (by Scbo^um^)-^ 

^ ' - • ■ • •• - • • • ^ • 

>>c I rf » 4- 3 4. 4 -f. 8cc. continued ^0 ^ Tcnns ^f^iif 

I 

/by Ojir LefH. %, or * ^y Part 1 ji or,x4.) is = Stftn of .t ^ . ' 
the ^rw'/ of tfie circumfcribing cd V, and chei^fore ^ '* 

^»^ --n \ -'-^ ■ ; ^ 

tr JH : And — x o + i -4- $+ 3 -j- 8cc. cominudto -L Terms 

=: -^ fby out Lemma i. or by Part 13 or i^.) = the 

Siim^ of die ^rtf^V of the inlcrib'd" ca x, and therefore *^ 41 ; 
confflquentiy fby oarX^miM a)^^^' 

~ PratJ&m II. 

Given the Alfiijfe C A, Ordinate AB, and property of the 
^$ml*FdrAbols A B C : Required to find the ^r^4 of the faid 
Semi^fdTdboU ABC. 

' Slippole the Ordinate A B to H 

be. <^ivided ixiXS^ an indefinite ^><^ 

dumber of eaual Parts, each ^ %^^^^ I 

Sa^t being =r 4 (= PQ)and ^^9 I 

^fw$h wy two nc3pt to one ^/^ ^ I 1 

another of thofe Divifions, as Q i.ft£...;,..L..: ft 

andPattheDiftances5[4 = AQ, j/i ^ : 5 ^ 

and <— I X « =: AP from A, / P | j i 

T^ 'A B (or !U A C i) and draw fe ji ± ' "X 

thciiiv^sW and©f&.l|ifB,, . 

.Now fuppofe^p=4f, AC = ^.aod ^f s= AC - »a 

jhen 

L 1 1 z Solution. 



« s 

=jIW3;*^nd * - ;{ - I X 4rf= A C - A PI ) = pp. 
.Whence * x 'x- ^[al'' i$ =s J<r«^ of tl^e infcribWa P p ji Q.: 
An<J«** -^ t "^ » X4(*isiiifrff of theD'Q.ql>P J wliere- 

— ■ — • - - ...-<-' ^ , ■ . 

+ &«. to A Hacc^ Wnt|im*4 - 4^ x 'A? ><-^^ ^*'V 

•^ • -^ -. .# . . .- ' ■ -; '. . 4 

X ^V^ + i X -^ * (by Paix 13 or 14; o^ by ift Corol 

(fince^* is €gual x) i» =r thcSattiottheAr^i of the »fc^ 
bed □ /, which is therefore^ jlre^i of the Scmi-fdraboU ABC : 



'^m^mm^^mmmrm'^m^^mmm^mmtm^^-mmmmmmm^^ 



ADd4 XX — 0+ Jf — 41* + *— X^*4-JIP — 34|*+ &C tQ 



■ t* ■!■ H J ' . . .» ^ 



•^ Places coiHinu'd, i$ naanifeftly :;?; th? Sut^ of <lt^ iafcrit 



.« 



is =T th^um gf the Atcas of tfie circumfcr ibitig C5 i ' whick. 

is thierefore C- vfrf4 of the Setfn'f4raffQla h,iC^ confcqucnt^ * 

« •-' • . • - » 

(by -our Letma i.)^>-rir J'-^'^ = •^'•^* 6f the 8mi-jfi^i^ 

If che-Lioe C A- had- been feppos*cf to'^ diVl&lJ -iSnttf J 
Virfefinite Ntintber of eqyil |^art5, ^ach ^art^eip^ ix >C'ai 
thro' any two Pqints D and E; of thofe Piviijoas; at'tlfe '6i 

ftances t^ ^ ^> and. ^^ 'from ^/* tfe iuVcs 'iSil^i B.<^ 



Cfiap. ill. Q^ActrsHtris. ^^^ 

jprer*! d<»wn 1* C A j and the Lines P«, d^ }J t dA> ; then 



die Art4 of the CS4)Ee«i being = ^4| * v 4\ and tlie'^- 
r<^.of tU P DE«JD being = ^- i xij* x -ij.tfic; Sat» 

«£ t^iAreies of' the CircutnfcriBring Oi = 4"*.t;>< # }« 
-5- ■ ' 



* ' H « 



if + ^" + 3" +4* + &c. continu'd to -Tenns muft 



'vi«»«*«-t J**p 












p*^ 1i : And tlie Sum of thie^^wV of the infcrib*d (m i 






—I 



— :.ir + 1 






^- Terms muft b<; t= JI " X t-t~- W t "Virjjfinwit i»m^ 

^ ■ . . -^ ... • • ■i'T* ■ - • » 






llifeftthat I ' + M^ + 3^ 4- gcc. conrinii'd to /• ' "g 
^rtis; (» bf ing indefinite, and •i,=!: ahj aftrmative Fra^xw 

• f » » « 






• ,' •' 












:-A 



• 44^ 



Of EsshaufHons, 



Fart ilK 



Frilktepk III; 



. C««i the Sine A.B . 
(^f^ ArcfiD of a 
Citptej, as %lfo "tlje , 
X'A-flr tX: required 
to find the Length of 
Che Ard^D K ' 







Suppofe the Line (otSitft) A B to be divided into an indc? 
foite tjumber of equal Parrs^ aftid each Part (zz P Q^ z?: 4:: 
Tlirof any two Points Q, and P, of which Divifions at the 

Diftances :{ A =r AQ, and :f — i x 4 ni AP from A, draw 
^e Lines Sp.4lq and RPltNlpp Xi ABiDraw ibeXine 
lDtfi4b.a^ to touch the Arc in 5Ct» and interfecSk R p in |i; draw 
alfii the Line ^% fo as to touch the Arc in |P; and dcaw N ^ 
%Y9xi r Draw the Lines CF and *)Jtt H i ABj and laftly, 
draw the Linei A C and ^ C. Then *tis plain, that the in- 
definitely -» fhorc triicttmfcribing Line ilp is preatef than thf 
fTatfgeir 4f Its t^fft&xVt (irc^ and confcquently greater/or 
longer than ^ )^; and that their refpe&ive indefinitely - fhort 
itifcrib'd Line ^N is lefs than the Sine of tl)e ^rc &^^ and 
copfecjuently lefs gr iboner^han i^ ]^«- 

Solution. 

TNbdL^iAi CiCtS and pAU^refimilariforthe^pflltt 
t=; Complement of Z. CdlR to a L is = Z^^ C AS ; con- 
fcquently ^rr -r ;{»<» C«^ S; v r CQ A; ; ; 41 (j© |i; - 



f^ 



Vr^— *»tf* 



= PA. 



JIgain ; 



:. Again, the^O A* jji©» an4 RfiC are fimilarrfor 



Tip g; : .♦« ip, r; i.. ' ^ '""imil' -• 5: £b n j wbctdbitt 

' . • ' - ' ' »*■ — «--ilV* • '. 

j^t^ tQ — Kaws . continu'd is =: the S%ta of the cirana; 

> . .. ■ • ' ■■ - 

Icribing Lines, and therefore tr 4f. ' . 

'- - - ■ ■ -. . .1 ■- 1 - ., .^ ■>.. -^.) ^ 

• ' ' ^ ^1* 2ti ■ ' ■ " < ■ ''l'™» -^ ■ ■ ■ I ■ f - i Tl . ^Jii I 



h - ^ 1 • - * 



"*■ «cc X.6 — PliceS^asntinu'd is = th^ STita of tfie rnici'a>^ 

X.iiKe|i and is ihercfefe"*^ 41 i Whence the Sum of thexir- 
^i»iijfcriDing Lines eiteecd^ that pf tBd ijiftribM Lihes biily b^ 



ihbindefiMtdy-jUtd^Q.uantitytfrxr*- j*l ^-"r^rH^r 
wherefore the Sunuof «ither,Serie$ is indefinitely - x^^x;^^. 
But the Sum of cither Series cannot be had in finite Terms ; 
%i?herefore we muft h*^e Recourfe to ApjHtfoxiirtariofiSr by aa 

infinite Series ; ihw, fji = «r X rr-^[*4'] Is (by Sir 
tfaac Ne»t«h's Theor etli) "^ 

= 4r»{rrl ' (7-) 4 T^? +^^ ^^^ ~8^~ ;^ ^*- 



» !■ 



continu'd in Infinitum^ 
Whel-efore (by Schol. 4.). 






, , , f - I 

L+4rx- + 7;:r 4- . 8 ^y + ^^7^7 -f &<^' ^^ infinnum. 



' * ■ r 









-V . Ll 



* • J 



•j 



445 






r9JXil:lU 



«4- &c. In infinitum (by addkigthe fiitt-'Mftiifccfs of eacfe Se*^ 
tits into one Sum ; alfo the feqond Members into another j 
•lfi> Jthc third.MembeM iiyoAnother, ^. - bf <wr Le^ i.)is'=z 
the Sum of xhe circumfcfiblng Lines/ knd therefore cr *. And 

fheSum of the circntttfcribinfe Lines -^ arx't^'--- iM "^1 7r\ ^^ 



' . I 



t<Si*Jn Infinhum^j$,(by. what has tcen before f^id) = the Sum 
of the infcrib'd Lines, and therefore '^ 41^ 

• ■ A •■ 

1 Confcquently (by. ouf L^H. u) s + -^ 4- ,r^^ + - Jf -m 

+ &c. SiW fine is == 41. 

^tat is to fiiy, if you reduce r r — ^jj^*^'' .to iri i'nfinitd 
Series^ and multiply .each Member' of that Series by 
iVf and thert divide each Member of the Produd by thd 
Index^of s,in that Member you tvill^ h'iVt- the VkUc ©f 'il 



OtherWife thu^s... 

■ * 



• I » • • 



tequired* 

■ • • ■ 

Sui^>ofe the Line 
(qr Sine) A B to be 
divided into an inde- 
finite Number of e- 
qual Parts, and.each 
Part t= 4(c=P(i) 
and thro' any two 
Points Q. and P of 
thofe Divifions at 
the Diftances ;{ « =: 

A (Xr^^A K r ' X 

« = AP from A, 

draw the Lines C Q 

ffiet, ahd CP#p. p 

Draw the Dues fU?* 

ffiil^, *nd QS x^ e^i and PR X <?i: "AQd fucpofe AC . 




=:fv>r — j/^ =: c* 



u- 






> •« 



rf ^ ^ 



jW/sH 
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4 ' « 



SoluiionJ^ 

Tiie, A./. C A Q. and P Q; R 4rc fimiifM- i. wherefore 

VcTTlpI^ (CQ).- c ^AC) :t 4 (PQJ" 7==#*=-= PR: 
And the A y-G P R and G |Kl -arc fitnibrj-whcrefoi« 



^^ ^ ^^; ^ which is* -31 infcrib'dLmc (or Sinerm f|. *t'^l 

Again, the A* CPA and SQ.P are fimilarj. wherefore 
Vcc + ;t-«|V(CP)»c(AC);;4(PQ)-> v i , li! 

= SQ, . . . 

And the A^ CSQ. and Cpq a^ fimilar; wherefore 



Tea 



' • • -= — , ,^ -r which is * cr circumfcribing Line (or 

Tangent) p q ; wherefore (by Scholimn 4;) 



wmtammtmmamtm^tmmmmttam,^mm^ 



places continued is -3 Sunx of the infcrib'd Lines, and conic- 
^uently -3 3. ___, 



■*iMtaaMii«kiBM««MMMjU^MM«^M^M^9VMiWH*i*««^ 



And reax^ + - j I i + , TaTXS + 8cc..contiau'd 



to — Places is cr Sum of the cifcutofcribing Lines^ and con- 

fequently c 8. - . ' 

Hence 'tis manifeft, that the Sum of the laft (or greater) 
Series exteeds that of the firft (or lefler) Series^ oaly by the 

indefinitely r little Quantity rcax — jr — | where* 

fore the Sum of tither Sesies is indefinitely near =: It : But the 
S nm of either Series cannot be had in finite Terms i wherefore 

M m m wc 



4^> 



ASO ^f E^(k4t(0^fff' ■ l^ftrt III. 



we muft have Rccourfe to Approximarions j thus, — -r 



rca 



» , » — - , . ,.♦• ^ 

l^herc^ort (ky Schdiiu^ ^.) 

rcifX J^ — - + ^ T- ^, 8cc. In Infinitum. 



••^"j^^^^^^^^^t 



.♦ » 



• fr* ir* ^* »• 



J. See; td . ^Sencs^iontinVd i 

^it. in h^ttinrCtij rm txm z.) is *3 6iim «f ^^ iafetib*4 

Lines (^or Sines; lirtd tOflfequfchtlyT I. . ^ ^ . , - 

Bvft the Sam of the foiegoing Series + »e ladefimtely- 

little Quantity rek x jr -*. ;7ir7^ 



is c- Sum of the" circumrcribing Lines ("or taagents;) and 

Now, GoA Ae Smn of tKe laceer 5cf4^ « cr Sum ^ the 

fof mcr — - ^ + ^-^ *» &c- -^^ infinitum, is affirma- 



\|»*^ 



live (hvx Withal .indefinitely -little) fof it. is C" — ^ 

/ • r ■ • • • 

a. t£^ -*..^ */&c. Irt Infinitum^ whkh is chwtfew Nc* 



-gaciTC; confe^nehtly Cbyottri^w- ij 

.^ . • That 



r 



Chap. in. ^a^dtm>es\ 4fi- 

. That is 10 fei, if you re^uqe ^y^p- to«Q iafinife S«ie», 

('-wbidi is done by flivifion^ ^d ihoQ divide »ch .Mctnb« 
in thac Series by the Index of t, in the laid Meipber you 
WiiB Mvs rfie Value of a cBqjifped. 

Scboiiim. r; 

. 3y cither of thffe two S^IntiooSribePropomeD q?-cbe£ic- 
CUBirerence of a Circle to its Diameter may be fonnd, and 
cxprefs'd in Numbctt very i^ear eJu Tratl) ; thus, by tfae Uft 
Solmion. 
Suppofe ths-Arc BD a: 3o%fliid,»'f= Hfiiiut)= i;,tlien 
' i will be = . 5, and c = V- 75 j and £ X BD will be 



iSo' = « « 


^^^- 

*'■»;« 


3-V.JS 




Sec = 




';;^f= 


-J71 


i -i>i »• 


'.■' 


;^&C. 


*■..«,_ 


^t 


-'t, 




9J7*', 


&C. 



wherefore i -• 'v'll x i ^ + ., &c. : : Raiiut • 

(So* : ; Di«meter •• Citcumietence of any Cvde. 



Miqin 3. .-.efm-*^ 






Of txhofifiidns. 

Pferationi 



1?art III^ 



'iZi^Vitx r ss -^ 3; 4641.016151^12 y: i =3:46410161 






475«»S4 
5*7983 

I 

^ 6518 



.5X3 

^ PX3^ 

V12.X ' 



5 
5 



7^4 



13 X3* 

17x3' 

ai X 3'*! 
I 



v/l2 X 

V12 X 



25X3 



12 



Jtxx—S — =: 
29 X 3'4 



33 X3 



i« 



475i8S)^ 

31057 

^793 
260 

■i 



^mmitmmmam»mi^^,^m^ 



mt** 



irita 



• 3. H^Z33t6r 



^ix X - --i=-i.i547bo538jyii x - -f_=: -.^84900179 

J K ■» X. ^ 



n/*^^— -7=— .1X83000^5^ y?I2X— -i— = — I 



•^'^^"" 1T"=^"" H^5556t 



J12 X -^ — rr — 
' 3" ,. ' 

Jii x-^ -£. = — 
3'' 

^/I2.X-..4-:=-i 

3»5 N • 



1583951 
I 

175994 

19554 

4 

241 



*^^mr 



i^i 



7 X J'. 

Viz X— —£ 



83x8379 



IIX3» ' ' 

-v/iix— -i— =~ 105596 

v'12 X— -J!L_.— ^ 
19x3? 

V12X sr— fico 

23 X 3" •5<^ 

1/12 X - _\^^ J, . ~ --. g^j^ 



9262 



v'12 X 



27 X 3«i 
31 X 3«« 



' ^ " u - *■ 



—.4046405 1 J 



, 3. 54<^Z33i67 
.4046405 1 J 



3. 1445^2651 



M » iffto 3. 14159165 yerf near.* ■'^ ■ '• |vl^ 



r 
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Prohlem.IV. 

Given the I(aJius AD of 
the Quadrant A CD ; as alfo 
the Right Line'ABf and 
^onfcquently BE X AB : Re- 
quired to find the Area of 
tbeParf ABED of ti^ ifaid 
Quadrant. 

Area of the Space ABED 
== 9 required* 

. Suppofe the Line A B to be divided into an indefinite 
Number of equal Parts; and each Part z^ a (zz P Q^ : 
And thro' any two Points of thofe Divifions* as Q and P, at the 

Diftances ^ A = A Q, and ;( — i x 4 r= A P from A, draw 
the Lines Q4l« and P]Pp Jj AB: And draw the Lines 
|9<l andpq HiAB. 

Solutign. 




— — i— — ————— »«f«-»—-^» 

. By the Propeny of a Circle Vr-f?^^*'""?^ 



AndVr + jf - I X 4X r — .;{ — I X4 =(Vr|-AP xPCj 

^ Vr^ — ^f^^Ya* — P p ; whcrrforc a X i/pT^T^^ is 

— Area of the inff rib'd a P Q41 ^ : 

And 4 Vr » — ;{ — i|*4* is = Area of the circumfcribing Q 
P Q.t I' > wherefore fby Schol. 4.) 

4xv/''-4*4- Vr *-x*4^-f Vr^-s'*' + && to 

— Places continued is =: the Sum of thci Areas of the infcri- 
a 

bedCD /, and therefore "ti 41/ 



—I 1^ 



:S5=r 



Aria'^'x Vrr -f V^* -V + Vr* - z»4* + &c. to 

^^ Places continu'd is zr the Sum of the Areas of the circum- 

ibribing c=3/^ and therefore c JI. 

.^ Hence 



.4S4 Of Exhaufihns. Fart Illi \ 

Hence 'tis manifeft, that the Sum of the circumfcribing 
C3 J exceeds that of the infcrib'd Q j only by the ipdcfinitcly - 

little Quantity ^r - 4 Vry-;^jf. xonfequeotly the Smn^ 
cither Senes is indefinitely - pear — jD : But the Sum of either 
Series cannot be had in finite Te^tms j whcfffgrn Wfi muft 
liave Recourfe to Approximiations : thus, 

4 X '^rr-- a^^AA is fby ^Sir Ifaac N^mcn'^ Theorem) 



4X - **"•* **** "^^""^ 



Wherefore (by Sci&e/. 4.) 

4» ^4 ^« ^ " '"'■ - 




^ 



4. 4 X -ill* - 3*** ^3«7« '■' "^"^ 

"^ at- VPT ~ ^fi -r^c. In hfinitum: 

4- &c. to— Series contihu*d, 

~ ^ 6r^ 4oi'3 ^ "" 17777 ^ "^ &c. J« Infinitum^ 

(byonr Lemma z.) is — the Stt» ^-4h€.Afti/<rfthc in 
(crib'd O s, and therefore -^3^1.. - 

And the Sam of the foregoing Series + |ir - 4 s[rr-y^ 

*^ 6r 4or3 "* 77177 ^^ ^c. III hifinhum, is 

= thejam of jhe ^r^^V of thocifcamferibing □/, and there." 
tore C-- 41. Confegpenrfjrf by oar t^mmk i.) r, 

_ Zi _ _ZL. _ _2l_ _ _Ly» - 

\ 

That is to fay, if you reduce VrT^^ to an endlds 
Series and multiply each Member of that SerS^ 

reared.'' ^" ^''*^ Member you wiU ha w -ifae- V«i«e W f 



Cbup. SI. 



V. 



Corotarj. 



45i? 



tUArtk idffxht Quadrant ADC is(bccaufc7, in 
this Cafe, b^com^s zs tq r^ =r r* — — — -^^^ 1^ — 

' 6 40 . H2 IIJ2 

&c, Si»c fine. 

-Note, B/ tA» iwy of thir Problem '4, thr^ropmrtien-itf the 
Cit^umferente (f li CircU to its BUmeter jmy he found very ue4^^ 



Problem V. 










Ta~» B 



Given the Semi-con ju- . 
gate Diameter AC, as* 
ftlfo ihe Pan AB of the 
Given iiemi - tranfyerCe 
Diameter A E ; and con- 
. fequentlyBD |l A C re- 
quired to find tite Ared oJF 
the Portion AB DC oi 
an ESifJis. 

A E = r9 
- AB=^fGiven: 
AC=c3 



>M of rfje Part A CDB of the J Eiliffi ACE = JD re^ 
quired* 

Suppofe the Line A fi to be divided into an indefinite Num* 
ber of equal Pansj and each part = 4 rz PQ.; and at the 

indetermin'd ttftanCJ^s <{* = AQj and ;f — i xa :s AP 
ftom A, cre<a tKfc Lines Q.<lq, and PJpp XiAB, and 
dratv the Lineg qp and jCt (& |U A B : 

Solution, 



\ 



"^ 



. By the Pro- 
perty of an £/- 
Uffi. 



r(EA) ••c(^AC; ::r-f :{ « x y — ;{/jj* 



= Q^r: r + ;{— iX4Xr— ;(— * ^^1 



aan 



- 1 



(VHPlcP£)--xrr-?-iX4l I ^ Pft 

Wherc^ 



. 4f 6 Of Exbdufims, Farf HE 

4 

I 

^.^.^_ T 

. •Wherefore ^ x rr- ^1*1'' is :=;-<rw of □ PQ.!©?^: 



» r 



And — xrr-:r- I ><4l I is = .dfri?4of CD PC14P ; whcfC^ 

... V 

fore ic is plain from the next preceding Problem^ that 



,' Scholium. 

Hence the ^r« of f the £/fi>yi ; that is, the Area of A Cfi 
is Cbecaufe y, in this Cafe, becomes — 

■ M M .■1.11 I » ■« I III I Ml— n^— , ' ' ' ——■■——— ^Mi^^ 

z^ X rr — - — occ. Ssne fine, 

! f* , 6 . 40 . 112 115 2 

« » > * 

CoroUary. 



But 2c •• ai- :: — X rr — — 8cc. 

r 6 .40 ii:t 1152 
5i«<r fiw, •• rr j- — — &c. adinfinitum^ 

"^ * O 40 112 11$% 

That i5, the con'jugate Diameter is to the Tranfvcrfc 
Diameter, as the J^rta of ^ the Eltiffe is to the * Area 
of 4 the Circle,' defcrib'd by the ftid Tranf- ^ 
vcrfe Diameter as a Radius, that, is, as the Area of ,^ -^^^^^^ 
the whole £llsjfe is* to the Area of the whole Circle ^^^?^' ^^ 
defcrib'd on the I{adius A E. - ^^^*'- ^* 



< « 



Problem 



Ghapi m, 






tfchlem Vt. 



Given the Axk A B of thii 
Ctme A C 6 D forsa'd by the 
Revolution of the L </ A ABC^ 
upon the faid -rfjri/,1as alfo the 
I(adiuj BC of its Bafc, and 
* confequently th? Ciccumfe^ 
rence defcrib'd. by the Point C 
in the faid Revolution. Re^ 
quired to find the Solidity of 




the (aid Cane. 



[* See ^rob. B-l 



\ 



CBz=: BDl 23 r>Given; 

Circumference of the Bafe cr c 
Solidity of the C<me A B C D === » required. 

Snppde ih6JixisAE to be divided into an indefinite- Num^- 
ber of equal Pa|:ts,^andeach of thofe Parts to be == 4 = PQ» 
and thro' any tWo^of thofe Divifions « Qand P, ^t the indc- 

termin'd Diftances ;f 4 •= AQand ;{ -r. i x 4 = A J from A, 
draw the Lines QjOq, and P|9p. X' AB; and draw the 
Lines qp and £1 IB II /A B. . 



; Sbluttm. 



^' . . > 



The A # A B C, • A Qq, and A P ]P are fimil'air i Wftcjreferti 



» »•< 



tLar 



b{kh) ..rCBC):: 



^y-cAQ.).- Y* =^(1. , 



-^ 



-- * »•« 



< — 1 X4«.(AP) 



1^ — I X ^r 

immmmmmm i ■ i «1 



M 



pp. 



And fince * Circles are in Proportion to one another ^ . 
a$ the Squares of their t(S^iii, r • (C B tf :) " \ri(^A- , *• *• 
reit of the Circle- defcrib'd by the f^fidlut CB in the ^'^^. 

faid Revolution)*: : 5!*ll* (Q. qj') .. '"'*'- (^^" of the Cir- 
cle defcrib'd 'by the Line Q.<i in the faid Revolution) 



. z. 



- I K ^ V 



* tA 



^ 



(Ppy:) 



• • 



f^ 



X « — 1 X ill 



^bb 



r= ^rf4. of the 



Circfe defcrib'd by the Line P0 to; the faid Rirvolution; 

Nan ^ where-. 



.458 
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Part lit 



KtZ*S* 



wherefore d x — --- is — * Solidity of the , 

'i^* . , . ♦Note,/A^ 

Cylinder generated by □ QP P 4 in the fiid Re- fofe it, kntnm, 

volution, and a x "^^^ - ' x f' is = Solidity J^j^f "^ ^£ 

of the 0//«ater generated by C3 Q. P fi tfl ^•j?« / f* 
in the aforefaid Revolution ; wherefore (by our fj'jl(,f ' ' 

S/hol.^) ^ X i» -f X • T-3 ' + 4 ' + &c. ' to - Tenns 



1 



— rck . 

coiinnuu =: - - -p 

o 



rr/i 



^, Yby our Lrw<. i J is =z Sum of 

the Solidities of the indefinitely -little circumfcribing C;//«- 
Jerf, and therefore cr * " 



I « I *■ 



» 3 'A 

'■^4— ^ o + I* 4- ^* + 3* + &c. to —Terms continued 
_ :^^ - :^^ ^, is - the Sufti of the Solidities t)f (he infcrib'd 

o . 4 

iAAeftiuDsly - little Cylinders, and therefore -3*5 confequently 



And 



(by our Xtfiw. 1.) -^- is z? %. 



Pri?*/<?w VIL 



Given the Line A B in the Sc|. 
ment C A C of a Sphere,* (the faid 
^fjgivenc being formed by the Revo- 
lution of' the Semi-fegment BAC, 
upon its Axis A D) as affo . the 1^4- 
dius A D , and conftquently the 
Circumference of the ^reateft Circle 
of dielTaid Sphere-: R;CT!nittd rs find 
the Solidity of tlxe faid Segment. 



• . < . 




•< rf » 



i. 



r.-' 



". * 



ABs:* 

A D = r >Given^ 



, Circumference of a great Circle of the Sfkm = c 
'" Solidity of the Segmetit C AC of chc-Spiicre'fgene-lf^ygl,^. 
.rated as aferefaid) 3:; ^ r . 7 - : : . ri: ' :.' •' ^ 



Xi /j 



I 



\ 

f 



Chap. III. QModrafuref. 45^ 

Snppoie the Line i^B to be 4iv4d€<l into an indefinite Num- 
ber of ^ual Parts» and, each Part sr 4 = P'Q, arid thra 
any two Points Q, P of tliofe- Divifions, at the Diftances 

X 4 "= A Q., aod ^ -— I X ^ r= A P frpm A^ draw the Lines 
QA q, and P]p p X^ A B, and draw the Lines' Qp and A f^ 
11/ B A. 

'■ '- 8$luthn. 



By the Propeiry of a Circ|e Qui is =:: i r — ;{4: x ;{4 ( = 



ar — AQx AQ.) zzira^a ^ t'4«: And P01 is.= 



fSBBSS^^ 



ar — ;{-- I X 4x:{ — ix4(=ir — APxAPjssirX 



;j — I >C 4 — :{ — I . X 4I . 

And fincevCircIes are to one. another in daplicate Propor- 
tion of their Hfdii^ therefore r r (A D f :) •• r^^ {Atpa of one 

\ of the great Circles of the Sphere) : : i r ;{ 4 -^ :{ ' #• (Qji\ j 






cr 4 — ■ ■ : — i^r^4 of the Circle defcrib'd by the Line 



*— ^t 



Qq in revolving as afore(aid : : 2r.x^j — i s 4 — ? — 1 5^ 41 
(Pl^f :) :• c X t^ H 4 - ^ - ^^"'1*^ - = ^^4 of the 



2 f 



Circle dcftmbVil^y B)p in the laid Revolution ; whcfrefore 4 



f«*/r« 



X c r 4 — — i^ is =: Solidity of the indefinitely - little Cj/lin- 

< ar ■ 

Jer form'd by O O^PPg in the faid Revolution : And 4 x 

; ' ;' ' f f\ n ""5. " " LUL 



. • ■ 



(? X? — iX4 — (?x 5 — i-l^is rr Solidity of the indefi- 

. 1 •. •* •• • . 2 r . . 

'nitely - little Cylinder fortad by □ QPp itt in the faid Re- 
J.yolution ^/whefiefore (]by our ScM. 4.) 



■■ ■ ■ ■ I , .J ,4„" 4JL '"■ ..'I' 



*" . I'il' . 1*il* 



2r ' 2 r ' * 2r ^ 2r 






' ^- 8cc. to — Places continued Cth^ two Members under earh 
^line of Coii}unftion being what is heiie call'd: a Placed 

^« 4^:^.X jJX —-pS o-* — *ft>yourirm,2.) t: -^— -7- 
I Nn n X •• 



.4^0 Of t^^ivns. . Pirt HE 

*« is rr the Sum of the Solidities of the.circumfcribing inde- 
finitely - little Cylinders^ and therefore c" 31. 



g j,.': ■■ II ■■■ 5*u^ ' " ■ a sa 



Andifc x^^ o -X- a 4-24— ^ — . wU 3 ix -^ ^ — 



k ^ * 



■*- flee tb -^ Places contimxdr — ^ -^ ^ — - ♦ 

. . ^f;; ' » ^ 2- ■ or 4r 

n — -^ •• is = thC'$w» rf the Sotidities of the inde* 

2 or 

£riiocly * liirfe infcrib'd Cylkidkn^ and rfiercfote •3*5 whence 

. (by our £tf;«/iO — ^ — -7-^ is t= *• . 

2 or 

^ '*'■ ' * ScbblU. ' ' ' ' 

r. If it were required to find the Solidity of the Rgieire gene- \ 
rated by the Scmi-fedlor D AC, in revolving upon DA as an 
AXis^ K may l?e briefly done from the two. foregoing Problems, 
Thus : GB is (B A being fequal to b) =: r -* 6t ' 

. And by fhePropcrcy of a Circle a r^ -^ i^fj^ is 2= B C : 
And r ..• ccizrb-- bH^ ••' 4- H art — *^1' 5 wherefore 
(by Prbttem 6.) . 

. "» t ' ■ ^ — » ii ] » . 3 . r . ■ < »' ' < I ^ I » ' ' ' 

5 6f^ 

is -t: v^rc^/of the Con^ fbcm'^d by .the_^Reydikcito^»L.rf A 
DCB upon DB as an -/^atiVj confequently, 

rj ^ t^-^ UI1Li1JILL±^ -'r^ is - Solidity of 

—^ the Solfd Figure, generated by the Scmi-feftor AC, in t«- 

yolving upon D A.a$ an.^^of^/. , -^ ^ . , 

2, Therefore by * P4rrfiVs Theorem '^ ^ ^^ Hc's'^uZ^ 

n: chis = Area of the%St!rfa<:e generatcdi*^ • ''^/j^^^^ 
the itoT*€7 in Tcvolving upon D A as an JTxu. j^ath. Enucl. 

>^ . ;M. r.. . 

g. If t.bc. rz'TSl*^ then ;.rc will be ,=:-wljcife Surface of 
the Sphere ; whence you have the Demonltratf^n of one of 
th^Gr^ai? ARCHIMBPBS's Ti&Wtf/;^jiKaitfCiy; thar the . 
Surface of a Sphere is quadruple the Area of its g r ea te ft Cir- 
cle ; for .1 re (the Area of th^ Surface of ^a-Splvei'e);4S =s t-ra 

(tjie A^ea of one of its greateft Circles) x 4. 

. •" ••" . ■• 'I 
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I have apply 'd this Method to the finding the Areas and 
Solidhhs of leveral other JFigufes; as alfo to the finding the 
Natute of tlur\)es; among others of that in which a heavy 
Bafly ithaH, by the force of its Gravity, defcend only equal 
Spaces in equal times; as alfo of the Lenj^th of this iafl: 
tnemion'd "Curve in re(pe<5t of any given -4t/c/^^ ; and of other 
Problerns of the like Nature with the latter, not folvable by 
the common Method of Fluxions ; that is, without the help 
of eminential Equations, and after finding the Fluent, putting 
the fluxionary Letter equal to nothing, ^c. all which, except 
the two following Problems, I, for flrcviiy 5 Sake, oitiir. 

Note, The Value of any profosd Figure ntay he founds by find-' 
ing the Sum of the Values of either the infcrib'd or circumfcribing 
indefinitely - little Figures; for if the former be ■=. Any Quan» 
tity, as fuffofe s ^, or the latter zr s ^^ , lyoumay conclude the 
Value of the proposed Figure to be m s, alvpoys provided that you 
infer ibe or circumfcribe the indefinitely - little Figures fo asfuff^ 
ciently to exhauji, or be^exhaujied by the faidfrofos'd Figure. . 

^ Froblem VTIT, 

If the Abfci^e of any Plane Figure .be .— x, and che Igro- . 
portion of each part of the faid Abfcijfe W) its refpedive Ordi- 
nate be as j: to X + ^1 " ; Then 'tis manifeft, that the Sum-^^-cl^e 
^r^4V of the cii*cumfcribing indefinitely-little Q/ will be found 
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- - . ■ ' \ • , 

' ' \ ' ' ■' " ■ I I 11 I «f ■III-. 

-f- &C. to -^, Places continu d 

a^ ^ . 



= « ' >■■ I • + a' + 3' + 4' + &C. to ^"ti Terms 



continu'd 



«■••-«•>-<■■ 



x±-L i ~K 1^ / 

— 4 « X r 4- z " + 3 » + &c. to ~ Terms continu'd 

■?■ 
Kyi ^ , -^^liJL 

^^ ~ — + 1 — -* X— . %. 

* * ' 4 •. . 



tt=-4 ' ^ X— ^— 



-r- i 4-1 fby our ^Lern* 2.) a= ^— xjc + b\~~^ . il— 

n If + Jt * "^ » *f- I 

»13*5 Area of the Figure mention'd in this Proki. Pre^ --■ 
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4(Jx • • Of Exhau^ioHs. 

Prohtcm 'IX. 
. * If the Ahftrip of any plain Figure be zz% and the Pro; 
pprtxon of every part of the faid AlfaJJi tq its refpcaivc Or- 



dinate as j: to * X AT -f- ^ « , then the Sum of the Area so£ xh^ 
ciicumfcribing indefinitely -little CDs vfjA be found 
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-f- Ccc. CO — Places continued 
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■^■^ 



=r 4 



5ri 



X I -I 

a 



n 



+1 



r-.-u 



+ X + 7 



+ 3+T 






+ &c. to -^ Places continu'd 



(=«*+«xi4.-^x, + f +z+^X2 + :^| +. 



■ 
n 



^ 

«' 



a 



' ' I 



^. 






3 -| — '^ i't" "7j "^ &c. to — Places continu'd) 



— M 



t 



2 + •; ^ 



X I 4.— 



+ i.,, + i. +i.X3 + - 



-4- &e. to — Places continu'd 

* . M 
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= (by Freb, S.) r- x ;if + *] 



II 



S Jl-f- * 



yik\ 



1 li -»- 1 



« .-». T 



» + x 



-xfcxje + ^l « 0- + 



w + 1 



xtx^l 



«+ » 



\vhich, after rejediQg the Signs "^ and •^^ is = Ay^a ' of tha 
plain Figure mention d in this'Pr^^. 9- 

Thcwem. 

J^c Sum of I, '}, f, if T» •?» 8cc. fine fine (*upon which de- 
pends the Quadrature of that HyperboU whofe AhfciJJe i$ to 

- - ' " ■ . ' 

its Ordinate as x tp aj"" ^ is indefinitely nc«r == Napier'% i«- 

gnrithmoi •>. 
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Chap. III. Qjtidritutei. , . 45 j 

• ■ • • ' 

By Pdft i%Cbdp. 3. Hjile i« the Logarithm of i - 4r 25 

$1 ■ 

Wherefore NafUr*s LognYhhm of i — jr is Cbecaulc « in 

tliis Gafc is =5 icoo &c. indefinitely j = i x — 

- 

jr-f-|:4P4f4"T^^ + 8fc. nd infinitum ^ • wherefore Nafie/s 
Lpg. of is found (by fubtrading Napier s Log. of i 7- jr 

from his L9g.o( 1 j = jp + r ** + t ^-^^ + i -** 4" ^- •» 
infinitum 4 ; confeqiiently putting jr = i , you have Napier's 
Logarithm of f =: i -f- ^ + -f 4- V + f -f &c. iff infinitum 4. 
Qg E. D. Problem. 
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Given the Diftances A B and B C between the three infinite 
piraflel Right Lines *AD, BE and CF, bounded on the left 
Hand at A, B and C, and produc'd infinitely towi^is th^ 
Right : Required to find the Proportion of the Areaht the 
infinite Space ABED, to that of the infinite Space B C F E. 

Solution. 

On B as a Center, with the t^dius BA, defcribe the Cir- 
cle B GHA, ftonj any Point H of whofe Circumference let 
fall H I i BB : Draw H K fo as to touch the Circle in H, 
and interfedt B E in K, and draw B H : Then the A j B I H 
and H I K are fimilar ^ whei^efore^ iuppofing the I^adius B G 

?s r> Gl = X, IH =r ;', and IK = ^^ we have -^^f- r= t. 

But when HI coincides with AB, x, as alfo^, becomes = r, 

and ^'^— == ^ = — -— = B E 5 and confeduently the Arda 
r — « /• — r ' 

of the infinite Space A B E D = . In like manner the 

'Area of the infifxtte Space BC FE will be found (putting BC 
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Now 
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